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PREFACE TO THE SECOND (REVISED) 
EDITION OF VOLUME 2 



Apart from a number of minor corrections and changes, a 
substantial reformulation and up-dating of Chapters 14 and 15 has taken 
place. This reformulation and up-dating is a major and very welcome 
contribution from my friend and colleague, Dr J.W. Sanders, to whom I 
express my sincere thanks. His efforts have produced a much better 
result than I could have achieved on my own. Warm thanks are also due 
to Dr Jo Ward, who checked some of the revised material. 

New Sections 16.9 and 16.10 have also been added. 

The bibliography has been expanded and brought up to date, though it 
is still not exhaustive. 

In spite of these changes, the third paragraph in the Preface to the 
revised edition of Volume 1 is applicable here. What has been 
accomplished here is not a complete account of developments over the 
past 15 years; such an account would require many volumes. Even so, it 
may assist some readers who wish to appraise some of these 
developments. More ambitious readers should consult Mathematical 
Reviews from around Volume 50 onwards. 



R. E. E . 

Canberra, September 1981 




PREFACE TO VOLUME 2 



The substance of the first three paragraphs of the preface to 
Volume 1 of Fourier Series: A Modern Introduction applies equally well to 
this second volume. To what is said there, the following remarks should 
be added. 

Volume 2 deals on the whole with the more modem aspects of Fourier 
theory, and with those facets of the classical theory that fit most nat- 
urally into a function-analytic garb. With their introduction to distri- 
butional concepts and techniques and to interpolation theorems, respec- 
tively, Chapters 12 and 13 are perhaps the most significant portions of 
Volume 2. From a pedagogical viewpoint, the carefully detailed dis- 
cussion of Marcinkiewicz’s interpolation theorem will, it is hoped, go some 
way toward making this topic more accessible to a beginner. 

A major portion of Chapter 1 1 is devoted to the elements of Banach 
algebra theory and its applications in harmonic analysis. In Chapter 16 
there appears what is believed to be the first reasonably connected intro- 
ductory account of multiplier problems and related matters. 

For the purposes of a short course, one might be content to cover 
Section 11.1, the beginning of Section 11.2, Section 11.4, Chapter 12 up to 
and including Section 12.10, Chapter 13 up to and including Section 13.6, 
Chapter 14, and Sections 15.1 to 15.3. Much of Chapters 13 to 15 is 
independent of Chapters 11 and 12, or is easily made so. While severe 
pruning might lead to a tolerable excision of Section 11.4, which is re- 
quired but rarely in subsequent chapters, it would be a pity thus to omit 
all reference to Banach algebras. 

I at one time cherished the hope of including in this volume a list of 
current research problems, but the available space will not accommodate 
such a list together with the necessary explanatory notes. The interested 
reader may go a long way toward repairing this defect by studying some 
of the articles appearing in [Bi] (see, most especially, pp. 351-354 
thereof). 

The cross-referencing system is as follows. With the exception of refer- 
ences to the appendixes, the numerical component of every reference to 
either volume appears in the form a • b • c, where a, b, and c are positive 
integers; the material referred to appears in Volume 1 if and only if 
1 < a < 10. In the case of references to the appendixes, all of which 
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PREFACE 



viii 

appear in Volume 1, a Roman numeral “I” has been prefixed as a 
reminder to the reader ; thus, for example, “I,R.2.1 ” refers to Appendix 
B.2.1 in Volume 1. 

An understanding of the main topics discussed in this book does not, I 
hope, hinge upon repeated consultation of the items listed in the bibli- 
ography. Readers with a limited aim should find strictly necessary only 
an occasional reference to a few of the book listed. The remaining items, 
and especially the numerous research papers mentioned, are listed as an 
aid to those readers who wish to pursue the subject beyond the limits 
reached in this book; such readers must be prepared to make the very 
considerable effort called for in making an acquaintance with current 
research literature. A few of the research papers listed cover devel- 
opments that came to my notice too late for mention in the main text. 
For this reason, any attempted summary in the main text of the current 
standing of a research problem should be supplemented by an examin- 
ation of the bibliography and by scrutiny of the usual review literature. 

Finally, I take this opportunity to renew all the thanks expressed in 
the preface to Volume 1, placing special reemphasis on those due to 
Professor Edwin Hewitt for his sustained interest and help, to Dr. Garth 
Gaudry for his contributions to Chapter 13, and to my wife for her 
encouragement and help with the proofreading. My thanks for help in the 
latter connection are extended also to my son Christopher. 



CANBERRA, 1967 



R. E. E. 
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CHAPTER 11 



Spans of Translates. Closed Ideals. 
Closed Subalgebras. Banach Algebras 



The first three sections of this chapter are devoted to some topics mentioned 
earlier, namely, the study of closed invariant subspaces and closed ideals 
[mentioned in 2.2.1 and 3.1.1(g)], and that of closed subalgebras [mentioned 
in 3.1.1(e) and (f)]. Throughout the discussion E will denote any one of the 
convolution algebras L p (1 ^ p < oo) or C (see 3.1.1, 3.1.5, and 3.1.6) and 
we shall consider closed invariant subspaces, closed ideals, and closed sub- 
algebras in E. The cases E = C k and E = L°° could also be treated similarly, 
provided that in the last case one considered L 00 with its so-called weak 
topology, in which a sequence or net (/*) converges to / if and only if 




is true for each g e L 1 . Compare I, B.1.7 and I, C.l. 

For any compact group, Abelian or not, the structure theory for closed 
invariant subspaces and closed ideals is simple. For the group T the 
details are fully elucidated in 11.2.1. By contrast, except for the case 
E = L 2 , the structure of closed subalgebras is not yet fully describable, 
even for the group T . 

Subsections 11.2.3 and 11.2.4 are included on “cultural” grounds and 
are intended to show how the relatively simple problems treated in 11.2.1 
and 11.2.2 lead to ones of considerable complexity and interest when the 
compact group T is replaced by a noncompact group such as R. (These 
subsections are not essential to an understanding of the' rest of the book.) 
The relevant problems for the dual group Z are mentioned briefly in 
11.2.5. 

Section 11.3 is devoted to the problem of closed subalgebras in E. 

The final section of this chapter (11.4) is devoted to a few of the funda- 
mentals of commutative Banach algebra theory and some of its applications 
to harmonic analysis. When applications are made to the algebras E men- 
tioned above, we find that the topics mentioned in Section 4.1 undergo natural 
development. Applications to other algebras will also be made and will 
provide proofs of results stated in Section 10.6. 

1 
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Section 1 1 .4 is in no sense a balanced introduction to the study of Banach 
algebras. References for further reading will be given in due course. 

11.1 Closed Invariant Subspaces and Closed Ideals 

By a closed invariant subspace of E is meant a linear subspace V of E 
which is (1) closed for the normal topology of E (see 2.2.4), and (2) 
invariant under translation, in the sense that / e V entails T a f eY for all 
a e T. (Compare the definition of invariant subspaces given in 2.2.1.) 

Each / e E is contained in a smallest closed invariant subspace V f , which 
is none other than the closure in E of the invariant subspace Y f generated 
by / (as defined in 2.2.1). The reader will note that Y f depends in general 
on the ambient space E: for example, if / is continuous, the closure of Y f 
in L p will in general be strictly larger than the closure of Y f in C. Despite 
this, we do not think it necessary to complicate the notation accordingly. 

In view of the fact that E is an algebra under convolution, we follow the 
usual algebraic terminology by describing as an ideal in E, a linear subspace 
I of E with the property that f * g e I whenever f el and g e E. A closed 
ideal in E is an ideal in E which is also a closed subset of E. 

As will be seen in 11.1.2, the closed invariant subspaces of E and the 
closed ideals in E are exactly the same things (although the invariant sub- 
spaces and the ideals are not the same things). 

11.1.1. If/e E, then f(n)e n e Y f for all ne Z. 

Proof. Direct computation shows that 

f(n)e n = e n */. 

Since e n e L 1 , the assertion follows from 3.1.9. For an alternative proof, see 
Exercise 11.5. Yet another type of proof is described in 11.2.2. 

11.1.2. A subset of E is a closed invariant subspace of E if and only if it is 
a closed ideal in E. (Compare with 3.2.3.) 

Proof. (1) Let I be a closed ideal in E. We wish to show that I is transla- 
tion-invariant. For this purpose, we utilize an argument appearing in 3.2.3. 
Choose an approximate identity (& n )” =1 comprised of elements of E (for 
example, the Fejer kernels introduced in Section 5.1). Since I is an ideal, 
(T a k n ) */e I for all n ^ 1 and all/e I. But (T a k n ) *f = T a (k n */) by 3.1.2, 
and lim n _ +00 k n */ = / in E by 3.2.2. Therefore lim n _ oc T a (k n */) = T a f in 
E. I being closed, it follows that T a f e I. This shows that I is translation- 
invariant and is therefore a closed invariant subspace of E. 

(2) Let V be a closed invariant subspace of E. In order to prove that V is 
a closed ideal in E, it suffices to show that / * g e Y whenever / e Y and g e E. 
In doing this we may, since Y is closed in E and since the trigonometric 
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polynomials are everywhere dense in E (see 2.4.4), assume that g is a trigono- 
metric polynomial; see 3.1.6. In that ease, however, /* g is a finite linear 
combination of terms f(n)e n , and 11.1.1 shows at once that f * g eV f . 
Finally, since / e V, c V, and therefore / * g e V. The proof is complete. 

11.1.3. Remarks. (1) It has been noted in 3.2.3 that E is a module over L 1 ; 
and in Section 12.7 it will appear that E is even a module over the superspace 
M of L 1 composed of all Radon measures. It is quite simple to verify that the 
closed submodules of E (qua module over L 1 or over M) are exactly the closed 
ideals in E. 

(2) The reader will take care to remember that 11.1.2 is established only 
for the choices of E mentioned at the outset of this chapter; it is not true in 
all cases of interest. For example, if L°° is taken with its normed topology, 
there are closed ideals in the convolution algebra L°° that are not translation- 
invariant; see Exercises 11.22 and 11.23. Theorem 11.1.2 is also false for the 
measure algebra M introduced in Section 12.7; see Exercise 12.45. 

11.2 The Structure of Closed Ideals and Related Topics 

It can now be shown that a closed ideal I in E is characterized completely 
in terms of the common zeros of the Fourier transforms of elements of I. 

For any / e E, we denote by Z f the set of ne Z for which f(n) = 0; and 
for any subset S of E we write 

Z a =D{Z f :f eS}. 

11.2.1 . Let I be any closed ideal in E, and let / e E. Then / e I if and only 
if Zf ^ Zj. 

Proof. Obviously, Z f Z Y whenever /el. Suppose conversely that 
f e E and Z f => Z r \ we have to show that / el. Let n $ Z l and choose gel 
such that g(n) ^ 0. By 11.1.1, e n e V g ; and by 11.1.2, V g c I. Thus e n e I, 
and this for any n <£ Z v A fortiori, e n el for any n for which f(n) # 0. Now 
6.1.1 shows that /is the limit in E of finite linear combinations of exponentials 
e n with n restricted by the condition f(n) ^ 0. Since I is a closed linear sub- 
space of E, it appears that / e I, as was to be proved. 

Remarks . (1) In view of 11.1.2, 11.2.1 may be reformulated in the 

following way. Let Y be a closed invariant subspace of E and put S = Z\Z V \ 
then V is identical with the closed linear subspace of E generated by {e n : neS). 
In brief, V is generated (as a closed linear subsp&ce, a closed invariant 
subspace, or a closed ideal) by the continuous characters it contains. 

The equivalence of the two versions depends upon 6.1.1. As usual, the 
result remains true for E = L 00 , provided the weak topology is used through- 
out; in this connection it is useful (although not essential) to note that 
lim^o, a N f = / weakly in L 00 whenever /e L°°. 
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(2) In 11.2.1 it is essential that the ideal I be assumed to be closed. For 
example, if I is any everywhere dense and nonclosed ideal in E, then 
Zj = 0 = Z^ but I ^ E. In such cases there is no known simple structure 
theorem. 

(3) For a study of projections onto closed invariant subspaces of L P (G), 
where G is a noncompact group, see Rosenthal [1]. 

11.2.2. The Hahn- Banach Theorem Applied toll.2.1. A characteristically 
modern tool for the discovery and proof of theorems about linear approxima- 
tion is the Hahn- Banach theorem, which is described briefly in I, B.5. 
We propose to indicate here how this theorem may be used to prove 11.2.1; 
it is equally useful in connection with the analogous problems mentioned in 
11.2.3 and 12.11.4. 

It must be admitted that its application to the proof of 11.2.1 does not 
appear to be particularly economical, and it must be stressed that the great 
merit of the theorem lies rather in the range of problems to which it provides 
a useful common approach (see [E], Chapter 2). No account of the methods 
of modern analysis can afford to ignore it. 

The notation being as in 11.2.1, let us face anew the problem of showing 
that f el whenever Z f Z v Since I is a closed linear subspace of E, the 
Hahn-Banach theorem (specifically I, B.5.2) affirms that to do this it suffices 
(and is obviously necessary) to prove that, if F is any continuous linear 
functional on E, and if 



F(g) = 0 for all g e I, 


(11.2.1) 


and 

z , => z lt 


(11.2.2) 


then 

F{f) = 0. 


(11.2.3) 


Now, since I is invariant, (11.2.1) entails that 

F(T a g) = 0 for all g e I and all a. 


(11.2.4) 


This suggests that we look at the function (f> g defined by 

U*) = F( T ag)- 


(11.2.5) 



Since F is continuous on E, while a -> T a g is continuous from R into E 
(see 2.2.4), <f> g is a continuous function. The reader will also observe for 
future use the fact that <f> g depends linearly and continuously on the 
variable g e E: 

li^iu < Ill’ll • IIs'IIe- 

The combination of these last remarks with a simple argument involving 
Riemann sums permits the computation of the Fourier coefficients of <j> g . 
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Thus (using an obvious notation), 

- 1 

i> g (n) = lim — 2, <f> g (a k )e -' na * A a k 

= l im F (^ 2 T a k 9 • e ~ ina * ) > 
by linearity of F, which in turn is equal to 

F (lim ^ T ak g • e-^ k A a*) 



on account of continuity of F. Now, if g is continuous, it is easy to check that 
the limit appearing in the last expression displayed is none other than the 
function 



x -> 



2tt 




a)e~ ina da , 



which is, by virtue of the basic properties of the invariant integral recounted 
in 2.2.2, the function g( — n)‘e_ n . Accordingly, the formula 



9g( n ) = 9(-n)- F(e. n ) 



( 11 . 2 . 6 ) 



is established for continuous g e E. However, for a fixed ne Z, each side of 
(11.2.6) is a continuous linear functional of ge E; since the continuous 
functions are everywhere dense in E (a corollary of 2.4.4), (11.2.6) must 
hold for all g e E. The reader is urged to verify carefully all the steps in this 
computation of <j> g . 

In view of (11.2.6), (11.2.4) entails that F(e n ) = 0 whenever gel and 
g(n) / 0. Therefore 

F(e n ) = 0 for all n e Z\Z t . (11.2.7) 

On the other hand, for any f e E we have from 6.1.1 



f ^+l) / " Wen - 



So, by linearity and continuity of F , 

F(f) = lim 2 b - jMri)f( n )F(e n ). 

\nftN \ iV + 1/ 

Finally, by (11.2.2) and (11.2.7), 

f(n)F{e n ) =0 for all n e Z, 



( 11 . 2 . 8 ) 



so that (11.2.3) follows from (11.2.8). This completes the proof. 

Remarks. The computation of the Fourier coefficients of <j) g could be 
made to proceed more gracefully by appealing to the results of Chapter 12 
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and Appendix I, C.l concerning the analytic representation of continuous 
linear functionals F on E. However, we have preferred at this stage to 
sacrifice grace in favor of more elementary arguments. 

11.2.3. Closure of Translations Theorems. The writer knows of no very 
significant applications of 1 1.2.1 to problems of concrete analysis, though it has 
its own interest as a structure theorem, albeit a simple one. However, it and 
certain corollaries one can deduce from it have analogues for other groups 
which are at once deeper and productive of genuinely significant results in 
concrete analysis. We propose to mention these analogues, devoting this 
subsection to so-called “closure of translations” theorems, and the next to 
some consequences of a Tauberian nature (see 5.3.5). 

The position is that 11.2.1 and its derivatives, pertaining to the group 7\ are 
simple prototypes of bigger and better things which owe their significance to 
their applicability to noncompact groups. 

When one contemplates replacing the compact group T by a noncompact 
(locally compact Abelian) group G, it is difficult to repress the hope that an 
analogue of the case E = L 1 of 11.2.1 lurks around the corner and awaits 
discovery. There is little difficulty in framing a plausible analogue, and this 
plausible analogue turns out to be ‘ ‘ approximately true,” or to be “ true in 
spirit but false in detail.” (Concerning L*(6r) for a general group, see, for 
example, [R], Chapter 1; [HR], Section 20; [E], Section 4.19; [Bo]; [Boj], 
Chapitre 2.) 

The simplest choice for a noncompact group G would undoubtedly be the 
group Z. Despite this, the description immediately following is expressed in 
terms of the groups R m ( R the additive group of real numbers with its usual 
topology and m a natural number). One reason for this choice is that R m is 
more typical of noncompact groups than is Z. Another reason is that the 
original “closure of translations” theorem of Wiener (see [Wi], pp. 99-100), 
which was the beginning of almost everything in this field, applies to the group 
R. The analogous problems for the technically somewhat simpler group Z will 
receive further attention in 11.2.5 and 12.11.4. 

For/e L 1 (R m ), the Fourier transform of / is the function on R m defined by 

/(f) = J • • • • • •> "■ + V r m><fa : 1 ■ • • dx m 

for f = (fi, • • •, |m) e R m ; Z f is defined to be the set of zeros of /; and, for 
any ideal I in L 1 (i? m ), Zj is defined to be the intersection of the sets Z f when/ 
ranges over I. (A brief treatment of Fourier transforms of functions in L l (R) 
and L 2 (R) appears in Chapters 9 and 19 of [Ri]; see also [Wi] and [Ti], and the 
references cited therein.) 

The Wiener closure of translations theorem for R m asserts that an ideal I in 
L 1 (i? m ) is everywhere dense in L 1 (i? m ) if (and only if) Zj = 0 . This is a perfect 
analogue of the corresponding special case of 11.2.1, and is indeed encouraging. 

For quite a while it remained tantalizingly in doubt whether a general closed 
ideal I in L 1 (R m ) necessarily contains every / e L 1 (f? m ) such that Z s => Zj. The 
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first example showing that this was not always the case was given by Laurent 
Schwartz [1] in 1948 and applied to R m with m ^ 3; see also Reiter [1] and 
12.1 1.5. Another decade was to elapse before similar examples pertaining first 
to R, and then to any noncompact G, were produced by Malliavin [1] in 1959. 

Despite this disappointment, it turns out that if Z, is topologically simple 
enough, then I does indeed contain every / e L 1 (R m ) for which Z f 3 Z,; and 
that the conclusion stands, whatever Z,, if in addition / is subject to smooth - 
ness conditions. Results of this type permit the reader to judge for himself to 
what extent the analogue of 1 1.2.1 (for E = L 1 ) may be claimed to be 
“ approximately true.” See [HR], (39.24) ; [Re], p. 28; [Kz], p. 225; [R], 7.2.4; 
MR 37 # 6694; 40 # 6491 ; 46 # # 9650, 9652, 49 # 9542; 53 # 14025; 54 
# # 10980, 13464. 

A set S c R m having the property that 

/ g L 1 (i? m ), Z f '=>Z 1 => /el 

for every , closed ideal I in L 1 (R m ) for which Z, = S 9 is termed a spectral (or 
harmonic) synthesis set in R m ; Rudin ([R], p. 158) refers to them more briefly 
as S-sets. It is known that $ is a spectral synthesis set in this sense if and only 
if there is but one closed ideal I in L 1 (R m ) satisfying Z, = S. 

Malliavin’s result cited above asserts precisely that there exist closed subsets 
of R m which are not spectral synthesis sets. On the other hand, the opening 
statement in the last paragraph but one amounts to saying that conditions of 
topological simplicity are known which ensure that a given closed set S is a 
spectral synthesis set; compare Exercise 12.52. 

Malliavin’s result cited above has given rise to many extensions, improve- 
ments and simplifications. For some (if not all) of the details, the reader should 
consult Malliavin [1], [2]; [R], Chapter 7; [KS], Chapitre IX; [Kz], pp. 229 
ff; [HR], §42; de Leeuw and Herz [1]; MR 31 # 2567; 39 # 1977; Exercise 
12.53 below. At this point we remark merely that Malliavin’s original construc- 
tion has been simplified by Kahane and Katznelson [2] and Richards [1] ; and 
that Varopoulos [1], [2] introduced an entirely original (tensor product) ap- 
proach to spectral synthesis problems in Banach algebras; see MR 41 # 830 
and the remarks in 11.4.18(4) below. 

As has been indicated, strictly analogous problems arise when attention is 
transferred from L 1 (J7 m ) to ^*(Z); concerning this particular extension we shall 
have a little more to say in Subsections 11.2.5, 12.11.4, 12.11.5, and 12.11.6. 

Mention must also be made of analogues for noncompact groups G of the 
remaining cases covered by 11.2.1, namely, the closure of translations theorems 
in E = L p (1 < p < oo) and E = C. The results for L°°((r) with its weak 
topology (see the opening remarks to this chapter) go hand in hand with those 
for L 1 ((t) already discussed. For L 2 (i?) a complete solution was given by Wiener 
([Wi], p. 100), and this extends without trouble to L 2 {G). In all other cases, 
that is, for values of p different from 1, 2, and oo, the known results are less 
complete. While conditions are known which are sufficient to ensure that the 
linear combinations of the translates of a given / e L p (G) are everywhere dense 
in that space, and yet others are known which are necessary for this to happen, 
there remains a gap between the two types of conditions. All attacks on this 
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problem are bedevilled, by the preliminary task of devising and handling a 
tractable definition of the Fourier transform of a function belonging to an 
arbitrary space L P (G). This may be done in terms of pseudomeasures and 
similar objects (the periodic prototypes of which are mentioned in Section 
12.11; see especially 12.1 1.4). There is, alas, no connected account in book 
form, but see Herz’s survey article [2], Gaudry [1], [3], Edwards [4] and the 
references there cited, and Warner [1]. (The case of the group Z is discussed 
briefly in 11.2.5.). See also MR 38 # 4904. 

One striking fact, applying when G is noncompact and 1 < p < 2, is that 
there exists a closed invariant subspace V f {0} in L 2 (G) which contains no 
nonzero element of L P (G) ; see MR 52 # 14849. See also MR 48 # 11915. 

Finally, an even wider diversity obtains when one turns to analogues of the 
case E = C of 1 1.2.1. This is due to the fact that there are, in relation to a 
noncompact G, several natural spaces of continuous functions which coalesce 
for compact groups but which otherwise are widely different. The following 
four contenders have received attention: 

(1) the space C (G) of all continuous functions on G, with the topology of 
locally uniform convergence; 

(2) the space BC(G) of bounded, continuous functions on G, with the 
topology of uniform convergence; 

(3) the space 'RUC(G) of bounded, uniformly continuous functions on G , 
with the topology of uniform convergence; 

(4) the space C 0 ((7) of continuous functions which tend to zero at infinity, 
with the topology of uniform convergence. 

For C 0 (G) fairly complete results are known. For the remaining three, results 
are hard to come by; in -the case of BC(G) and BUC(G), more progress has been 
made concerning approximation relative to a weaker (the so-called “strict”) 
topology, originally suggested by ideas of Beurling; see Edwards [5] and 
Harasymiv [1]. In the case of C (G), most attention has been paid to functions, 
the linear combinations of translates of which are not everywhere dense in 
C (G): these were introduced and studied (for G = R) by Laurent Schwartz [2] 
in 1947, who christened them mean periodic functions ; see also [Kah 3 ]. Some 
of Schwartz’s results have since been extended to more general groups by 
Ehrenpreis [1], Elliott [1], Gilbert [1], and others. 



11.2.4. About Tauberian Theorems. We pass on to consider briefly some 
consequences of such closure of translations theorems as are typified by the 
case 7j 1 = 0 of 11.2.1 and the generalizations thereof mentioned in 11.2.3. 

Let us begin with the group T. Suppose we take a subset A of T and a 
nonvoid collection 11 of nonvoid subsets of A satisfying the following two 
conditions : 

(1) the intersection of any two members of II contains a member of II (in 
M. Bourbaki’s language, this signifies that II is a filter base oni); 

(2) if a e A and P e II, there exists P' e II such that 



P' <= a -f P = {a + x : x e P] . 
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If F is a real- or complex -valued function defined on A, we write 

lim F = 0 
n 

if and only if to each e > 0 corresponds a set P £ e II such that \F(a)\ ^ e for 
a e P £ . Owing to condition (1), lim n (F 1 + F 2 ) = 0 whenever lim n F t = 0 for 
i = 1, 2. Moreover, thanks to condition (2), lim n T a F = 0 whenever a e A 
and lim n F = 0. 

By way of example, one might take for A the set of all ^osets na + 2nZ 
obtained when a is a fixed real number and n ranges over Z , while for II one 
might take the collection of sets P k (k = 1, 2, • * • ), P k being the set of cosets 
na + 27 tZ obtained for \n\ > k. In this case, lim n F would signify what would 
normally be denoted by lim n6Zt j n | F(na -f 2-nZ), or by lim neZ> | n |_+ 00 F(na) y 
if F is first extended to T and then regarded as a periodic function on R. 

Given / 0 e L 1 , it may or may not be true to assert that the linear combi- 
nations of the translates T a f 0 (a e A) are everywhere dense in L 1 . As may be 
deduced from 11.2.1, this assertion will be true whenever f 0 is nonvanishing on 
Z and A is everywhere dense in T. (This second condition is satisfied by the 
particular A mentioned in the last paragraph, if a/n is irrational; see Exer- 
cise 2.2.) The assertion may also be shown to be true for quite sparse subsets A 
of T , provided / 0 is, say, analytic and / 0 is nonvanishing on Z (compare 
Exercise 11.9). 

In any case, one may proceed without much difficulty to establish the 
following result. 

(a) Suppose that A and II are as above, that f 0 e L 1 , that f 0 is nonvanishing 
on Z, and that A is everywhere dense in T. If g e L 00 , and if 

lim/ 0 * g = 0, (11.2.9) 

n 

then also 

lim/ * gr = 0 forall/eL 1 . (11.2.10) 

n 

It is true, but irrelevant at the moment, to say that (11.2.10) is equivalent to 
the assertion that g = 0 almost everywhere. 

As far as the writer is aware, (a) has no especially significant consequences. 
However, (a) has a deeper analogue for the case in which T is replaced by any 
locally compact Abelian group 6r, and, when G is noncompact, very significant 
results are obtained in this way. 

Let us state such an analogue for the typical case in which G = R, special- 
izing on the way by taking A = G = R and II to be the set of complements 
in I? of compact subsets of R . (This natural choice of II is not permissible for 
compact groups, which is why (a) takes the rather complex form it does.) Then 
lim n F signifies what is normally written as lim X6H> , X | F{x). The analogue 
runs as follows. 

(b) If / 0 e L x (jR) satisfies 

Mi) = dx* 0 (fe JR), 
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and if g e L®(i?) is such that 

lim f 0 * g(x) = 0, (11.2.11) 

lari oo 

then also 

lim / * g(x) — 0 for all / e L 1 (l?) . (11.2.12) 

| X |-a3 

Statement (b), and its valid analogue for any locally compact Abelian 
group G in place of R, is an almost immediate corollary of the closure of 
translations theorem mentioned in 11.2.3; see [R], p. 163; [HR], (39.36); 
[Kz], p. 228; [Re], p. 10. The case G = R is Wiener’s famous general Tauberian 
theorem, so named because by design it includes as corollaries a number of 
results each of a Tauberian nature (see 5.3.5). The deductions of these special 
Tauberian theorems, which often require skillful choice of the ‘ ‘ kernels ’ ’ f 0 and 
/, followed by lengthy manipulations, would be out of place here. For an 
account the reader may be referred to Wiener’s book [Wi] or, for more recent 
accounts, to [Ha] and/or [P]. (None of these references lays any stress on the 
relationship between the Wiener theorem and the ideal theory of L 1 (R).) A 
brief proof of (b), using distributional techniques and the Hahn-Banach 
theorem, has been given by Korevaar [1] ; the method is even more neatly 
expressible in terms of pseudomeasures (see Section 12.11 and compare the 
remarks in 11.2.5). 

Weak versions of (b), in which more is assumed about the smallness of/ 0 at 
infinity, can be proved by simpler arguments and retain some interest for 
applications; see, for example, Kac [1]. See also MR 50 # 7952; 52 # 1173. 

Concerning abstract Tauberian theorems, see Subsection 11.4.18(3). 

11.2.5. The Case of the Dual Group Z. The remarks in 11.2.3 that refer 
to analogues of 11.2.1, or of special cases of that theorem, may be further 
illustrated by looking at the situation in which the underlying group is Z. 
This we shall do very briefly. 

The problem is that of classifying the closed invariant subspaces of t p = £ p ( Z ) . 
For p = 1, in which case we may speak equivalently of the closed ideals 
I in i 1 , some at least of the difficulties mentioned for general noncompact 
groups in 11.2.3 are already visible. However, it is true that a given <j> e i 1 
generates a dense ideal if and only if its Fourier transform <p is nonvanishing; 
this, and more besides, is proved in Exercise 12.32. 

The case p = 2 is completely solved, the solution being as follows. Given 
<p e £ 2 and ip e £ 2 , ip belongs to the closed invariant subspace of £ 2 generated 
by <p if and only if the set of zeros of ip contains, modulo a null set, the set of 
zeros of <p; regarding the transforms <p and ip, see 8.3.3. 

For other finite values of p no complete solution is known, the remarks in 
11.2.3 applying without modification. In Sections 12.11 and 12.12 we shall 
describe briefly the difficulties, unsolved problems, and partial successes in 
relation to this problem. It must here suffice to remark that the sharpest 
results available apply to a problem posed by Beurling, namely: Suppose 
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that (f> e £ l (Z) ( c: £ p (Z) for every p ^ 1); what can be said about the size of 
E = ^ _1 ({0}) in relation to those values of p for which the closed invariant 
subspace of £ P (Z) generated by <f> is the whole of £ P (Z) ? As we shall see, 
although the solution is not complete, quite precise results are expressible in 
terms of so-called “capacities” of E (or, what is essentially equivalent in the 
present context, the so-called “Hausdorff dimension” of E). Any reader who 
wishes to approach this problem independently will find the details in [KS], 
p. 112. See also Newman [3]. 

For p — oo, it is the case that a given <j> e £ 00 has the linear combinations 
of its translates weakly dense in £ co if and only if the pseudomeasure has a 
full support (see 12.11.4). The same result holds for the uniformly closed 
invariant subspace of c 0 generated by a given (f> e e 0 . (A pseudomeasure a on 
T has a full support if and only if the only continuous function u on T 
having an absolutely convergent Fourier series and satisfying u • a = 0 is 
the function u = 0.) See also [Kah], Chapter VIII. 

11.3 Closed Subalgebras 

We now turn to the consideration of structure theorems for closed sub- 
algebras 21 of E, analogous to 11.2.1 for closed ideals. 

The natural conjecture is that $ is fully determined by knowledge of those 
subsets of Z which are common sets of constancy of the Fourier transforms 
/ of elements / of 21; see 11.3.1 for details. When E = L 2 , this conjecture is 
true, as will be shown in 11.3.6. When E = L 1 , the conjecture is shown to be 
false by an example due to Kahane (1962); see 11.3.4. To the author’s 
knowledge, its truth or falsity is undecided in all the remaining cases. 

On the other hand, as will become apparent from subsequent results, the 
conjecture is “approximately true” (compare with 11.2.3). 

For several other problems about subalgebras having close connections 
with harmonic analysis, see [R], Chapter 9. 

11.3.1. Equivalence Relations and Idempotents in 21. Let 21 be a 

closed subalgebra of E. We introduce the equivalence relation r(%) on Z 
which is defined by writing nr(%)n' if and only if n, n' e Z and f(n) = f(n') 
for all f e 21. Accordingly, Z is partitioned into cosets S modulo r( 2Q, of 
which there are at most countably many. We follow Kahane in terming each 
such coset S modulo r(2l) a Rudin class of 21. On each Rudin class of 21, each 
function / (/e 21) assumes a constant value which we denote by f(S). Either 
f(S) = 0 for all/e 21, or S is finite (see 2.3.8). 

Given any equivalence relation r on Z, we shall write L* for the set of all 
integrable functions / such that f(n) = f(n') whenever n, n' e Z and nrn' . 
Then E n LJ is a closed subalgebra of E, which is plainly the largest closed 
subalgebra 21 of E for which r(2() = r. 

It follows that 21 c En for any closed subalgebra 21 of E. 
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The natural conjecture is that I = En L* (2t) for any closed subalgebra 

n of e. 

Save for the cases mentioned in 11 .3.4 and 1 1 .3.6, the truth or falsity of this 
conjecture is an open problem. The basic positive result in favor of this 
conjecture asserts that in all cases 91 contains each of the trigonometric 
polynomials 

e S — ^ e m 
neS 

where S is any coset modulo r(9l) such that f(S) =£ 0 for some / e 9b These 
elements e s are easily seen to be precisely the minimal idempotents of the 
algebra 91, that is, the idempotent elements e of 91 which are not expressible 
as sums of two or more nonzero idempotents of 91. Each idempotent element 
of 91 is a finite sum of those minimal idempotents. 

In order to prove that each e s does indeed belong to 91, we shall need to 
call upon the spectral radius formula 

lim ||/**p* = ll/p (11.3.1) 

k-*a o 

for elements / of E, the norm appearing on the left-hand side being that on E. 
For E = L 2 this result is established in Exercise 8.8. The formula for 
E = C is easily deducible from the case E = L 2 . A proof covering all the 
required cases will appear in 11.4.14. Meanwhile, (11.3.1) will be taken on 
trust. 

11.3.2. Let 91 be a closed subalgebra of E. Then e s e 91 for any coset S 
modulo r(9l) for which f(S) 0 for some (possibly /^-dependent) element/ 
of 91. 

Proof. This is taken from [R], p. 232. 

Enumerate the cosets 8 modulo r( 91), for which f(S) ^ 0 for some 8- 
dependent / e 91, as S a , where a runs over some set of positive integers. 

Choose and fix any a and then any /e 91 such that f(S a ) ^ 0. There are at 
most a finite number of indices a distinct from a for which f(S a ,) = f(8 a ). 
If no such indices a exist, part (1) of the proof to follow simplifies and com- 
pletes the proof. We shall proceed on the hypothesis that such indices a 
exist, labeling them « l5 • • • , a n , and putting 

* = e s a + e s ai H H e s an • 

(In case no indices a exist, the appropriate definition would read: t = e Sa .) 

(1) The first step is to show that t e 91. According to 2.3.8, f(S a ) is an 
isolated point of f(Z), and f(Z) has no limit points other than zero. It follows 
that a polynomial F in one complex variable may be chosen so that 

F(0) = 0, F(f(S a )) = 1, \F(z)\ < y 2 
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for 2 g f(Z)\f(S a ). Indeed, this may be reduced to the following constructional 
problem : given complex numbers z m (m = 0, 1, 2, • • * ) such that z 0 ^ 0, 
z m z 0 (m > 0), z m — > 0 as m — > oo, it is required to find a polynomial F 
such that F( 0) = 0, F(z 0 ) = 1, \F(z m )\ < % for ra > 0. To this end, choose 
an integer k so large that \z m \ ^ %l 2 o| f° r m > k, and put 

m - (i)" ■ ' 

\ Z o) ( Z 0 ~~ Z l) • • * (z 0 — Z/J 



where the positive integer N is to be chosen in a moment. Then, plainly, 
F(0) = 0, F(z 0 ) = 1, and F(z m ) = 0 for 0 < m ^ k. Moreover, if m > k, 



\F{z m , 



% w ([ g il + V 2 l g ol) - • '([ g frl + V'2. l^o 1 ) 

1(2=0 - Zl)‘ • -(Z 0 - Z J| 



which can be made less than l / 2 if only N be chosen sufficiently large (depend- 
ing upon k). If this be done, F is a polynomial satisfying all the requirements. 
Suppose that 

F(z) = c x z + b c m z m , 

and consider the function 



g = C J + C 2 f* Z + • • • + C m /* M , 

where, as usual, f* k is the k- th convolution power off. Since/ e 21 and since 
21 is a subalgebra of E, g e 2L Plainly, g = F o /. Since both g and t take the 
value 1 on S a U S a U • • • U S an , our choice of F ensures that \\g — t\\ ^ < y 2 . 
The spectral radius formula for elements of E therefore entails that 

lim || (g - t)* k \\ llk < y 2 . (11.3.2) 

/c-» 00 

On the other hand we have 

t = t k = g-fr" 1 = g 2 • t k ~ 2 = ...= g k ~ 1 -i, 

since t is the characteristic function of S a U S ai U • • • U S an , on which set g 
assumes the value 1. Therefore 

(g - t) k = § k - t, 

or, by the uniqueness theorem 2.4.1, 

(g — t)* k = g* k — t. 

Formula (11.3.2) now shows that 

lim \\g*« - <|P' fc < y 2 , 

k~* 00 

so that 

|| g* k - 1 1 | < 2" k 

for all sufficiently large k. Since ft is a closed subalgebra of E, it appears 
thence that t e 21. 
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(2) The next step is to show that 91 contains trigonometric polynomials t- x 
(i = 1, 2, • • * , n) such that 

Us a ) = l, to) = o. 

It will suffice to exhibit the construction of t ± . 

Choose he% such that h(S a ) ^ h(S ai ) and put 

h [h-kS ai )t] 

1 [to - to)]’ 

by (1), h x e 91; and plainly 

h&a) = 1 , k(S ai ) = 0 . 

If the construction described in (1) be applied on starting with h 1 in place 
of /, the result is easily seen to be a trigonometric polynomial t x e 91 satisfying 
the required conditions. 

(3) By comparing Fourier transforms and using the uniqueness theorem 
2.4.1, it is clear that e Sa = t * t ± * t 2 * - - * t n , which makes it evident that 
e Sa e 91 and thus completes the proof. 

11.3.3. The Natural Conjecture as an Approximation Problem. Given a 
closed subalgebra 91 of E, denote by 91 0 the closed subalgebra of E generated 
by the idempotents e s , S being any coset modulo r(9l) such that f(S) =£ 0 for 
some / g 91. By 11.3.2, 91 0 cz 9L It is otherwise clear that r(9l 0 ) = r( 91). 

The natural conjecture spoken of in 11.3.1 is thus to the effect that 9l 0 = 91 
for all closed subalgebras 91 of E. 

Yet another way of expressing the conjecture is in the form of the following 
assertion about approximation. 

Given disjoint nonvoid finite subsets S a of Z, each f e E, such that f is 
constant on each S a and vanishes on Z\{J a S a , is the limit in E of finite linear 
combinations of the idempotent trigonometric polynomials e Sa . 

Further discussion of the conjecture will often make use of this last version 
thereof. 

1 1 .3.4. Kahane’s Results about Closed Subalgebras of L 1 . Let us agree 
to write #S = k, or #S = oo, according as the set S is finite and has k 
elements, or is infinite, respectively; and to write k < oo for every real number 
k. Then the main results established by Kahane [1] may be stated as follows: 

(a) There exist closed subalgebras 91 of L 1 which are not generated by 
their idempotent elements. 

(b) If 91 is a closed subalgebra of L 1 whose Rudin classes are of bounded 
lengths (that is, are contained in intervals of bounded lengths), then 91 is 
generated by its idempotents. 
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(c) There exists a closed subalgebra 21 of L 1 , whose finite Rudin classes S 
satisfy sup jfS < oo, and which is nevertheless not generated by its idem- 
potents. 

Kahane also raises a number of problems demanding attention. 

Problem 1. Are there any (infinite) subsets Q of Z with the property 
that, for any closed subalgebra 21 of L 1 , each / e 21 whose Fourier transform 
vanishes on Z\Q is the limit in L 1 of finite linear combinations of the idem- 
potents in 21? 

Kahane remarks that his proof of (a) can be adapted to show that a set Q 
with this property cannot contain arbitrarily long arithmetic progressions. 
On the other hand, the results of Chapter 15 (see especially 15.3.1) show that 
Sidon sets Q have the desired property. A similar result is true for closed 
subalgebras of E = C or L p , and may be obtained by combining 11.3.5 and 
the proof of 11.3.6 with 15; 1.4 and 15.3.1, respectively. Nothing appears to 
be known concerning sets Q which fail to contain arbitrarily long arithmetic 
progressions and which are yet too “thick” to fall into the category of Sidon 
sets. 

Problem 2. Kahane has shown that algebras 21 exist with the property 
mentioned in (c) and whose finite Rudin classes contain at most four elements. 
Is it possible to reduce “four” to “two” in this assertion? 

Problem 3. Which equivalence relations r on Z have the synthesis 
property, that is, are such that any closed subalgebra 21 of L 1 , for which 
r(21) = r, is generated by its idempotents? Result (b) seems to be as much 
as is as yet known in this connection. 

Although (a) decisively negatives the natural conjecture, the next four 
results use 11.3.2 in order to salvage something in the positive direction; they 
show that the natural conjecture is not absurdly wide of the mark. 

11.3.5. Let 21 be a closed subalgebra of E. Then 21 contains each /eL^ 
for which 2 nez \f( n )\ < 

Proof. Using the notation introduced at the beginning of the proof of 
11.3.2, the absolutely convergent Fourier series of / may be regrouped to 
appear as 

2/( s «) 2 e * = 2 M.)**. 

a nes a a 

the regrouped series being again absolutely convergent. It follows that / is 
equal almost everywhere to the limit of a uniformly convergent sequence of 
finite linear combinations g k (Jc = 1, 2, • • • ) of the e Sa ; and if / is continuous 
it is equal everywhere to this limit. So in any case/ is the limit in E of the g k . 
By 11.3.2, each g k e 21. Since 21 is closed in E, it follows that f e 21. 

11.3.6. Let 21 be a closed subalgebra of L 2 . Then 21 = L 2 n L^. 
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Proof. It suffices to verify that the approximation assertion appearing 
in 11.3.3 is true. Suppose then that / e L 2 , that / takes the constant value c a 
on S a , and that / vanishes outside S = S a . Writing e a in place of e Sa , 
the Parseval formula (8.2.2) gives for any finite set F of indices a 



Now 



so that 



1/ - 2 c « e ^ Hi 

aeF 



2 i/( w ) - 2 c «*«(»)i 2 

neZ aeF 




ii/- 2 

aeF 



2 2 \ c o - 2 c ^( m )i 2 - 

B neS 0 aeF 

if neS 0 for some ft e F , 
otherwise , 

■ 2 2 w 

0 $F neS t j 



= 2 i/wi 2 = 2 i/( n )i 2 > 

TieS'p neS\Sp 



where S' F = U b^f^b and S F = U BeF^B- The regrouping of terms of the 
series is justified, because 2 neZ I /Ml 2 < 00 • This same condition ensures 
also that, given any e > 0, 

2 l/wi 2 < * 2 

neS\Sp 



for all sufficiently large finite sets F of indices. For such finite sets F, it is 
therefore the case that 

1/ - 2 c « e « II 2 < e, 

aeF 

which is what we had to show. 



11.3.7. The proof of 11.3.6 shows in fact that, if 1 < p < 2, and if $ is a 
closed subalgebra of L p , then 

3l^L 2 n LJ&). 

(Recall that convergence in L 2 implies convergence in L p for any p satisfying 
0 < p < 2.) See Exercise 11.6. 

11.3.8. If % is a closed subalgebra of E, thfen / * g e $1 whenever 

/. 9 e L 2 n 

Proof. As the proof of 11.3.6 shows, each of / and g is the limit in L 2 of 
finite linear combinations of the e Sa . Since e Sa * e Sp =0 or e Sa according as 
7 ^ a or {$ = a, it follows that / * g is the uniform limit (a fortiori, the limit 
in E) of finite linear combinations of the e Sa and therefore, by 11.3.2, belongs 
to H. 

See also Exercise 11.7, where a somewhat more general result is given. 
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11.3.9. Existence of Zero Divisors. For closed subalgebras 91 of E, an 
answer can now be given to the question [raised in 3.1.1(e)] about the 
existence in 91 of zero divisors. The answer is as follows: a closed subalgebra 
% of E has no zero divisors if and only if 91 is either {0} or consists of the 
scalar multiples of some nonzero idempotent trigonometric polynomial. 

Proof. It is evident that if 91 is of the stated type, then it possesses no 
zero divisors. 

Suppose on the other hand that 91 #= {0}. Then there exists n 0 e Z and 
/ 0 e 9 l such that f Q (n 0 ) # 0 . Let S 0 be the coset modulo r(9l) containing n 0 . 
By 11.3.2, e So e 91. If 91 were not exhausted by the scalar multiples of e So , 
there would exist n 1 e Z\S 0 and f x e 91 such that /i(%) # 0. Then, by 11.3.2 
again, if S x is the coset modulo r(9l) containing n 1 , we have e Sl e 91. Since 
S x 7 ^ S 0 , S 1 n8 0 = 0, and therefore e Si * e So = 0. Each of e So and e Sl 
would thus be a zero divisor belonging to 91. Consequently, 91 must be 
exhausted by, and so be identical with, the set of scalar multiples of e SQ . 

11.3.10. Maximal Subalgebras. A closed subalgebra 91 of E is termed a 
maximal subalgebra of E if 91 ^ E and if the only closed subalgebras of E 
which contain 91 are 91 and E itself. 

These maximal subalgebras of E can be simply and fully characterized, as 
in the second half of the following statement. 

11.3.11. Let 91 be a closed subalgebra of E, ^91 the set of Fourier transforms 
of elements of 91, and Z% the set of common zeros of elements of 91 (as in 
Section 11.2). 

(i) If J^9( separates points of Z (that is, if, whenever % ^ n 2 belong to Z, 
there exists / e 91 such that /( n 2 ) ^ f(n 2 )), then either Z% = 0 and 91 = E, 
or there exists n 0 e Z such that Z% = {n 0 } and 

91= * Bo ={/eB:/(«o) =0}. (11.3.3) 

(ii) The maximal subalgebras of E are precisely the subalgebras 91 no 
(n 0 e Z) and the subalgebras 

9 t n 1 ,n 2 ={/eE: /(%) = /(%)}, (11.3.4) 

where %, n 2 e Z and n x =£ n 2 . (Notice that each 9l no is actually an ideal in E, 
and not merely a subalgebra.) 

Proof, (i) To say that J^91 separates points of Z is equivalent to saying 
that each Rudin class of % is a singleton. This being so, two cases arise 
according as Z<% is or is not void. 

If Z% is void, 11.3.2 shows that e n e 91 for all ne Z, and 6.1.1 then shows 
that 91 = E. 
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Otherwise, Z% is a Rudin class of % and hence takes the form {n Q } for some 
n Q e Z. If n e Z is distinct from n 0 , then {n} is a Rudin class of 91 and f(n) / 0 
for some / e 91. So 11.3.2 entails that e n e % for all integers n different from 
n 0 , and 6.1.1 shows that % => 9l no and so that in fact 91 = 9f nQ . 

(ii) The proof is broken into several steps. 

(!) *n 0 is maximal. For if $ is a closed subalgebra of E containing 9l no , 
then JF 93 plainly separates points of Z. So, by (i), $ is either E or is 9( n for 
some n E Z. Since SB 9l no , n must coincide with n Q and SB with 9l no . Whence 
results the maximality of 9l n . 

(2) 9l ni>nz is maximal. For if SB is a closed subalgebra of E containing 
$ ni>n2 properly, it is again clear that ^ SB separates points of Z. So, by (i) 
again, SB is either E or 9l no for some n Q e Z. The latter alternative cannot 
arise since SB => SM ni>n2 . Hence 93 = E. 

(3) Suppose now that 91 is a maximal subalgebra of E, and suppose that 
either (a) there exists a Rudin class $ of 91 having at least three elements, 
n lt n 2 , n 3 , or (b) there exist at least two Rudin classes S = {%, n 2 , • • •} and 
S' of 91 each having at least two elements. 

Let 93 be the closed subalgebra of E generated by 9l u {e ni }. Then SB contains 
91 and SB ^ 91 (because e ni belongs to 93 but not to 91, since e ni is not constant 
on S =3 {%, ti 2 }). Any element of SB is the limit in E of elements ae ni + /, 
where a is a scalar and / e 91, and so each element of ^ 93 is constant on each 
of S\{n x } and S'. By (a) or (b), at least one of these two sets has at least two 
elements, so that 93 ^ E. This would contradict the maximality of 91 and so 
negates both (a) and (b). 

Thus at most one Rudin class of 91 contains two elements, all others being 
singletons. 

If all are singletons, (i) shows that 91 = % nQ for some integer n 0 . Otherwise, 
there is just one Rudin class S = {n l5 n 2 } of % having two elements, all others 
being singletons. But then 91 c: 91 and, since 9l n n is a closed subalgebra 
of E different from E, the assumed maximality of 9f entails that 91 = 9l ni>n2 . 

This completes the proof. 



1 1 .3.12. Remarks. Maximal subalgebras were first discussed in a different 
context by Wermer; see Exercise 11.25 and Wermer [1]. Fora discussion of 
analogues of 11.3.11 for more general groups, see Chapter 9 of [R], the 
references cited there, and Liu [1]. 

Problems concerning generators of the Banach algebra A (see 10.6.1 and 
11.4.17) have been studied in Newman, Schwartz and Shapiro [1]. 

Further reading : Greenleaf [2] ; Reiter [2] ; MR 38 # 486 ; 39 # # 
4608, 6024; 40 # 7730; 41 # # 4138, 4139, 7730; 42 # 2254; 54 # 3298. 
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11.4 Banach Algebras and Their Applications 

In this section we are going to deal with some of the rudiments of the 
Gelfand theory of commutative complex Banach algebras that possess 
identity elements, the principal aim being to apply this theory in such a way 
as to derive the spectral radius formula (of which some instances are estab- 
lished in other ways in Exercises 8.8 and 3.12 and which has been stated and 
used in Section 11.3) and the theorems of Wiener and Levy mentioned in 
10.6.3. A few other loose ends will also be tied up. 

While our treatment is intentionally brief and highly selective, it may fairly 
claim to cover a few of the high spots of the Gelfand theory and its applica- 
tions. Another introductory account will be found in Chapter 18 of [Ri]. 
The reader who wishes to pursue Banach algebra theory further may do 
so by consulting any desired selection of the following references: [B], 
[BoJ, [N], [Lo], [Ri], [HS], [GRS], [Kz], [HR], [Mo]; see also the 
comments in 11.4.18. 

Among the algebras E in which we are primarily interested are E = L p 
(1 <P ^ oo ) and E = C k (k a nonnegative integer). These do not possess 
identity elements, however, and it is technically advantageous to adjoin to 
E a formal identity element to obtain an enlarged algebra B E to which the 
general Gelfand theory is then applied. 

Useful applications to other algebras will also be possible; see also Section 
16.6. 

11.4.1. Definitions and Examples. All the general developments and 
results we make and obtain will refer to a complex commutative Banach 
algebra B with an identity element. By this it is meant that 

(a) B is an associative and commutative algebra over the complex field 
that possesses an identity (or unit) element e relative to multiplication; 

(b) B is also a Banach space with a norm || • || ; 

(c) one has ||e|| = 1 and 

IMI < 11*11 • II 2 /II 

for any two elements x,y of B. 

From (c) it follows that 

ll* n || < ll*i n (n — 1, 2 , • • • ) . 

It will be convenient to define x° to be e. 

We consider some examples. 

(1) The examples of such Banach algebras to which our first applications 
of the forthcoming general theory will be made are the algebras B E obtained 
in the following way. If E denotes any one of L p (I ^ p ^ 00 ) or C fc (k a 
nonnegative integer), then it is known already from Chapters 2 and 3 that E 
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fulfils the conditions (a) to (c) above, save the parts referring to the existence 
of an identity element e. This defect is repaired by enlarging E into the 
algebra B E whose elements are by definition ordered pairs (a,/), where a is a 
complex scalar and / e E. The algebraic operations and the norm in B E are 
defined thus: 



(a,/) + (fag) = (a + ft / + flr) , 

£(«,/) = (ftx.jS/), 

(a./) • (ft 9) = (<*ft ccg + pf + f*g), 

II (“>/)! = M + I1/Ie> 

where a and ft are complex scalars, / and g are elements of. E, and where 
| • || E denotes the appropriate norm in E (see 2.2.4). The mapping /-> (0 ,/) 
imbeds E isometrically and isomorphically into B E . We leave to the reader 
the simple task of verifying that B E does indeed satisfy conditions (a) to (c) 
above, the identity element e being (1,0). The passage from E to B E is 
spoken of as that of adjoining a formal identity element. 

We remark in passing that in the language to be introduced in Chapter 12, 
B e can be identified algebraically with a set of Radon measures by means of 
the correspondence (a, /) <-> ae + /, where e denotes the Dirac measure at 
the origin. However, unless E = L 1 , this correspondence does not preserve 
norms. We shall nowhere in this chapter make use of this identification. 

(2) Perhaps the simplest nontrivial type of Banach algebra which engages 
the interest of the functional analyst is the algebra C($) of all continuous 
complex-valued functions on a compact Hausdorff topological space 8, the 
algebraic operations being point wise (x + y, ax and xy being the functions 
s -> #(s) + y(s), s — > ax(s) and s — > x(s)y(s), respectively) and the norm 
being the supremum (or maximum modulus) norm: 

1*11 = sup{|x(s)| :seS}. 

The identity element in C (S) is just the constant function 1. 

Most of the problems we shall mention for Banach algebras in general 
admit rather transparent solutions for the algebras C($). For this reason, the 
Gelfand theory is largely concerned with displaying to what extent a general 
algebra B is similar to an algebra C (S) for a suitably chosen 8 (which will 
depend upon B). Further comment on this matter will be made in 11.4.18(1). 

Although, as we have said, C (S) itself is rather simple, the same is far from 
true of various subalgebras of C($) whose norms may or may not be obtained 
by restricting the above norm on C($). One such subalgebra of €(R/27tZ) has 
been encountered in Section 10.6 and there christened A; this algebra will be 
examined again in 11.4.17. For a survey of other closed subalgebras and the 
attendant problems, see the references cited in 11.4.18(4) and (5). 
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(3) Some further examples will appear in 11.4.17 and in Exercises 11.10, 
11.12 and 11.15. Meanwhile we turn to some generalities. 

11.4.2. Inverses and Spectra. An element x of a given algebra B is said 
to be inversible (in B) if and only if there exists an element y of B such that 
xy = e\ there is then precisely one such element y of B, this element of B 
being termed the inverse of x and denoted by x~ x . 

It is evident that e is inversible and coincides with its inverse. Moreover, 
if x and y are both inversible, then xy is inversible and {xy) ~ 1 = x~ 1 y~ 1 
(recall that B is commutative by hypothesis). If x is inversible, we shall 
usually write x~ n for (, x~ 1 ) n , n being any positive integer. 

The concept of inversibility is, as we shall see, central in all subsequent 
developments. Major steps in the theory amount simply to criteria for 
inversibility, fruitful instances of which appear in 11.4.6 and 11.4.10. 

It is necessary to consider, along with a given x and its inversibility, the 
family of elements x — \e obtained when A varies over all complex scalars. 
Given x, the scalars fall into two complementary sets : the set o(x) of scalars 
A such that x — Xe is not inversible, and the set E(x) of scalars A such that 
x — Xe is inversible. The sets a{x) and R{x) are termed, respectively, the 
spectrum and the resolvent set of x, the terminology being taken over from the 
so-called spectral theory of operators. The nonnegative real number [see 
(11.4.4)] 

p(x) = sup { | A| : A e g(x)} (11.4.1) 

is termed the spectral radius of x. 

The next two results collect together a number of basic properties of the 
set of inversible elements, the spectrum, the resolvent set, and the spectral 
radius. They provide also a proof that R(x) is nonvoid and open, that a(x) 
is nonvoid and compact, and that (x — Ac) -1 depends analytically on 
A 6 R{x). This last statement means that, for any continuous linear functional 
F on B, the complex- valued function <f> defined by 

*(A) = F[(x - Ae)- 1 ] 

is analytic in the ordinary sense on the open set R{x). In brief, 11.4.3 and 
11.4.4 contain the analytic heart of the Gelfand theory. 

11.4.3. (1) If x is an inversible element of B, and if y is any element of B 
such that 

I \y - *11 < ll*~ 1 ll~ 1 > 

then y is inversible and 

00 

y- 1 = y x~ n - 1 (x - y) n ; 

71 = 0 

in particular, any ze B satisfying \\z — e\\ < 1 is inversible. 



(11.4.2) 




22 TRANSLATES. IDEALS. SUBALGEBRAS. BANACH ALGEBRAS 



(2) The set U of inversible elements of B is a nonvoid open subset of B 
and the mapping x — > x~ x is continuous from U into B; more precisely, 

[| 2T 1 - a; -1 ! < 1 a -1 1| ’{I - ||a? _ 1 |[ \y - *||} _1 (11.4.3) 

whenever x e U and \\y — x\\ < ||a: _1 ||~ 1 . 

Proof. (1) Define s n e B for n = 1, 2, • • • by 

n 

S n = 2 x~ k ~ 1 (x - y) k . 

k = 0 

For n > m one has 

2 iiz-t + % - *ir. 

mck^n 

Since \\y — x|| < |]# -1 || -1 , it appears that the sequence (s n )"=i is a Cauchy 
sequence in B. By 11.4.1(b), therefore, s = lim n _ +00 s n exists in B. Now a 
direct calculation shows that 

ys n = e - x~ n ~ 1 (x - y) n+1 , 

whence it follows that ys n -> e as n — > oo. On the other hand, 11.4.1(c) shows 
that multiplication is continuous in the pair of factors, so that from s n -> s 
follows ys n — > ys. Thus ys must coincide with e, showing that y is inversible 
and that y~ x = s. This proves (11.4.2). The final statement in (1) ensues on 
taking x = e. 

(2) That U is open and nonvoid follows at once from (1). Also, by (11.4.2), 

N 

y-1 _ X -1 _ V x -n-l^ x _ yY ' 

N->co n fi 

Since 

N N 

| 2 — y ) n || ^ 2 ll x-1 ll n + 1 ll^ ~ x \ n > 

n - 1 n = 1 

(11.4.3) emerges on account of continuity of the norm. 

11.4.4. (1) If xeB, then R(x) is open and contains every complex number A 

satisfying |A| > ||x||, a(x) is compact and non void, and 

P(*K|M|. (11.4.4) 

(2) If x e B, then (x — Xe) ~ 1 depends analytically on A e R(x) and tends 
to zero as |A| -> oo. 

Proof. (1) Since R(x) consists precisely of those scalars A such that 
x — Xe e U, that R(x) is open follows from 11.4.3(2) and the continuity of 
the mapping X—>x— Xe. The complementary set o{x) is therefore closed. 
Also, x — Ae = A(A -1 # — e) is, by 11.4.3(1), inversible whenever A # 0 and 
|| A -1 # || < 1. Thus A e R(x) whenever |A| > ||a;||. This in turn entails that 

(11.4.4) holds. So a(x) is closed and bounded, and therefore compact. That 
a(x) is nonvoid will be established after the proof of (2) is finished. 
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(2) Take any continuous linear functional F on B and define the function 
(f> on R(x) by 

<f>( A) = F{(x - Ac)" 1 }. 

To see that cf> is analytic on R(x), we apply (11.4.2) on taking A 0 e R(x) and 
replacing x by x — X Q e and y by x — Xe: it then appears that 

H A) = F{2 (x - * 0 e)- n - 1 (X ~ Ao)»}, 

n = 0 

for | A — A 0 1 < || (a: — A 0 e) -1 j| _1 . Since F is continuous and linear, one has 
for such values of A the power series expansion 

<t>w = J F « x - - Ao)», 

n = 0 

which establishes the analytic character of <j>. The relations 
X(x - Ae)- 1 = (A" 1 ^ - e)- 1 

and X~ x x — e — > -e as |A| — > co combine with 11.4.3(2) to show that 
|| (x — Xe) ~ 1 1| = 0(|A| _1 ) as |A| ->oo, 
and the proof of (2) is finished. 

Finally, let us return to complete the proof of (1) by showing that a(x) is 
never void. If <j(x) were void, for any continuous linear functional F on B, 
the function <j) would be entire analytic. By Liouville’s theorem, combined 
with the fact that <f>( A) -> 0 as | A| — > oo, it would appear that <f> is constantly 
zero. But then, by the Hahn-Banach theorem (I, B.5), (x — Ae) -1 would 
be zero for all A, which is evidently absurd. Thus o(x) must be nonvoid and 
the proof of 11.4.4 is complete. 

11.4.5. Ideals, Maximal and Otherwise. We now turn to topics of a 
more algebraic nature. 

By an ideal in B is meant a subset I of B which is a linear subspace and 
which is stable under multiplication, the latter clause meaning that xy el 
whenever x el and ye B. An ideal I in B is said to be proper if it does not 
exhaust B; this is so if and only if e $ I, or again if and only if I contains no 
inversible element of B. 

For future use we observe that the closure in B of any ideal in B is again 
an ideal in B. 

Gelfand’s theory lays special stress on the maximal ideals in B, an ideal m 
being termed maximal if it is proper and if m and B are the only ideals in B 
which contain m. The first step is to prove the existence of maximal ideals in B. 

To this end we consider any nonvoid set JF of proper ideals in B having 
the property that any two members of JF are contained in some one member 
of JF. Consider the union J of all members of JF. It is easy to check that J 
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is an ideal in B, and (by showing that e $ J) that J is proper. Plainly, J 
contains each member of 

The preceding paragraph leads to this conclusion : if we partially order, by 
set-inclusion, the set of all proper ideals in B, then any linearly ordered subset 
thereof admits a supremum. As a consequence of this we may apply Zorn’s 
lemma (see, for example [E], p. 6 or [HS], p. 14) to infer that: 

(1) Any proper ideal in B is contained in some maximal ideal in B. 

As we have seen, a proper ideal I in B can contain no inversible elements. 
By 11.4.3(1), therefore, I cannot be everywhere dense in B; the closure I is 
thus a proper ideal in B. In particular, it follows that in must coincide with 
m whenever m is a maximal ideal in B. Thus: 

(2) Every maximal ideal in B is closed in B. 

We can now state the first criterion of inversibility. 

11.4.6. Let x e B. Then x is inversible in B if and only if x belongs to no 
maximal ideal in B. 

Proof. If x is inversible, it can belong to no proper ideal (maximal or not) 
in B. Suppose on the other hand that x belongs to no maximal ideal. The set 
I = {xy : ye B}, the principal ideal generated by x, cannot be proper: for 
otherwise 11.4.5(1) announces the existence of a maximal ideal m 
containing I, and m would then contain x. Thus I = B. In particular, 
eel. This entails that x is inversible. 

Subsequent applications of 11.4.6 depend upon setting up a close relation- 
ship between maximal ideals in B and complex homomorphisms of B (recall 
Exercise 4.1), and this is our next objective. The result we want appears as 
11.4.10; the following intermediate results are directed to this end. 

11.4.7. Quotient Algebras. Let B satisfy (as always) conditions (a) to (c) 
in 11.4.1, and let I be any proper closed ideal in B. The quotient set B/I, 
whose elements are the cosets x = x + I modulo I of elements of B, can be 
formed into an algebra of the same type in a manner now to be described. 

The algebraic operations and norm in B/I are defined thus (compare 
I, B.1.8): 

x + y = (x + y )’ , 
ax = {ax)' , 
xy = (xy)*, 

||i|| = inf{j|a: + y\\ : ye I}. (11.4.5) 

It is then very simple to verify that 11.4.1(a) is fulfilled, the identity 
element in B/I being e. The only norm property which is not evident is the 
one asserting that \\x || > 0 whenever x ^ 6. However, if \\x\\ = 0, there 
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exist elements y n e I such that \\x + y n \\ -> 0 as n -> oo. Since —y n el, and 
since I is closed, it follows that x e I and therefore x = 6. 

Property 11.4.1(c) is plain to see, save perhaps the assertion concerning |je||. 
As to that, (11.4.5) yields quite generally 

|*1 ^ ||*|| . (11.4.6) 

Thus ||e|| ^ 1. Were it the case that ||e|| < 1, (11.4.5) would show that 
|| e + y\ < 1 for some ye I. But then — y e I and, by 11.4.3(1), — y is inver- 
sible. Since I is proper, this is a contradiction (see the outset of 11.4.5). Thus 

H = i- 

Finally we verify 11.4.1(b) for B/I. Suppose that (x n ) is a sequence extracted 
from B/I such that 

lim \\x m -x n \\=0; (11.4.7) 

m,n-+ao 

we must show that this' sequence is convergent in B/I relative to the norm 
(11.4.5). Thanks to (11.4.7), a subsequence (x Uk ) may be determined such that 

00 

2 IK + 1 -*nj < °0. (11.4.8) 

k = 1 

Put y k = x njc + 1 — x Uk . By (11.4.5) and (11.4.8), elements z k of I may be 
chosen so that 

00 

2 ll^fc - Z k\\ < 00 • 

k = 1 

Then, by the assumed completeness of B, 

oo 

y = 2 (s'* ~ z k) 

k = 1 

exists as an element of B, so that 

r r 

h - 2 y« + 2 2fc l _>0 asr -^ c °- (n.4.9) 

k=l k = 1 

From (11.4.9) and (11.4.5) it appears that 

r 

II y - 2 SMI as r co , 

k = 1 

that is, that 

\\y - 4 r + i - 4JI ->0 as r — s- co . (11.4.10) 

This shows that the subsequence (x njc ) k = 1 converges in B/I to x = y — x ni . 
But then (11.4.7) shows that the original sequence (x n ) is convergent in B/I 
to the same limit. 

This completes the verification that B/I satisfies conditions (a) to (c) of 
11.4.1 whenever B does so and I is a proper closed ideal in B. The conclusion 




26 TRANSLATES. IDEALS. SUBALGEBRAS. BANACH ALGEBRAS 



therefore applies when I is assumed to be a maximal ideal in B [see 11.4.5(2)]. 
However, as the next result shows, much more can be said in this case. 

11.4.8. If m is a maximal ideal in B, then to each x e B/m corresponds a 
unique complex number £ such that x = fe. 

Proof. Granted the existence of £, its uniqueness is evident. On the 
other hand, if no such £ existed, then x — Xe # 6 for all complex A. For 
given A, the set 

I = {(x — A e)y + m : y e B, m e m} 

is an ideal in B which contains m properly, x — Xe belonging to I but not to 
m. Maximality of m would imply that I = B, which in turn would imply 
that x — Xe is inversible in B/m. This being true for any complex X, it 
would appear that cr(x) is void, which would contradict 1 1.4. 4(1) applied 
to B/m. This proves 11.4.8. 

Remark. The preceding argument really goes to show that if B is a 
division algebra (that is, is such that every nonzero element of B is inversible 
in B), then B is isomorphic to the complex field (considered as an algebra 
over itself) . This result, the Gelfand - M azur theorem, admits various extensions 
and variants; see [RJ, pp. 354-355 and [Ri], pp. 37-40, 109-110. 

1 1 .4.9. Maximal Ideals and Complex Homomorphisms. Retaining the 
notations of 11.4.8, it is very simple to see that the mapping i m : as — > £ is 
both an algebraic isomorphism and an isometry of B/m onto the complex 
field. As a consequence the composite map y m of B defined by 

Ym(x) = *m(rf) (11.4.11) 

proves to be a nontrivial continuous complex homomorphism of B whose 
kernel is exactly m: 

7m{x + y) = y m (x) + y m (y) 

~ A * > 

ym(xy) = y m (x)y m (y) , > (11.4.12) 

y m (e) = l, 

|ym(*)| < INI. 

m = {zeB :y m {x) = 0}. (11.4.13) 

Conversely, if y is a nontrivial complex homomorphism of B, its kernel 

m,={*eB: y(x) = 0} (11.4.14) 

is easily verifiable to be a maximal ideal in B. Moreover, 

Ymy = y, m rm = m ; (11.4.15) 

the first relation combines with (11.4.12) to show that any complex homo- 
morphism of B is necessarily continuous. 
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The relations (11.4.11) and (11.4.13) thus set up a one-to-one correspond- 
ence between the set of maximal ideals m in B and the set T = F(B) of all 
nontrivial continuous complex homomorphisms of B. This correlation is one 
of the cornerstones of the Gelfand theory. The set T(B) is termed the Gelfand 
space (or representation space) of B. 

In viewing the symbol “y(x) ” we have so far thought of “x” as the 
variable. It is, however, also possible and useful to think of “y” as the 
variable. In other words, with each x e B' one may associate the complex- 
valued function x on the set F(B) defined by 

X(y) = y(x ) . 

The function x is termed the Gelfand transform of x, and the mapping x -> x 
is referred to as the Gelfand transformation. (The notation is suggested by the 
circumstance that, when B = B E , the function x is very closely related to the 
Fourier transform; see 11.4.11.) The Gelfand transformation is an algebraic 
homomorphism of B into the algebra B(T) (with pointwise operations and 
supremum norm) of bounded complex-valued functions on T; compare 
11.4.1(2). We shall return to this matter in 11.4.18(1). 

Meanwhile we derive the promised crucial reformulation of 11.4.6 which 
is made possible by the substance of 11.4.8 and 11.4.9. 

11.4.10. An element x of B is inversible if and only if y(x) ^ 0 for all 
ye r(B). More generally, 

a(x) ={y(x):yeT(B)}, (11.4.16) 

p(x) = sup {|y(z)| : y e T(B)} . (11.4.17) 

Proof. By 11.4.6, A e a(x) if and only if x — Xe belongs to some maximal 
ideal m in B, that is, by (11.4.13), if and only if y m (x — Ae) = 0 for some m. 
By (11.4.12), this is the case if and only if A = y m (x ) for some m. Since y m 
ranges over T(B) when m ranges over all maximal ideals in B, (11.4.16) is 
established. The first assertion is a special case of (11.4.16), since x is inversible 
if and only if 0 ^ a(x). Finally, (11.4.17) results on combining (11.4.16) and 
(11.4.1). 

Remarks. From 11.4.10 it appears that if x e B satisfies y(x) ^ 0 for all 
x e r(B), then there exists ye B satisfying y(y) — y(x) 1 for all ye T(B). 
An extension of this result is contained in Exercise 11.20. 

Regarding (11.4.16), it may be noted incidentally that a continuous 
linear functional y on B is multiplicative (that is, is a complex 
homomorphism of B) provided y(x) e a(x) for all x e B; see MR 37 # 
4620. 

11.4.11. Example: The Algebra C(S). The notation is as in 11.4.1(2). 
By adapting the hints attached to Exercise 11.16, the reader should ex- 
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perience no trouble in verifying that the maximal ideals in C (S) are precisely 
the sets 

m s = {x e C (S) : x(s) = 0} 

obtained when s varies over S; the corresponding homomorphism y ms is 
defined by 

y m ,W = *(«) • 

The correspondence s <-> m s is one-to-one. 

It is to be noted that this identification of the maximal ideals in C (S) 
depends on the elementary fact that the multiplicative inverse of a non- 
vanishing continuous function is continuous; and that this fact is seen a 
posteriori to be just what is asserted by the opening sentence of 11.4.10 for 
the algebra B = C(S). Thus 11.4.10, when applied to B = C($), tells us nothing 
new. 

Any disappointment the reader may feel because of this apparent anti- 
climax can be relieved by hurrying on to a more fruitful application of 
11.4.10. 

11.4.12. Application to B E . Suppose that E = L p (1 ^ p ^ oo) or € k (k a 
nonnegative integer). In order to apply 11.4.10 to B E (see 11.4.1(1)), we need 
to identify the elements of P(B E ). The essential step has already been carried 
out in Section 4.1. 

Let y e F(B e ) and define y' on E by 

/(/) = y«0,/», 

so that 

y((«./)) = « + /(/) (11.4.18) 

for a general element (a,/) of B E . 

Two cases arise, namely: 

(1) y — 0, in which case (11.4.18) reads 

y((«» /)) = «» 

and we write y — y m \ 

(2) y # 0, in which case 4.1.3 shows that there exists an integer ne Z 
such that 

vV) =/(») 

for all /g E, and therefore [by (11.4.18) again] 

y((a,f)) = a +f(n); 

we denote this y by y n . 

Bearing in mind the Riemann-Lebesgue lemma 2.3.8, we see that T(B E ) 
may be identified with Z U {oo} in such a way that 

yn((«. /)) = “ + /( W )> 

/(oo) being interpreted as 0. 



(11.4.19) 
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It is also worth observing at this point that, if y' is any complex homo- 
morphism of E, the mapping y : (a, /)— * a + y'(f) is a complex 
homomorphism of B E . By 11.4.9, y is continuous. It follows at once that y' 
is continuous and we have thus verified a remark made in 4.1.1, namely : 
any complex homomorphism of E is continuous. 

A direct appeal to 11.4.10 now results in a conclusion which is the analogue 
of a theorem established by Wiener for h l (R): 



11.4.13. Suppose that E denotes L p (1 ^ p ^ oo) or C k (k a nonnegative 
integer). If/e E and a is a complex number, and if 

a^O, a + f(n) # 0 for all n e Z, (11.4.20) 

then there exists g e E such that 



g(n) = 



f(n) 

{a +/(»)} 



for all n e Z, 



(11.4.21) 



Proof. Consider x = (a,f)e B E . In view of 11.4.12, the conditions 
(11.4.20) express precisely that y(x) ^ 0 for each ye r(B E ). According to 
11.4.10, therefore, x is inversible in B E . Let x~ x = (/?, h), where p is a complex 
number and he E. The properties (11.4.12) show that one has for all 
y e F(B e ) the relation 



rm h)) 



1 



Using (11.4.19) and taking y = y*,, this relation gives p = 1/a; taking 
y = y„ (n e Z), it gives j8 + h(n) = l/{a + f(n)} for all n e Z. It appears 
therefore that 



{a + f(n)} cc 

{«+/(»)} 



for all n e Z, and it suffices to take g = —ah. 

Remarks. (1) The results of 11.4.12 and 11.4.13 apply with other 
choices of E: see 4. 1.3(1) and Exercise 11.10. 

(2) The case E = L 1 of 11.4.13 expresses the fact that </>/( a -f <j>) e A(Z) 
whenever </> e A(Z), a ^ 0 is a complex number, and a + <j>(n) ^ 0 for all 
ne Z. 

(3) Generalizations of 11.4.10 and 11.4.13 appear in 11.4.15 and 11.4.16, 
respectively. Our approach to these extensions is based upon a study of the 
spectral radius formula, which constitutes our next objective. 
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11.4.14. The Spectral Radius Formula. For an algebra B of the type 
specified in 11.4.1, this formula reads 

p(x) = sup \y(x)\ = lim ||x n || 1/n . (11.4.22) 

yeHB) n-*cc 

When this is applied to the special case of an element x = (0, /) of B E , the 
formula takes the form 

ll/IU = lim ||/*"||k /n , 

n-+ oo 

which is the version encountered elsewhere in this book [see Exercises 8.8 
and 3.12 and equation (11.3.1)]. 

Proof of ( 11 . 4 . 22 ). The first equality in (11.4.22) is just (11.4.17). Since 
y(x n ) = y(x) n for each x and each y, this first equality entails that 

p(x) = p(x n ) lln . 

Accordingly, (11.4.4) shows that 

p(x) < lim inf ||x n || 1/n . 

n-» oo 

To establish (11.4.22) it will therefore suffice to show that 

lim sup || a: 71 1| 1/Tl < p[x). (11.4.23) 

n-* oo 

To this end, write p = p(x) and fix any p > p. By definition of p, (e — Ax) ~ 1 
exists whenever |A| ^ 1/p'. Choose any continuous linear functional F on B. 
Reference to 11.4.4(2) shows that 

<f>( A) = F{(e - Ax)" 1 } 

is analytic on some open set containing the disk |A| < Ijp . 

On the other hand, a special case of (11.4.2) shows that 



(e — Ax) 1 = 2 

n = 0 

for |A| < ||x|| _1 . Since F is linear and continuous, we have correspondingly 
the Taylor expansion 

00 

<£(A) = 2 F{x n )\ n (11.4.24) 

n = 0 

holding for |A| < ||a?|| “ 1 - On account of (11.4.24), the Cauchy integral 
formulae for </>, and the analyticity of <f> on a neighborhood of the disk 
|A| < 1/p', it results that 



F(xn) = {(d/dxmx)} k=0 



0 ( P fn ) 



(11.4.25) 



as n->oo. The reader will notice that the derivation of (11.4.25) does not 
depend on knowing that (11.4.24) is valid for all values of A satisfying 
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|A| < 1/p': this last statement is in fact true (see Exercise 11.14), but we are 
neither asserting nor using it here. 

Armed with (11.4.25) we introduce the function p on B', the dual of the 
Banach space B (see I, B.1.7), defined by 

p(F) = sup p'~ n \F(x n )\ . 

n 

It is simple to verify that p is a seminorm on B' (see I, B.1.2), and that p 
is lower semicontinuous relative to the dual norm on B', with respect 
to which norm B' is a Banach space (I, B.1.7 again). The boundedness 
principle appearing in I, B.2.1 affirms that p is continuous on B', that 
is, that there exists a number c = c{x) such that p(F ) ^ c • \\F\\ for all 
F e B'. Appeal to a corollary of the Hahn-Banach theorem (I, B.5.3) 
leads from this to the inequality 

P ~ n M ^ c (n = 1,2,-..), 

which in turn shows at once that 

||# n || 1/n ^ p'c lln ( n = 1, 2, • • *). 

From this it follows immediately that 

lim sup ||# n || 1/n ^ p . 

n-+ oo 

Since p is freely chosen in excess of p, (11.4.23) follows and the proof of 
(11.4.22) is complete. 

Remark. The spectral radius formula was discovered first by Beurling 
[1] for Fourier transforms of functions integrable over the additive group R 
of real numbers. The extension to Banach algebras is due to Gelfand [1]. 
Beurling’s paper has had a profound influence on many subsequent develop- 
ments in harmonic analysis. 

11.4.15. An Extension of 11.4.10. We are now going to make fuller use 
of the analytic nature of inversion in order to derive the following extension 
of 11.4.10. 

Suppose that x e B and that <D is a complex-valued function defined and 
analytic on some open set Q containing a(x). Then there exists an element y 
of B such that 

y(y) = <S>(y(x)) (yeT(B)). (11.4.26) 

Proof. Let e > 0 be the distance between a(x) and the frontier of Q. 
By covering the compact set a(x) by a finite number of disks of radius e/4 
and then taking the frontier of the union of the concentric disks of radius 
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e/2, one can obtain an oriented curve L (composed of a finite number of 
circular arcs) lying in Q.\a(x) and such that the Cauchy formula 



®< A > - si L 



$(£) dC 

l C-A 



holds for any A e a(x). 

The crucial step now is to assign a meaning to the integral 

s'-ss 

which will make it an element of B having the property that 
y(y ] = ^ jjmme - x)-'}dt 



(11.4.27) 



(11.4.28) 



(11.4.29) 



for each ye T(B). If this can be done, the properties (11.4.12) lead from 
(11.4.29) to 




l 



dl 

{£ - y(*)}’ 



and then (11.4.27) and (11.4.16) will carry us straight to (11.4.26). 

To define the integral (11.4.28) with the desired properties, we first 
partition L into its component arcs L k ( k = 1, 2, • • •), which are evidently 
finite in number. A little thought will show that it will suffice to define the 
integrals J L ^ as elements of B in such a way that they each possess the 

property corresponding to (11.4.29), and then set f = 2/c f r • 

J JL J Lafc 

Now L k can be parametrized by means of a continuously differentiable 
complex- valued function t -> t, k (t) defined on the interval 0 ^ t < 1. The 
natural definition of z k = J L ^ is then 



say, where 



**= m k {mut)e-x}-^ k {t)dt 

Jo 

= J 1 <!>*(«)<#, 



and the prime denotes differentiation, provided the existence of this integral 
can be ensured as an element of B and that the result of applying any 
y e T(B) to z k is obtainable by applying y to the integrand $> k (t) followed by 
integration. However, by 11.4.3(2) and the choice of L, the integrand is 
continuous from [0, 1] into B. Accordingly, the obvious procedure to be used 
for defining z k is the use of approximative Riemann sums, especially so since 
it is almost evident that this process, if effective in defining z k e B, will 
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certainly arrange that the desired property 

y( z J = f dt 

Jo 

will in fact hold for any continuous linear functional y on B. That this 
procedure does indeed work satisfactorily, the reader is asked to verify in the 
manner proposed in Exercise 11.11. When this is done, the proof of 11.4.14 
will be complete. 

Remark . There is in existence a general theory of the integration of 
B-valued functions of a much more general character than the ad hoc 
procedure suggested above; see, for example [E], Sections 8.14 to 8.20. 

On applying this last result to the case in which B = B E and referring to 
11.4.12, we shall obtain the following extension of 11.4.13. 

11.4.16. Suppose that E denotes L p (1 < p ^ oo) or C k (Jc a nonnegative 
integer), that f e E and that $ is a complex-valued function defined and 
analytic on some open set containing f(Z) U {0} and satisfying 0(0) = 0. 
Then there exists an element g of E such that 

g(n) = 0(/(n)) (neZ). (11.4.30) 

Proof. Take x = (0,/) e B E . From 11.4.10 and 11.4.12 it appears without 
difficulty that a(x) = f(Z) U {0}. Applying 11.4.15, we obtain the existence 
of y = (/?, g) in B E such that (11.4.26) holds for all ye T(B E ). Referring 
again to 11.4.12 and taking y = y^, we see that = 0(0) = 0. On taking 
y = y n , it then appears from (11.4.26) that (11.4.30) holds for each ne Z. 

Remark . On taking E = L 1 , 11.4.16 entails that Oo^e A(Z) whenever 
<f> e A(Z), O is analytic on some neighborhood of <f>(Z) U {0} and 0(0) = 0. 
The result dual to this (with the group Z replacing T) has been mentioned 
in 10.6.3 and will now be proved by applying 11.4.15 to the algebra 
A = A (T). 

11.4.17. A as a Banach Algebra : the Theorems of Wiener and Levy. 

We recall from 2.5.3 and Section 10.6 that A = A (T) denotes the set of 
continuous complex-valued functions f on T which have absolutely 
convergent Fourier series. As we then saw, A is a Banach algebra under 
pointwise operations, the norm being 

ii/1a= 2 

neZ 

The conditions (a) to (c) of 11.4.1 are satisfied by A, the identity element 
being the constant function 1. 

Let us identify the elements of T(A), that is, let us determine an expression 
for a general nonzero continuous complex homomorphism y of A (compare 
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Exercise 4.7). To this end, write u for the element e x of A. Then for any 
element / of A one may write 

/= 2 (11.4.31) 

neZ 

the series being convergent in A because ||/|| A < oo. Evidently, u is an 
inversible element of A and 

Ma= !I«- 1 IIa = i. 

The properties (11.4.12) show that \y(u)\ ^ 1 and \y(u~ 1 )\ = \y(u)\~ l < 1, 
so that \y(u)\ = 1. Accordingly, y(u) = e ix holds for precisely one x e R/2 ttZ. 
From (11.4.31) we then obtain via (11.4.12) 

y(f) = 2 /( w )y(“") = 2 /( w M m ) b 

neZ neZ 

= 2 f( n ) e ‘ nx = f( x ) ■ 

neZ 

Conversely and trivially, given x e T, the mapping y x of A defined by 

Yx(f) = /(*) (11.4.32) 

is evidently a nonzero continuous complex homomorphism of A. Thus T(A) 
consists precisely of the maps y x obtained when x varies over T (or, if we 
wish, over all real numbers); the Gelfand space T(A) can be identified 
with T. 

From 11.4.10 we may now read off the theorem of Wiener: if/ e A satisfies 
f(x) 0 for all real x, then 1 /f e A. ([Wi], p. 91.) 

Likewise, from 11.4.15 we may read off Levy’s extension of Wiener’s 
theorem, namely: if/e A, and if <!> is defined and analytic on some open set 
containing / (T), then <I> °/e A. 

These results were stated without proof in 10.6.3. There are extensions 
to other interesting algebras; see Exercises 11.15 and 11.20 below and 
also ME 38 # 485; 41 # 5864; 51 # # 1255, 8728. In 10.6.3 we also 
remarked on partial converses of such theorems of Wiener-Levy type ; for 
instances see MR 53 # # 14017, 14018; 54 # # 858, 5747. 

11.4.18. Pointers to Further Developments . We have carried our excur- 
sion into the theory of Banach algebras as far as is needed for our primary 
applications; it remains only to indicate a few of the further possible develop- 
ments. 

(1) It has been seen in 11.4.9 that the Gelfand transformation x — > x is an 
algebraic homomorphism of B into the algebra B(T) (with point wise operations 
and supremum norm) of bounded complex -valued functions on T = T(B). From 
the spectral radius formula (11.4.22), the Gelfand transformation is seen to be 
one-to-one if and only if x = 0 is the only element of B for which 

lim ||# n || 1/n = 0. 



(11.4.33) 
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Elements x of B which satisfy (11.4.33) are termed generalized (or topological) 
nilpotents (compare Exercise 3.12). The spectral radius formula shows that x 
is a generalized nilpotent if and only if it belongs to every maximal ideal. If in 
B there exist no generalized nilpotents other than 0, B is sometimes said to be 
semisimple ; in this case the Gelfand transformation provides an algebraically 
faithful representation of B. 

Unhappily, there are quite reasonable algebras B that are far from being 
semisimple; for an example, see Exercise 11.12. As Exercise 11.13 shows, such 
algebras may still be of interest to the analyst. 

Even if B is semisimple, the Gelfand transformation is, in general, not an 
isometry; in general, p(x) = sup \x\ is a strictly weaker norm than ||x||, that is, 
there exist in general sequences (x t ) of elements of B such that p(x t ) — > 0 but 
fla^H -f* 0- Much effort has been expended (with considerable success) in deter- 
mining categories of algebras B for which these norms are identical (or at least 
equivalent); and applications provide ample reward for these labors. 

So far, although we have spoken of F = F(B) as a “space,” it has not been 
endowed with any topology. The standard way of topologizing T makes it into 
a compact Hausdorff space on which each of the Gelfand transforms x is 
continuous. In this topology a base of neighborhoods of a point y Q of T is 
formed of the sets 

W(F, e) = {y G r : \y(x) — y 0 (x)\ < e for X G F } , 

where F ranges over finite subsets of B and e over positive numbers. Then the 
Gelfand transformation is an algebraic homomorphism of B into the algebra 
(with pointwise operations) C(F) of continuous complex -valued functions on T. 
To determine conditions under which the image of B covers the whole of C(T) 
is again a fruitful problem which has been attacked with success (see Exercise 
11.24; [N], p. 230; [Ri], p. 190; [Lo], pp. 78, 90-91) and which has many 
rewarding applications, two of which are mentioned in (2) and (3). There is a 
sense in which in any case the image of B contains all analytic functions on T. 

Concerning the method just described for topologizing T = F(B), one 
question will (or should) arise in the reader’s mind, namely: what happens if 
B = C{S) and $ is a compact Hausdorff space (see 11.4.1(2)) ? He will doubtless 
expect that there should be a close relationship between T = T(B) and S. Well, 
as has appeared in 11.4.11, T = T(B) = T(C(N)) can be identified 
set-theoretieally with S via the correspondence my s = y ms , and this in such a 
way that 



z(y 8 ) = oc(s). 

It is not at all difficult to show that, once this identification is made, the 
topology on F described above is identical with the initial topology on S. For 
certain noncompact Hausdorff spaces S, F(C(S)) proves to be homeomorphic 
with the Stone-Cech compaetifieation of S. 

It is within the framework of the Gelfand transform that one finds the Banach 
algebra-based approach to extensions of the Bochner representation theorem 
mentioned in Section 9.4. This approach is very largely due to the Russian 
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mathematicians Gelfand and Raikov, who employed it as a basis for harmonic 
analysis. For details, see [N], pp. 404-425 or [Lo], Chapter VII. 

The study of versions of the Weierstrass -Stone theorem (mentioned in 
Subsection 6.2.3) applicable to compact differentiable manifolds is influenced 
markedly by the Gelfand theory ; see Freeman [1] and the references cited there. 
It should perhaps be remarked that parts of the theory of Banach algebras 
have been extended to more general topological algebras; see [Mi], [C], Neubauer 

[1], [2], Allen [1], [2], Waelbroeck [1], [2], Benedetto [1]. 

(2) Another of the applications of the developments mentioned under (1) 
arises when B is a certain type of commutative algebra of continuous normal 
endomorphisms of a Hilbert space, the result being in this case a novel approach 
to the simultaneous spectral resolution theorem for commutative sets of such 
endomorphisms . See [N], p. 248; [Lo], pp. 92-95. 

(3) A second application is to commutative harmonic analysis, B being 
taken to be L 1 (G ? ) with a formal identity adjoined (as in 1 1.4. 1(1)). This has 
resulted in an almost autonomous approach to the Fourier inversion theorem 
and Bochner’s theorem (see Chapter 9). For accounts of this application, see 
[N], Chapter VI (especially pp. 404 ff.); [Ri], pp. 325 ff.; and [Lo], Chapter 
VII. See also Helson [6]. 

An effective treatment of other problems in harmonic analysis necessitates 
the treatment of algebras B which, like L 1 (G f ) in the general case, are deprived 
of an identity element, and this in cases where the adjunction of a formal 
identity serves no useful purpose. The treatment of such problems has led to 
abstract versions of the Tauberian theorem mentioned in Subsection 11.2.4. 

In such an algebra B, the nontrivial complex homomorphisms y of B retain 
their fundamental significance, but now they correspond with those maximal 
ideals m in B which are regular or modular (that is, which possess “relative 
identities ” e e B having the property that ex — x e m for all x e B; compare Exer- 
cise 4.1). The correspondence y <-> m remains exactly as described in Subsection 
11.4.9. The Gelfand space T(B) and the Gelfand transformation x — ► x are also 
defined as described in Subsection 11.4.9, but now T(B), when topologized in 
the fashion described in ( 1 ) immediately above, proves to be a locally compact 
Hausdorff space which is in general noncompact. However, there may be 
maximal ideals in B which are not modular; see Exercises 11.26 and 11.27. 

Certain algebras B of this type appear to form a natural setting for abstract 
Tauberian theorems which include Wiener’s theorem applying when B = L 1 (G ? ) 
(see Subsection 11.2.4). Thus it is known (see, for example, [Lo], p. 85 and 
[HR], (39.27)) that, under certain conditions which we do not specify here, any 
proper closed ideal I in B is contained in some modular maximal ideal in B ; in 
other words, a closed ideal I in B exhausts B if and only if it is annulled by no 
y G r(B). This statement is the abstract Tauberian theorem : it includes the 
special case Zj = 0 of 11.2.1, as well as the extensions thereof mentioned in 
Subsections 11.2.3 and 11.2.4 and associated with Wiener’s name. (As Loomis 
has wryly remarked, this abstract version is a Tauberian theorem in almost 
perfect disguise.) Tauberian theorems have been considered in still more 
general contexts; see, for example, Benedetto [1] (where, however, the 
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exposition is such as to demand a good deal of care on the reader’s part). See 
also MR 39 # 779. 

(4) The problems spoken of in 1 1.2.3 for the case in which E = L 1 (G) with 
G noncompact can and have been viewed from the point of view of Banach 
algebra theory. In this context the question might be formulated thus: given a 
Banach algebra (as in 11.4.1) and a closed ideal I in B, is I expressible as the 
intersection of a suitable set of maximal ideals in B ? 

There are nontrivial examples of algebras B for which the answer is “Yes’': 
in fact, every algebra of the type C($) (see 11.4.1(2)) has this property. (One 
proof of this is suggested in Exercise 11.17; a different proof appears in 10.4.6 
of [E].) The cases mentioned in 11.2.3 are ones in which the answer has turned 
out to be “No,” but only after doubts persisted for a considerable time despite 
very close attention. 

A more fruitful guide is provided by other examples in which the answer is 
transparently “No” and where the cause of failure is easier to detect. A typical 
such example is provided by the algebra B = C X (K) formed of those complex- 
valued functions defined and continuously differentiable on the compact interval 
K = [0, 1], the algebraic operations being pointwise and the norm being 
defined by 

11/ II = sup |/(*)| + sup \Df(x)\. 

xeK xeK 

The maximal ideals in this algebra are just the sets 
m x = {feCHK) :/(*) = 0} 

obtained when x varies over K ; see Exercise 11.16. On the other hand, for 
each xeK the set 

I x = {fe€HK) :f(x) = Df(x) = 0} 

is a closed ideal in C x (i£), and it is evident that I x is not expressible as the 
intersection of any set of maximal ideals m y . 

In the above example the ideal I x is primary , in the sense that it is contained 
in just one maximal ideal (to wit, m x ), and the example suggests that it may be 
fruitful to reformulate the general question by asking whether ideals can always 
be expressed as intersections of primary ideals (which may or may not them- 
selves be required to be closed). 

To this question the answer is known to be “Yes” for a number of algebras of 
differentiable functions in one or several variables; see [Ri], pp. 300-302 and the 
references there cited; see also [Ho], Chapters 6 and 10; Srinivasan and Wang 
[2] ; MR 37 # 1997. In L 1 (G), where the group G is noncompact, the answer is 
still “ No,” if only closed primary ideals are to be admitted. [This is a 
consequence of Malliavin’s work, taken in conjunction with Wiener’s Tauberian 
theorem (see 11.2.3) and a theorem of Kaplansky asserting that any closed 
primary ideal in L 1 (G ? ) is necessarily of the form {/ e L *(G) :/(£) = 0} for some 
£ in the character group of G\ see, for example, [Boj], p. 144, Corollaire. 
Kaplansky’s theorem is itself a special case of known properties of spectral 
synthesis sets; see 11.2.3 again.] 

Most of the general work concerning primary decompositions is due to G. E. 
Silov; for an account of this, see Mirkil [1]. See also Glaeser [1]; MR 33 # 
3053; 37 # # 1897, 3361 ; 50 # 10689. 
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Beurling [2] has introduced a class of convolution algebras and has analyzed 
certain of these algebras in case the underlying group is R. His work shows, 
in particular, that the closed ideals in these algebras are characterized entirely 
by the set of common zeros of the Fourier transforms of their elements (compare 
11.2.3). The study of these algebras has been continued by Igari [1]. 

The reader versed in abstract algebra will recognize that the questions under 
discussion are suggested quite naturally by the relatively elementary primary 
decomposition theory for ideals in Noetherian rings (although there the term 
“primary” is usually defined in a different way). Of course, one cannot expect 
to take this purely algebraic theory over to Banach algebras without important 
changes; almost all Banach algebras of lasting interest to the analyst contain a 
multitude of ideals that are not finitely generated. 

(5) In 11.4.1(2) we made passing mention of various subalgebras of €($). 
Among these appears the algebra A of 11.4.17 and its relatives (the Beurling 
algebras mentioned in Exercise 11.15) and the algebras of differentiable 
functions mentioned in (4) immediately above (for details of which the reader 
has been referred to Mirkil [1]; see also [Ma]). 

In addition to these “real variables” examples, there are similar algebras 
having their roots in complex variables theory which present many fascinating 
problems. For a brief introduction to these the reader is referred to the survey 
article of Wermer [1]. 

(6) The reader is recommended to examine P. J. Cohen’s Banach 
algebra-based approach to factorization theorems (which have been otherwise 
treated in Section 7.5) and its subsequent developments (Cohen [4], Hewitt 
[i], Curtis and Figa-Talamanca [1], and Bryant [1]). 

In Hewitt’s formulation (which is closely akin to [HR], (32.22)) one is 
concerned with the situation in which B = {x, y, • • •} is a real (respectively, 
complex) Banach algebra, which need not be commutative and which may fail 
to possess an identity element, together with a real (respectively, complex) 
Banach space L = {/, g, • • •}. It is assumed that there is given a mapping 
(x,f)->x */ of B x L into L such that the following conditions (a) to (d) are 
fulfilled : 

(a) (x i f)-^x , f is linear in x e B for any fixed / e L; 

(b) (xy) - f = x - (y •/) for x, y e B and/e L; 

(c) \\x */|| L < c • ||& ||b * II/Il for x e B and f e L, c being independent of x 
and/; 

(d) there exists a number d > 0 such that for any finite subset {x x , • • • , x m } 
of B, any f eh and any e > 0, there exists ye B such that |j y |j B ^ d, 
II yxj - *>||b < e (j = 1. 2, • • •, m) and \\y •/ - /||jl < £• 

Hewitt’s conclusion is that to each f eh and each e > 0 correspond elements 
x e B and g eh satisfying the following four conditions: 

(e) / = x • g; 

(f) g belongs to the closure in L of the set {y */ : ye B{ ; 

(g) If/ - J \ II « e; 

(h) || a ' || b sS cl. 
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Further reading on factorization: [HR], §32; [DW] ; MR 36 # 5714; 37 # 
2003; 39 ## 1982, 3311; 40 ## 703, 4779; 46 # 16032; 49 # 9537; 53 # 
1171. 

(7) Various group algebras of vector-valued functions have been considered; 

see MR 37 # # 2001, 2002. 

(8) A good deal of attention has been directed towards homogeneous Banach 
spaces and algebras of functions (the term “homogeneous” being either as in 
6.1.2 or in a slightly generalised sense) and the closely-related Segal algebras. 
For accounts of some of this work, see [Re], [Re^, [Wa], [War], [Goj], 
Burnham [1], [2], [3], Burnham and Goldberg [1], de Leeuw [2]. 

The reader should derive pleasure from verifying that this factorization 
theorem leads to those in Section 7.5, if B and L are suitably chosen sets of 
functions and “ • ” is interpreted as convolution. 



EXERCISES 

11.1. Define V to be the set of/e L 1 such that 

IIW-/II 1-* 0 as iV -> go . 

Is V an invariant subspace of L 1 ? Is it an ideal in L 1 ? Is it closed in L 1 ? 

J ustify your answers. 

11.2. Suppose that 1 ^ p < 00 , and that (A jV )^ > =1 is a given sequence of 
positive numbers converging to infinity with N. Define V to be the set of 
/ e L p such that 

M s «/ - /Up — ^ 0 as iV co . 

Give (justified) answers to the questions posed in the preceding exercise, 
with L p in place of L 1 throughout. 

Do likewise for the case in which s N f is replaced by a N f in the definition 
of V. 

Note: It follows from Exercise 10.2 that the relation \\f — s N f\\ 1 = 0(1) 

is false for a general / e L 1 . It is true (but the proof does not appear until 
12.10.1) that ||/ — s N f ||p = o(l) when 1 < p < 00 and/el/. 

11.3. Suppose that E is C or L p (1 ^ p ^ 00 ), and that (k t ) ieI is an arbitrary 
family of functions in L 1 . Show that the set of solutions / e E of the equations 
k { *f = 0 (i e I) is a closed ideal in E. 

11.4. Suppose that E is C or L p (1 ^ p < 00 ), and that f e E. Let V be 
the linear subspace of E generated by the translates of /. Show that V is 
closed in E if and only if / is a trigonometric polynomial. 

Consider also the analogous problem arising when V is replaced by the 
principal ideal I in E generated by / (that is, I is the set of functions f * g 
obtained when g ranges over E). 
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Note: Assume the known result (due to F. Riesz; see [E], p. 65) that any 

normed linear space having a compact neighborhood of zero is finite- 
dimensional. 

Hints : Supposing that V is closed in E, we consider the set V n formed of 

all g G V expressible in the form g = 2/5 = i «/c * T a J, where 2/5 = i \a k \ ^ n and 
a l5 • • * , a n e T. By using the category theorem (I, A. 3) show that some V n 
is a relative neighborhood of zero in V, and hence that V has a compact 
neighborhood of zero. Apply Riesz’s theorem cited above and 11.1.1. 

11.5. Let / g E and e > 0 be given. Show that it is possible to choose a 
trigonometric polynomial P such that P(0) = 1 and 

u-p*n < *■ 

Putting d for the degree of P, and supposing that N is an integer exceeding 
d, we deduce that 

II 1 2 -^(2^/c/V)/ “ /(0)1 || < e * 

fc = 0 

Remark. This leads to another proof of 11.1.1; the argument is due to 
Salem (see [ZJ, pp. 180-181). 

11.6. Supply the details of the proof of the statement in 11.3.7. 

11.7. Let $ be a closed subalgebra of L p , where 1 ^ p < 2. Suppose 
that / g L g D for some q > 1. Assuming 13.5.1(1), prove that 

f* N g n 

for any integer N not less than q/(2q — 2). 

11.8. Suppose that E denotes L p (1 < p < oo) or C, that f,ge E, and 
that /(ft) = 0 for n e Z and n < 0. Let A be any set of real numbers having 
strictly positive Lebesgue measure. Show that if g belongs to the smallest 
closed ideal in E containing /, then g is the limit in E of finite linear com- 
binations of those translates T a f of / corresponding to points a g A . 

Hints: Use the Hahn-Banach theorem (I, B.5) in conjunction with 

Exercise 8.15. 

11.9. State and prove an analogue of the preceding exercise applying to 
the case in which the hypothesis 

/(ft) = 0 for ft g Z and n < 0 
is replaced by the assumption that 

/(ft) = 0(e _£ln| ) for ft g Z, \n\ -> oo 

for some e > 0 . 

11.10. State and prove the analogue of 11.4.13 for the case in which 

E = W (1 ^ oo), defined as in Exercise 3.9. (For more about W 

spaces, see MR 56 # # 6263, 6264.) 
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11.11. Suppose that B is a Banach space and that O is a continuous 
B- valued function on [0,1]. By following the procedure suggested immediately 
below, show how to define the integral 




as an element of B w ith the property that 

y(z) = J 1 Y m)) dt 

for each continuous linear functional y on B. 

Suggestions : Consider partitions A : 0 = t Q < t x • • • <t n = I of [0, 1] 

with “division points” t u and associate with each A a Riemann sum 

n 

2 A = ^ ~~ h-l)’ 

i = l 

A partition A' is a basic refinement of A if A' is obtained from A by inserting 
just one new division point; a (general) refinement A' of A is obtained as the 
result of a finite sequence of basic refinements, starting from A. Put 
| A| = max (t t — ti-i) and 

a>(8) = sup {|| 0(0 - 0(0|| : 0 ^ t,t' ^ 1, \t - t'\ ^ 8}, 
so that w(8) — > 0 with 8. Verify that 

\\z A - z A > || ^ w(|A| )(t f - ti.J 

if A' is a basic refinement of A obtained by inserting a division point t' in the 
interval (t i _ 1 , t t ). Deduce that 

||*A - Ml < 2w ( S ) 

for any two partitions A and A' satisfying | A| < S and | A'| ^ 8. Show finally 
that there exists 2 e B with the property: given e > 0, there exists 8 = 8(e) > 0 
such that || z — z A || < e for all partitions A satisfying |A| < 8, and check 
that this z satisfies all requirements. 

11.12. Let a be a positive real number and let B denote L^O, a) wuth its 
usual norm and linear space structure. As the product in B take the truncated 
convolution 

f*9(t) = f fit - s)g{s)ds. 

Jo 

Verify that B is thus made into a Banach algebra satisfying conditions (a) 
to (c) of 11.4.1, save the parts referring to the existence and properties of an 
identity element. 

Show that there exist no nontrivial continuous complex homomorphisms 
of B. 
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Hints: Let y be a continuous complex homomorphism of B and put 
c n = y(u n ) for n = 1, 2, • • • , where u n is that element of B defined by 
u n (t) = t n ~ 1 . Verify that 

T(m)T{n)c m + n 
T(m + n) 

Using continuity of y, conclude that c n — 0 for all n, and thence that y = 0. 

11 . 13 . Prove that if f e L 1 (0, a) and * denotes truncated convolution, as 
in the preceding exercise, then 

lim ||/* n ||i = 0, 

n-+ co 

where 

Z* 1 = / and /* (n + 1) = / */* n for n = 1, 2, • • • . 

Remark. This is a basic result in the Mikusinski operational calculus; 
see [Er], p. 46. 

Hint: Apply the spectral radius formula to the algebra obtained by 

adjoining a formal identity element to the algebra B described in the preceding 
exercise. 

11 . 14 . Prove that the formula 

00 

(e — Aa:) -1 = ^ ^ ^ 

n = 0 

makes sense and is valid for |A| < 1 /p(x), the notations and hypotheses being 
as in 11.4.14. 

Hint: Use the spectral radius formula to show that both sides depend 

analytically on A for |A| < 1 /p{x). 

11 . 15 . Explore as far as you are able the possibility of analogues of 
11.4.17 for the case in which A is replaced by the set A w of continuous 
functions / for which 

2 W{n)\f(n)\ < co, 

neZ 

where W is a positive weight function” defined on Z. 

Remark. As with many other things in harmonic analysis, the algebras 
A w originated in the work (much of it unpublished) of Beurling. An account 
of these so-called Beurling algebras , and of their extensions relating to more 
general groups is to be found in Domar [1]. See also [War], Chapter 2. 
The algebra 

A + = {f e A: f (n) = 0 for all n € Z such that n < 0} 

is also of interest. See [Kah 2 ], Chapter XI. 

11 . 16 . Suppose that C^A) is defined as in 11.4.18(4). Prove that if m is 
a maximal ideal in C X (A), then 

m = m x = {/e C X (A) : f{x) = 0} 

for some x e K. 
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Hints: If m were distinct from every m x , to each x e K would correspond 

f x e m satisfying f x $ m x . Show that then there woidd exist points x 1 , • • • , x n 
of K such that 

/ = 2 /**•/** 

k = 1 

is inversible in ^(K) and so derive a contradiction. 

11.17. Let C($) be as in 11.4.1(2) and 11.4.11, and let I be a closed ideal 
in C($). Define 

F = {s e S : x(s) — 0 for all x e 1} . 

Prove that 

I = I F = {y e €(8) : y(s) = 0 for all s e Fj. 

Hints : It is trivial that I <= I F . To prove the reverse inclusion, show first 

that I contains every y e C($) which vanishes on some open subset U of 8 
which contains F. Do this by using compactness of S and the fact that to 
each s e S\U corresponds i s gI which is nonvanishing on some neighborhood 
N s of s. Cover S\U by suitably chosen neighborhoods N Sl , • • • , N Sn and 
consider the function equal to x~ x y on U2= i A Sfc and to zero elsewhere, 
where a; = 2£ = i x Sk x Sk . 

Complete the proof by using Urysohn’s lemma (see [E], 0.2.12 and 0.2.17(4); 
[HS], p. 75; [Ri], p. 39.) to show that any element of C(S) which vanishes on 
F is the uniform limit of functions in C(S), each of which vanishes on 
some open subset of 8 which contains F. 

11.18. Let A be as in 11.4.17. Suppose that (U a ) is a family of open 
subsets of T forming a covering of T. Show that there exists a finite 
sequence (u k ) r k = l of elements of A with the following properties: 

(1) to each k corresponds an index a = a k such that supp u k c: U a \ 

( 2 ) 2k = l U k = 1 5 

(3) u k ^ 0. 

In (1), supp u k denotes the support of u k , that is, the closure of the set of 
points of T at which u k =f= 0. 

Remark . A sequence (u k ) with the first two properties above is said to 
form a partition of unity in A subordinate to the covering (U a ). As the next 
exercise illustrates, the existence of such partitions of unity is a useful tool 
in passing from local to global assertions. It is quite simple to give explicit 
examples of partitions of unity (u k ) in A (see, for example, [Ba 2 ], p. 188), 
but the proof hinted at here has a much wider range of applicability. Com- 
pare Exercise 12.28. 

Hints: For each x e T choose a neighborhood V x of x and an index ol x 

such that V x cz U ax and then a nonnegative g x e A such that g x (x) =£ 0 and 
9x(y) = 0 for all y e T\V x . Show that x k e T may be chosen so that 
h = Ylk = i 9x k nonvanishing and use 11.4.17. 
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11.19. Let A be as in 11.4.17 and let I be an ideal in A. Suppose that/ 
is a function on T which belongs locally to I in the sense that to each x e T 
correspond an open neighborhood U x of x and a function f x e I such that 
f = f x °n U x . Prove that /el. 

Remark. This result is due to Wiener, at least for the case in which 
I = A; see 10.6.2(6). 

Hint : Use a partition of unity in A subordinate to the covering (U x ). 

11.20. Suppose that B is as in 11.4.1 and that $ is a subset of T = r(B) 
with the property that to each y 0 e F\S corresponds a (possibly y 0 -dependent) 
z e B such that y 0 (z) ^ 0 and y(z) — 0 for all y e S. 

Prove that, if x e B and y(x) ± 0 for all y e S, then there exists ye B, 
satisfying y(y) = y(x)~ l for all y e S. 

Interpret this result when (1) B = B 1: , as in 11.4.1 and (2) B = A, as in 
11.4.17. 

Hints: Introduce the ideal 

I = {x e B : y(x) = 0 for all y eS}, 

form the quotient algebra B/I and determine all the complex homomorphisms 
of B/I. 

11.21. Show that if / e L°° has the property that the set of translates 
{T a f : a e R} is a separable subset of L 00 , then / is equal almost everywhere 
to a continuous function. (Compare with Exercise 3.5.) 

Hints : Use Exercises 3.16 and 3.5. 

11.22. Let/eL 00 . Show that the smallest closed ideal l f in the convolution 
algebra L 00 (taken with its usual norm) which contains / is identical with the 
set of elements of the form A/ + g, where A is a complex number and g 
belongs to the closure in L°° of /* L 00 . 

Deduce that l f is translation- invariant if and only if / is equal almost 
everywhere to a continuous function. 

Hints: For the first part, observe that I ; is the closure in L” of the set of 

elements A / + h, where A is a complex number and h ef * L°°. Then consider 
separately two cases according to whether / is or is not equal almost every- 
where to a continuous function. 

For the second part, use the preceding exercise. 

11.23. Let (K n )x = 1 be an approximate identity in L 1 (see 3.2.1), and let 
S denote the set of f e L°° such that 




exists. Show that S is a closed ideal in the convolution algebra L 00 and that S 
is not translation-invariant. 

11.24. Let B be as in 11.4.1. Assume further that there exists a mapping 
x — > x* of B into itself such that (x*)~ — (x )~ , (xy)* = x*y*, and £** = x 
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for all x, y e B. Suppose finally that either 

(1) there exists a number c ^ 0 such that 

|| ^ || 2 ^ c | x 2 1| for each x e B, 
or (2) there exists a number c > 0 such that 

||a;|| 2 ^ c||a;a;*|| for each x e B. 

Prove that the Gelfand transformation x — > x maps B one-to-one and 
bicontinuously onto C (T), where F = T(B). (If c = 1, the Gelfand trans- 
formation is also an isometry of B onto C(T).) 

Hints: First make acquaintance with the Wei erst rass- Stone theorem, for 

which see ( HS], pp. 94-98, or [E], Section 4.10. 

Assuming condition (1), use 11.4.14 to show that 

||*|| c\\x\\„ (3) 

for each x e B. Assuming (2), establish equation (3) first for those x e B 
which are self-adjoint in the sense that x = x*. Then, observing that xx* 
is always self-adjoint, derive equation (3) again for each a:eB. 

Topologize T as described in 11.4.18(1) and apply the Weierstrass-Stone 
theorem to show that the Gelfand transform maps B onto an everywhere 
dense subset of C(F). Combine this with equation (3) to achieve the desired 
aim. 

11.25. Let 91 be (algebraically) a subalgebra of C (T) containing T, all 
algebraic operations being pointwise. Suppose that 91 is a Banach algebra 
with respect to a norm (not necessarily that induced by the usual norm 
on C(T)), that T is everywhere dense in 9X, and that each element of r(9J) 
is an evaluation map/— >f(x) (x e T). Prove that 

91 + = {/g 91 : f(n) = 0 for n e Z, n < 0} 
is a maximal subalgebra of 91. 

Remarks* The case in which 91 is identical with C (T) (algebraically 
and topologically) is a prototype result due to Wermer ; see 11.3.12. It is 
easy to reformulate the result in terms of convolution algebras over Z ; in 
this form the result bears upon the problems dual to those handled by 
11.3.11. 

Hints: First show 7 that 91 + is a closed subalgebra of 9(. Suppose that 

91 + g $ g 91, s # / 91, where $ is a closed subalgebra of 9(. Show 7 that there 
exists an integer s > 0 such that y(e s ) = 0 for some y e T( 9$). Noting that, 
if n > 0 is an integer, one has mn > s for some integer m > 0, deduce that 

y(e n ) = 0 (n e Z, n > 0) . (1) 

Show 7 (compare the hints to Exercise 12.26 and recall (11.4.22)) that there 
exists a positive measure /x such that y(f) = g(/) for f e Using (1), deduce 
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that [jl = 1 (see the closing remarks in 12.2.3) and that 

rif) =/(0) (/e»). (2) 

Observing that fe n e $ whenever / e $ and n e Z and ?i > 0, deduce from 
(1) and (2) that *8 <= 91 + . 

11.26. Suppose that B is as in 11.4.1, save that the existence of an 
identity element of B is not stipulated. Let m denote a maxinial ideal in B, Q 
the quotient algebra B/m, and K the set of x e Q such that xy — 6 for all 
ye Q, where, for any z eB, z denotes the coset modulo m containing z. 

Show that Q has no ideals other than {0} and Q, so that, in particular, K is 
either {0} or Q. 

Prove that the following four statements are equivalent: 

(a 4 ) m is modular; 

(a 2 ) Q has an identity element ; 

(a 3 ) K = {0}; 

(a 4 ) m is the kernel of some (nonzero) continuous complex homomorphism 
y of B. 

Prove also the equivalence of the following four statements : 

(b 2 ) m is nonmodular; 

(b 2 ) K = Q; 

(b 3 ) m 3 B 2 = {xy : x e B, y e B} ; 

(b 4 ) m is the kernel of some (nonzero) linear functional A on B satisfying 
A(B 2 ) = {0}. 

Conclude that every maximal ideal in B is modular if and only if the ljnear 
subspace of B generated by B 2 is the whole of B. 

Hints: The equivalence of statements (a 4 ) and (a 2 ) is trivial, as also are 

the implications (a 2 ) => (a 3 ) and (a 4 ) => hu). To prove that (a 3 ) implies (a 2 ), 
show first that iQ = Q for any x / 6 in Q, and deduce that Q has no zero 
divisors. Choose any a ^ 6 in Q and e e Q such that ae = d; prove that e is an 
identity element in Q. 

It remains to prove that (a 2 ) implies (a 4 ). Since Q has no ideals other than 
{0} and Q, (a 2 ) shows that every nonzero element of Q is inversible. Also, (a 4 ) 
implies that m is closed in B : to see this, let e be an identity modulo m and 
show, by consideration of the element?/ = — 2n= i( e — ^) n , which .satisfies 
e = x — xy mod m, that m contains noxeB satisfying \\e — x\\ < 1. Thus 
Q is complete and therefore satisfies all the conditions of 1 1.4.1, and 
11.4.4(1) entails that each x e Q is uniquely expressible in the form 
x = where ^ is a suitable complex number. Consider the mapping 
y : x—> x—> 

The equivalence of (b 4 ) and (b 2 ) comes from that of (a 4 ) and (a 3 ) ; and it is 
trivial that (b 2 ) is equivalent to (b 3 ). If (b 4 ) holds, it is easy to verify that m is 
a maximal ideal in B satisfying (b 3 ). To show that (b 3 ) implies (b 4 ), choose any 
x 0 e B\m and consider the set I = {ax 0 + m : a a complex number, m e m}. 
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11.27. Show that every maximal ideal in L 1 is modular, but that there 
exist nonmodular maximal ideals in L 2 . 

Hints: Use the preceding exercise, together with 7.5.1, 8.2.1, and 8.3.1. 

Remark. That there exist nonmodular maximal ideals in 1/ 
whenever p > 1 follows likewise from Exercise 13.20 below. On the other 
hand, it follows from (b 3 ) that every closed maximal ideal in L p is 
modular. See also [HR], (38.23) and (39.41) and MR 40 # 4779. 




CHAPTER 12 



Distributions and Measures 



In this lengthy chapter we are going to initiate the investigation of one 
way of handling and accounting for trigonometric series 

2 c * einx ( 12 - 1 ) 

neZ 

in which the coefficients c n are subject merely to a relatively mild restriction 
on their rate of growth, namely, 

c n = 0(\n\ k ) <M-*oo) (12.2) 

for some k which may vary from one series to the next. Such sequences 
(c n ) neZ , and the corresponding series (12.1), will be said to be tempered or 
temperate. 

Virtually all the trigonometric series considered in the classical theory 
referred to in Chapter 1 are tempered, the said classical theory being con- 
cerned mainly with the pointwise convergence or summability (everywhere 
or almost everywhere) of such series, and with the relationship between the 
given series and the Fourier- Lebesgue series of the sum-function whenever 
the latter is integrable. 

The approach adopted in this chapter initially throws overboard all 
questions of pointwise convergence or summability in favor of a concept of 
convergence suggested by formula (D) in 1.3.2. The sum of the series will, as 
a result, no longer be an ordinary function at all, but rather an entity of the 
type now termed a distribution or a generalized function as introduced by 
Laurent Schwartz. 

It will appear in 12.5.3 that any tempered trigonometric series converges 
in this new sense to such a distribution, in terms of which the coefficients c n 
are expressible in a fashion that is an exact extension of the Fourier formulae 
(1.1.2*) for the case in which the sum is an ordinary integrable function. It 
will thus be natural to speak of the corresponding series as the Fourier- 
Schwartz series of its sum-distribution. To express the situation slightly 
differently, one may say that the theory of distributions provides one way of 
defining the Fourier transform <f> for any tempered function <j> on the 
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group Z, a problem that was already raised in Section 2.5. The related 
matters mentioned in Sections 3.4 and 6.7 will accordingly be seen in 
sharper focus. 

Some of the operations performable on functions can be extended to 
distributions: this is notably the case with differentiation and convolution 
(see Sections 12.4 and 12.6). For what cannot be done, see 12.3.5. Indeed, 
distributions theory is usually approached for not-necessarily-periodic 
functions of one or more real variables, and the gay abandon enjoyed in 
differentiating distributions might almost be said to be their raison d’etre. 
We are here concerned solely with what may be termed periodic distributions 
in one variable (distributions on T) and lay special stress on their 
connections with trigonometric series. A more balanced approach is to be 
found in the books by Schwartz [S] and those by Gelfand and Silov [GS] 
and Gelfand and Vilenkin [GV], where distributions on the line R or on 
the product groups R m , or on suitable subsets thereof, are the primary 
objects of study. Somewhat more leisurely accounts appear in [Ga], 
[MT], [Er], [Hal], [Lig], [Br], [Tr], [J]. See also [D]. 

The use of distributions will prove to be helpful in the discussion of certain 
questions existing in the classical theory of Fourier series — for example, in 
the study of so-called conjugate series (see Section 12.8). 

In framing the definition of distributions, it is helpful to bear in mind two 
pointers : 

(1) In view of 2.3.4 and (12.2) we may expect that a tempered trigono- 
metric series should be correlated with the result of repeated differentiation, 
in some generalized sense, of a suitable function. 

(2) If u is a sufficiently smooth function, and if (12.1) is the Fourier series 
of a function / e L 1 , then (see 6.2.5 and 6.2.6) 

2 ^ J f{x)u(x) dx = 2 c n • u(-n ) ; (12.3) 

in particular, this formula certainly holds for each ue C 00 . It is vital to 
observe that the left-hand side of (12.3) defines a continuous linear functional 
on C 00 ; and that, as follows from 2.4.1, knowledge of this linear functional 
determines the function / almost everywhere. 

From this last remark we shall take our cue, a return to (1) being made via 
Section 12.4 and 12.5.7. Distributions will be introduced as continuous linear 
functionals on C°°, but it is first of all necessary to consider the function-space 
C 00 more closely. 

The measures referred to in the title of this chapter constitute an especially 
important class of distributions; they are defined in. 12. 2. 3 and studied in 
more detail in 12.5.10 and Section 12.7. The Fourier-Schwartz series of a 
measure is often termed a Fourier -Stieltjes series, the reasons for the name 
being discussed in 12.5.10. 
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As has been indicated, our approach to distributions is the analogue (for 
the periodic case) of that originally set forth by L. Schwartz (see [S] ) for 
distributions on R n ; the reader is recommended to consult this reference, 
and/or [GS], frequently. A theory of distributions over an arbitrary locally 
compact Abelian group has been expounded by J. Riss [1]; as one might 
expect, this theory exhibits some rather weird features when the underlying 
group is locally very non-Euclidean. See also Reid [1]; MR 25 # 4354 ; 
49 # # 11145, 11243; 51 # 11022. For references to even broader exten- 
sions of the theory, see [E], 5.11.5. 



12.1 Concerning C 00 

In 2.2.4 we have defined the space C 00 and its topology. Thus, if u e C 00 
and if (u k ) k=1 * s a sequence extracted from C 00 , we shall write 

C°° — lim u k = u or u k -> u in C 00 

k-+ oo 

if and only if any one (hence all) of the following three equivalent 
conditions is (are) fulfilled : 



lim || D p u k — D p u\\ oo = 0 

k-* oo 


(p 


= o, 1,2,---); 


(12.1.1) 


lim \\u k - w|| (p) = 0 

k~* oo 


( P 


= 0, 1,2,---); 


(12.1.2) 


lim || u k - m|| ( c0) = 0. 

k-+ co 






(12.1.3) 



The equivalence of (12.1.1) and (12.1.2) is visible after reference to the 
defining formula (2.2.16); that of (12.1.2) and (12.1.3) depends on the 
defining formula (2.2.17) and a simple argument, which the reader is urged 
to supply. 

A most important instance of this mode of convergence figures in the 
following result. 



12.1.1. A continuous function u belongs to C 00 if and only if 
lim n k • u(n) = 0 (k = 1, 2, • • • ) , 

|n|-» co 

in which case 




(12.1.4) 

(12.1.5) 



Proof. If u e C 00 , the relation (12.1.4) follows from repeated use of 2.3.4, 
coupled with 2.3.2 (or with 2.3.8). Conversely, if u is continuous and (12.1.4) 
holds, then 2.4.3 shows that 

u(x) = 2 u(n)e inx , 

neZ 
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and that this series, as well as those obtained from it by repeated termwise 
differentiations, are uniformly convergent. A well-known theorem in real 
analysis implies that the sum-function u therefore belongs to C* and that 

D p u(x) = ^ ( in) p u(n)e i7lx 

neZ 

for p = 0, 1, 2, • • • ; see the proof of 12.1.3 below. 

The final assertion appears from what has just been said concerning 
uniform convergence of the above series, coupled with the criteria for con- 
vergence in C 00 expressed in (12.1.1). 

Remark. If u is an integrable function satisfying (12.1.4), then u is 
equal almost everywhere to a function in C 00 (see 2.4.2); and conversely. 

12.1.2. It will cause the reader no pain to verify that if u k -> u and v k -> v 
in C°°, and if (\ k ) is any sequence of scalars converging to A, then A k u k — > Xu 
and u k 4- v k ->u 4- v in C 00 . 

12.1.3. That C 00 is complete for the metric appearing in (12.1.3) will be 
vital in some of our subsequent arguments. 

To establish this, suppose that (u k ) is a Cauchy sequence of elements of 
C 00 . Reference to (12.1.1), combined with Cauchy’s general principle of con- 
vergence, shows that then v p = lim^*, D p u k exists uniformly for each 
p = 0, 1, 2, • • • . The limit function v p is continuous. Now 

D p u k (x) - D p u k (x') = J D v + 1 u k (y) dy 

and uniform convergence yields in the limit 

i>r(x) - VpW) = j Vp+i(y)dy> 

which shows that Dv p = v p + 1 . Putting v = v Q , it appears thence that v e C 00 
and that v p = D p v (p = 0, 1, 2, • • •). Accordingly, lim^oo D p u k = D p v 
uniformly for each p. In other words, u k ->v in C°°. This shows that C°° is 
indeed complete. 

12.1.4. From 12.1.2 and 12.1.3 we see that C°° is at once a linear space and 
a complete metric space, and that the linear operations are continuous. 

Moreover, the topology of C°° is definable in terms of the seminorms || • || (p) 
(p = 0, 1, 2, • • •), a base of neighborhoods of 0 in C°° consisting of the sets 

{m e C°° : H (p) < e} 

obtained when p ranges over the nonnegative integers and e over the positive 
members. In other words (see I, B.1.3), C™ is a topological linear space of 
the type now customarily known as a Frechet space. 
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12.1.5. Not only are the linear space operations continuous on C 00 , so too is 
the operation of pointwise multiplication. That is, the mapping (u, v) — > uv 
is continuous from C 00 x C 00 into C 00 . 

In addition, D (the differentiation operator) is a continuous endomorphism 
of C 00 . 

Likewise, each translation operator T a (see 2.2.1) is a continuous endo- 
morphism of C 20 . 

12.2 Definition and Examples of Distributions and Measures 

12.2.1. Definition of Distributions; the Space D. By a distribution is 
meant a continuous linear functional on C 20 . 

Henceforth we shall always denote by D the set of distributions. Since D 
is the set of continuous linear functionals on a topological linear space; it 
carries a natural linear space structure : if F x , F 2 eD and A is a scalar, 
F x 4- F 2 and A F are the functionals defined by 

(F x + F 2 )(u) = F x (u) + F 2 (u), (A F)(u) = A • F(u) 

for u e C°° ; compare I, B.1.7. 

12.2.2. Functions as Distributions. The formula 

F(u) = -L J f(x)u(x) dx (12.2.1) 

associates with any integrable function / a linear functional F on C 00 . 
Inasmuch as 

\-^ j f(x)u(x) dx\ ^ 11/ ||i • IM1*, 

it is plain that this functional is continuous on C°°. In this way we have 
associated with each / e L 1 a distribution. Knowledge of this distribution 
determines the function / a.e. and we shall identify the function (or, more 
accurately, the equivalence class, modulo null functions, determined by that 
function) and the distribution it generates. L 1 thus appears as a linear 
subspace of D. 

12.2.3. Definition of Measures ; the Space M. The distributions generated 
by integrable functions are not the only distributions F satisfying an 
inequality of the form 

\F(u)\ ^ const 1^11 (12.2.2) 

Distributions of this type will be termed (Radon) measures. 

The reason for the term “measure” is the fact that any functional F 
which is a measure in this sense can be expressed as an integral with respect 
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to some uniquely determined regular Borel measure m on the underlying 
group G = T : 



F(u) = 



J u(x) dm(x). 



This assertion, usually known as the Riesz -Markov -Kakutani theorem 
(for the compact space T), is a mild extension of Theorem 6.4d of [W] ; a 
more detailed treatment in a more general setting appears in Chapter 4 of 
[E], especially Section 4.10 and Exercise 4.45; see also [E 1 ],Part 1 ; [HS], 
Chapter III, especially p. 177, and p. 364; [AB], Chapter 8; [Ri], 
pp. 40-47. This representation theorem confers much greater flexibility in 
the manipulation of Radon measures, largely because the expression of F 
as an integral combines with the appropriate integration theory to 
provide at once a good definition of F(u) for each bounded Borel 
measurable function u on T, instead of merely for functions u in C 00 . (The 
possibility of extending F from C 00 to C is established in a more 
elementary way in 12.2.8 and 12.2.9.) This added flexibility is almost 
essential for the discussion of some of the subtler properties of Radon 
measures that feature in a number of recent researches (such as those 
referred to in 12.7.4 and those appearing in Chapter 5 of [R]). For the 
principal results in this book, however, we shall not need to make any 
essential use of the representation theorem and its consequences. 

An earlier and more concrete representation of a Radon measure was given 
by F. Riesz, who showed that such a functional F can be expressed as a 
Riemann- Stielt j es integral 

^(m)=^:J u{x)d<j>(x), 



where <f> is a function of bounded variation 1 determined by F. A proof of this 
is to be found in the Appendix to [He]; see also [HS], (8.16), and [AB], 
p. 372. The sole explicit use to be made of this representation theorem 
appears in 12.5.10, where the use of the term “Fourier-Stieltjes series” 
receives some explanation. 

Henceforth we shall denote by M the set of measures. Evidently, M is a 
linear subspace of D. 

In view of 12.2.2, L 1 may be regarded as a linear subspace of M. 

Perhaps the simplest example of a measure that is not a function (that is, 
of an element of M\L X ) is the so-called Dirac measure at the point x: this is 
the functional e x defined by 

e x (u) = U(x ) . 

The reader is urged to supply a proof that the measure e x is indeed not 
(generated by) a function in L 1 . In spite of this, the measure s x is often 



1 The function (j) is in general not periodic. 
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improperly spoken of as “the Dirac S-function placed at x see 3.2.2, 3.2.4, 
and 12.3.2(3). (Incidentally, we use the symbol e in place of §, partly to keep 
clearly in mind the correct terminology, and partly because the former 
symbol seems more appropriate for what is the identity element relative to 
convolution; see 12.6.7(1).) 

Concerning the definition of Radon measures. Some readers, especially 
those familiar with the use of the term “measure ” to describe a species of 
set-function (as described in Section 13.1), will surely feel upset by the choice 
of the term “Radon measure” to describe something that is evidently closer 
in nature to an integral (compare the discussion in 2.2.2, that in Sections 2.5 
and 3.4 of [AB], the study by Schaefer in [Hi]) ; and see again [Ej], Part 1. 
The terminology, which is due to M. Bourbaki, is by now fairly well fixed and 
one must presumably make the best of it. 

The fact is that each Radon measure can be extended into a Lebesgue-like 
integral (in much the same w r ay as the Riemann integral can be extended into 
the Lebesgue integral and a Riemann-Stieltjes integral into a Lebesgue- 
Stieltjes integral), and that there is a one-to-one correspondence between these 
extended Radon measures fx and a species of set-function measures m u . Although 
we have no space to go into all the details, more comment will be made and 
references given in 12.5.10. 

The execution of the details of the developments mentioned in the preceding 
paragraph are due to M. Bourbaki. The result is a complete theory of integra- 
tion which, wfithin its range of application, is at least as good as those based on 
a set -function -measure approach. In relation to the latter, Bourbaki’s point of 
view amounts to a mental somersault: one takes a theorem (in this case, the 
Riesz -Markov - Kakutani theorem), hitherto well -hidden in the heart of a 
subject, and sets it up as a basic definition in a reformulated theory. 

Notation for functions as measures. The Radon measure generated by 
a function f e L 1 would, in more traditional notations, bear a symbol different 
from /. The invariant integral I is, of course a special Radon measure, the 
associated set-function measure m 1 being (2tt)~ 1 times Lebesgue measure on 
[0, 2n) (where T is identified with [0, 2 n)). To say that a Radon measure g is 
generated by a function / is to say that ra M is absolutely continuous with 
respect to m l and that the Lebesgue-Radon-Nikodym derivative dmjdrtij is / 
(see [HS], p. 328). 

Again, one could as well write fx = f * I in place of fx = f; compare 12.3.4, 
12.11.3, and [E], p. 235. 

Yet another way of symbolizing the same relationship would amount to 
writing d\x — (2i t) ~ dx. 

We shall not adopt any of these notations, partly because they involve 
essentially the set-function measure approach, and partly because they tend 
to obstruct the view we wish to foster, namely, the view that measures and 
distributions are generalized functions. 

12.2.4. Distributions That Are Not Measures. It is simple to give 
examples of distributions F that are neither functions nor measures. Consider, 
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for instance, the distribution F defined by 

F(u) = D p u( 0), 

where p is a positive integer. It is apparent, on considering the functions 
u = e n , that this F does not satisfy any inequality of the form (12.2.2) and 
therefore fails to be a measure. 

12.2.5. Continuity Expressed by Inequalities. It is possible to classify 
distributions by means of inequalities of which (12.2.2) is a special instance, 
but in which higher derivatives of u appear. 

The classification is based on the statement that a linear functional F on 
C 00 is a distribution (that is, is continuous) if and only if there exists an 
integer m ^ 0 and a number c (both independent) such that for all u e C 00 
one has 

|.F(m)|<c- sup II Z> p w|[ «, . (12.2.3) 

0 < p ^ m 

Proof. It is evident that the inequality (12.2.3) ensures the continuity of 
F. Conversely, suppose that F is continuous. If no inequality (12.2.3) were 
valid, functions u k e C 00 (k = 1,2,--*) would exist such that 

\F(u k )\>lc- sup || D p u k \\ „ . (12.2.4) 

O^p^k 

This implies that u k ^ 0, so that 

a k = sup || 1 00 > 0. 

O^p^k 

Define v k = (ka k )~ 1 u k . Then v k e C” and 

sup || DX II co = fc' 1 , 

O^p^k 

which entails that v k -> 0 in C°° [compare (12.1.1)]. On the other hand, by 
(12.2.4) and the linearity of F, 

|*K)I = (k* fc )- 1 |*K)| > l. 

This would contradict the assumed continuity of F, which must therefore 
satisfy an inequality of the type (12.2.3). 

12.2.6. Order of a Distribution. For a given distribution F, there exists 
therefore a least integer m ^ 0 such that (12.2.3) holds for a suitable (in- 
dependent) number c. We then say that F is a distribution of order m. 

Reference to 12.2.3 shows that the measures are exactly the distributions 
of zero order. 

12.2.7. The Space D m . We shall henceforth denote by D m (m = 0, 1, 2, • • • ) 
the set of distributions of order at most m. D m is a linear subspace of D and 
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we have the relations 

L 1 cM = D°cD 1 c...cD m c D m + 1 <= . . D = Q D m . 

m = 0 

(One has here an extension of the chain of inclusions (2.2.18).) For each m . 
the inclusion D m c= D m + 1 is easily seen to be proper. 

12.2.8. D m and Continuous Linear Functionals on C m . There is another 
way of visualizing D m which must be observed here. We shall verify that D m 
can be thought of as the set of continuous linear functionals on C m , the latter 
being considered as a Banach space with the norm || • || (m) . 

Indeed, on the one hand it is evident that the restriction to C 00 c C m of a 
continuous linear functional L on C m is a distribution of order at most m. 
Moreover, since C 00 is dense in C m (a corollary of 6.1.1), a continuous linear 
functional L on C m is uniquely determined by its restriction to C°°. 

It thus remains only to verify that each F e D m can be extended into a 
continuous linear functional L on C m (and of which it is the restriction to C 00 ). 
But suppose u g C m . Choose any sequence (u k ) from C 00 such that 

lim || m - « k || (m) = 0. 

k~* oo 

Then (12.2.3) shows that lim^*, F(u k ) exists finitely. By the same token, 
the value of this limit is the same for any other sequence (u k ) extracted from 
C 00 and such that || u — u k \\ (m) 0 as k — > oo. The required extension L of F 

is obtained by setting L(u) ~ lim k _^ o0 F(u k ). It is clear that L is thereby 
defined as a linear functional on C m whose restriction to C 00 is F. Beside this, 
(12.2.3) shows that 



\L(u)\ = lim \ F(u k )\ < c • lim ||« fc || (m) 

k 

= C ' Wl(m>, 

so that L is indeed continuous on C m . 

12.2.9. Measures as Functionals on C. The case m = 0 of 12.2.8 is 
especially important. It asserts that each measure can be extended into a 
continuous linear functional on C = C°, and that conversely each continuous 
linear functional on C is obtained by thus extending precisely one measure. 

This marks one more step in bringing our definition of measures into line 
with the Riesz-Markov-Kakutani representation theorem referred to in 
12.2.3. 

More about measures will appear in 12.3.8, 12.3.9, 12.5.10, and Section 12.7. 
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12.3 Convergence of Distributions 

12.3.1. Definition of Distributional Convergence. A sequence (F n )„ = 1 
of distributions will be said to converge in D to a distribution F if and only if 

lim F n (u) = F(u) 

n-* co 

for each u e C°°. A similar definition applies to the relationship 

lim F t — F in D , 

t-^to 

where t —> F t is a D-valued function of a real or complex variable t defined 
on a punctured neighborhood of t 0 ; t 0 may here be — oo or oo. 

This type of convergence of distributions is sometimes spoken of as 
distributional convergence. 

Remark. We note, but will never use, the fact that the general theory 
of duality for topological linear spaces leads to several topologies on D with 
respect to any one of which the notion of sequential convergence (or the 
convergence of D-valued functions F t as specified above) accords exactly 
with that prescribed in 12.3.1. 

12.3.2. Examples. (1) If F e D and asT the translate T a F is the 
distribution defined by the formula 

(T a F)(u) = F(T_ a u) 

for ue C 00 , this definition being so chosen that if F is (generated by) a 
function /eL 1 (see 12.2.2), then T a F is the distribution (generated by) the 
function T a f. That T a F so defined is indeed a distribution follows from 
12.1.5. Notice that T a + 2n F = T a F, so that the distributions we are speaking 
of may be said to have period 2tt. 

It is very simple to verify that T a F -> T aQ F in D as a -> a 0 . 

(2) If the functions f n (n = 1 , 2, • • • ) in L 1 converge in mean in that space 
to/, then/ n ->/in D. This follows immediately from the substance of 12.2.2. 

As the next example shows, a sequence of functions in L 1 may well be 
distributionally convergent without being convergent in L 1 . 

(3) If (/n)n = i is any approximate identity in L 1 (see 3.2.1), then f n -> s 
distributionally, where e = s 0 is the Dirac measure at the origin. 

This is a reformulation of a special case of 3.2.2; see also the remarks in 
3.2.4. 

(4) The relation 

n 

n 1 2 e 2* fe / n ^ 
k= 1 
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holds distributionally. For the result of applying the measure appearing on 
the left-hand side to a function u e C 00 is 



^ /2tt1c\ _ J_ y /2 ttAA {2rrk _ 2t t(Jc - 1) 1 

iix / "" fc 4i \ W / L M w J 



which (even for any continuous u) tends to 

1 C 2n 

— u(x) dx = 1 (u). 

" 7r Jo 

( 5 ) The following example is less transparent. In 12 . 2.2 we have seen how 
to associate a distribution with each integrable function. Now we shall 
illustrate a method of associating a distribution with certain nonintegrable 
functions. Viewed otherwise, it provides an instance of a sequence of 
integrable functions that converges to a distribution of order one. 

The nonintegrable function to be treated is a>, defined almost everyw here 
on [ — 77, 7 r) as cosec l / 2 x, and then extended by periodicity. The corresponding 
distribution is obtained as the limit, as e | 0 , of the integrable functions a> e 
defined almost everywhere on ( — 77, 77) by 



, v ( cosec Vo x if e < \x\ <77, 

“•<*»- {0 

w e being defined elsewhere by periodicity. The distributional limit does 
indeed exist, since we may write 

co £ (u) = f u(x) cosec y 2 x dx 

Je< IxUji 

= f [u(x) — w( 0 )] cosec y 2 xdx, 

^ Je< | x\^n 



because 



cosec y 2 x dx = 0 

J e < \x\ n 



owing to the integrand being an odd function of x. Furthermore, 

u(x) — ^(0) = 0(\x\) 

for small x, so that the integrand remaining is integrable. Thus the co e 
converge distributionally to the distribution Q defined by 

Q(u) = J [u(x) — w( 0 )] cosec x / 2 x dx (12.3.1) 

Since the first mean value theorem shows that 

\u(x) - w(0)| ^ \x\ * |[w||(i), 



we see that 






x • cosec y 2 x\ dx * || 'M. || (3 ^ 



(12.3.2) 
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which confirms that Q is of order at most one: Q e D 1 . 

This mode of defining Q suggests naming it the principal value of w and 
denoting it by P. V. w. 

The distribution Q is genuinely of order one, that is (in view of what we 
already know), it is not a measure. Indeed, were O to be a measure, (12.2.2) 
and (12.3.1) would combine with Exercise 12.5(2) to show that 

1 C b 

— cosec Vox dx ^ const 

2 *- J a 72 



for 0 < a < b < it. But it is easily seen that 



2tt 



l 



b 1 b 

cosec y 2 x dx = - log — b 0(1) , 



and is therefore unbounded for 0 < a < b < it. 

In Example 12.4.3(3) we shall see how to represent Q = P. V. w as the 
distributional derivative of an integrable function. Meanwhile, we return to 
some generalities. 



12.3.3. It is very simple to verify that if F n -> F and G n -^ G distribution- 
ally, then F n + G n -> F 4- G and cF n -> cF distributionally, c denoting any 
constant. 



12.3.4. Product of a Distribution and a C°° Function. The second 
assertion in 12.3.3 may be extended. 

In the first place, we can define the product uF of any function u e 0"° 
and any distribution F e D by writing 

(uF)(v) = F(uv) for v e C 00 . 

The justification for this definition is contained in 12.1.5, the substance of 
which leads also to the conclusion that 

u n F -> uF distributionally 

if u n -> u in C 00 , and that 

uF n -> uF distributionally 

if u e C 00 and F n -> F distributionally. 

It is also true that u n F n -> uF distributionally whenever u' n -^u in C°° 
and F n -> F distributionally, but this is less obvious. No use will be made of 
this fact and its proof is omitted. 

12.3.5. The Product in Other Cases. In connection with 12.3.4 we may 
observe that uF can be defined for u e C m and F e D m , the result being an 
element of D m . The basis for this statement lies in 12.2.8. 
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Another case in which the product is satisfactorily definable will appear in 
12.11.3. 

On the other hand there is no hope of giving a ‘ ‘ reasonable ’ ’ definition of the 
product of two arbitrary distributions — nor even of the product of two 
arbitrary measures. The qualification “reasonable” is here intended to cover a 
tacit assumption that the required definition shall retain one or more properties 
of the product as applied to smooth functions. 

For example, one can show (see Exercise 12.9) that it is impossible to define 
a product a/3 of two arbitrary measures in such a way that (a, /3) — > aft is a 
bilinear mapping of M x M into D having the properties (1) if a(u) ^ 0 and 
(3(u) ^ 0 for nonnegative functions u e C® (in which case the measures a and /3 
are said to be positive), then af${u) ^ 0 for such functions; and (2) if a and /3 
are (generated by) functions / and g in C°°, respectively, then a/3 is (generated 
by) the function fg (ordinary pointwise product). 

12.3.6. Compacity Principles. Each of the next four results states in 
sequential form a compactness property of certain sets of distributions, of 
measures, or of functions. Each is a very close analogue of the Weierstrass- 
Bolzano theorem, which asserts that from any bounded sequence of real or 
complex numbers may be extracted a convergent subsequence. The common 
source of these four results is an abstract compacity principle which is 
discussed in I, B.4; the fourth result uses also a characterization of the 
continuous linear functionals on the space L p (1 < p < oo) which is dis- 
cussed in I, C.l. 

In order to heighten the analogy with the Weierstrass-Bolzano theorem, 
we first introduce the appropriate concepts of boundedness. These are as 
follows : 

(1) A set S of distributions is said to be bounded in D, or to be distribution - 
ally bounded , if and only if 

sup {\F(u)\ : F eS} < co (12.3.3) 

for each u e C 00 . 

(2) A set S of measures is said to be bounded in M, if and only if 

sup {\y(u)\ : [jl e S} < oo (12.3.4) 

for each u e C. 

(3) A set S of functions in L p (1 ^ p ^ oo) is said to be bounded in L p , 
if and only if 

sup ^ J / w dx \ : / eS ) < 00 

for each u e L p ' , where l/p + \jp = 1. 

In each case the value of the supremum will in general depend upon u . 
The concept of boundedness expressed in (2) [respectively (3)] is sometimes 
spoken of as weak boundedness in M [respectively in L p ] (compare I, B.1.7), 




[12.3] CONVERGENCE OF DISTRIBUTIONS 



61 



in contradistinction from norm boundedness. As we shall soon see, however, 
the two concepts are equivalent. 

It is easily seen that, if S cz L p and if we inject L p c: L 1 into M, which is 
in turn injected into D, then (3) implies (2), and (2) implies (1). Also, if 
S c L 9 and is bounded in L g , and if 1 ^ p < q, then S is bounded in L p . 
The converse statements are false. For example, the sequence of measures 
n l £ ain) ~ E 1 ( n — 1, 2, • • •) is bounded in D but not in M; again, the Fejer 
kernels F n (n = 1,2,***) form a bounded subset of L 1 and of M, but they 
are not bounded in L p for any p > 1. 

One might also define a subset S of D m to be bounded in D m , if and only if 

sup { | F(u ) | : F e S} < oo (12.3.5) 

for each u e C m . We shall have no special use for this concept of boundedness, 
however. 

12.3.7. Let (F n )“ =1 be a sequence of distributions forming a bounded subset 
of D. Then there exists a subsequence (F nk )£ =1 and a distribution F such that 

lim F n . = F 

k-> oo nfc 

in D. 

Proof. Since C 00 is complete (see 12.1.3), and since D is defined to be the 
set of all continuous linear functionals on C 00 , the assertion is a special case 
of I, B.4.1 ; separability of C°° follows from 12.1.1. 

12.3.8. M as a Normed Linear Space. There is an analogue of 12.3.7 for 
bounded sequences in D m . Especially significant for future developments is 
the case m = 0, to which the next result applies. 

Let us first define the norm of a measure p e M by the equation 

Hi = sup {\fj.{u)\ :ue C, flit I* ^ 1}. (12.3.6) 

In other words, ||/x|} x is the smallest number c ^ 0 for which it is true that 

|p(m)| sS c- h oo 

for each u e C (or, what is equivalent, for each u e C 00 ); compare equation 
(12.2.2). The reader will be able to verify without trouble that || • 1^ is 
indeed a norm on M. The notation is suggested by the fact that, if \x is 
(generated by) a function / e L 1 , then ll^ll! turns out to be none other than 
\\f\\i as defined in (2.2.13); see Exercise 12.10. 

12.3.9. A sequence (p, n )® =1 of measures is bounded in M, if and only if 

sup Hill < 00 » 
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in which case a subsequence (p nk )*=i and a measure fx exist such that 
lim^oo fx nk = fx weakly in M, by which it is meant (see I, B.1.7) that 

lim fj. nk (u) = n(u) 

k~* oo 

for each u e C. (See also Exercises 12.13 and 12.43.) 

Proof. Since € is complete, the first statement is a special case of the 
uniform boundedness principle (I, B.2.1). The second statement follows 
from I, B.4.I because C is separable (see 6.1.1) and because of the identification 
of M with the set of continuous linear functionals on C established in 12.2.8. 

12.3.10. (1) If 1 ^ p ^ go, a sequence (/ n )® =1 of functions in L p is bounded 

in L p , if and only if 

SUP II A L < °0- 

n 

(2) If 1 < p < oo, and if (f n )n = i is a bounded sequence in L p , there exists 
a subsequence (/ nk )“ =1 and a function / e L p such that lim^ f nk weakly In 
L p , by which it is meant (see I, B.1.7) that 




for each ue L p ' (where 1/p + 1/p' = 1). (See also Exercise 12.14.) 

Proof. Statement (1) follows from the uniform boundedness principle 
exactly as does the corresponding assertion in 12.3.9, provided one observes 
that, if / e L p , 

\\f\\ p = sup{|A :ue I/', H|„. $ 1}, 

which is the converse of Holder’s inequality (see Exercise 3.6). 

Statement (2) again follows from the eompaeity principle in I, B.4.1, 
coupled with the identification of the set of continuous linear functionals 
on L 9 (1 ^ q < oo) with h Q ' established in I, C.l, q here being taken to be p'. 1 

12.3.11. Remarks. Part (2) of 12.3.10 is false for p = 1. For example, 
the sequence of Fejer kernels (F N )^ =1 is bounded in L 1 , but no subsequence 
(F Nlc )k = i converges weakly in L 1 . (The reader should prove this, bearing in 
mind the substance of 3.2.4.) Indeed, by appeal to I, C.2, it can be seen that 
no such subsequence is a weak Cauchy sequence in L 1 , that is, that no 
such subsequence has the property that 

lim f F ni u dx 
k-+ OO 2 tt J 

exists finitely for each u e L 00 . 



1 That Ja q (1 ^ q < oo) is separable, is shown by ($.1.1. 
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The same remarks apply when (F N )^ =l is replaced by any approximate 
identity in L 1 . 

12.4 Differentiation of Distributions 

If / is an absolutely continuous function, the derived function Df is defined 
almost everywhere and is integrable. Furthermore, partial integration (see 
[W], Theorem 5.4a, Exercise 16 on p. Ill, Theorem 6.3d; |HS], p. 287) 
shows that 

±jDf-udx= -±jf-Dudx 

for each u e C°°. This circumstance prompts the following definition. 

12.4.1. Definition of Derivative. If F is a distribution, its {distributional) 
derivative DF is the distribution defined by 

DF(u) = -F(Du) (12.4.1) 

for u e C°°. 

12.4.2. Remarks on the Definition of Derivative. We have taken care 
that this notion of derivative, the distributional derivative, coincides with the 
ordinary one when applied to distributions generated by absolutely con- 
tinuous functions. It must therefore be made quite clear that a divergence 
appears when nonabsolutely continuous functions / are involved: in such 
cases it may well happen that the pointwise derivative /' will exist almost 
everywhere and be integrable, and yet the distributional derivative Df will 
be quite different from the distribution generated by the integrable function 

/'• 

As an illustration, consider the function/ defined to be 0 on [ — n, 0], to be 
1 on (0, 7T ) , and elsewhere so as to have period 2tt. To compute the distri- 
butional derivative Df we have 

Df{u) = -A J / • Du dx 

1 r° If* 

= — — 0 • Du dx — — 1 * Du dx 

2,7T J ZlT J o 

= 0 —Mir) - «(0)] = A[„(0) - «(*)], 

which shows that Df = (l/27r)[e — e n ]. On the other hand,/' = 0 a.e. and 
so generates the zero distribution. 
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Support for regarding the distributional derivative as an appropriate 
concept lies in the fact that if we wished to evaluate 

1 C n 

-r„)J- Dudx 

by using partial integration, it would be necessary to decompose the range 
of integration into subintervals [ — n, — e], [ — s, e], [e, tt — e], [ 7 7 — e, tt], on 
the first and third of which / is absolutely continuous, apply partial integra- 
tion to the first and third subintervals, and notice that the remaining 
integrals are in any case o(l) as e -* 0. The result would be (1/2tt)[u(0) — u(tt)]. 
In other words, a correct application of partial integration leads to a demand 
for the distributional derivative rather than the point wise one. 

It is to be noticed that the jump discontinuities of / at the origin and at tt 
introduce into the distributional derivative terms involving Dirac measures 
at these points. This feature is quite typical. Further differentiations in the 
distributional sense will introduce distributions of higher and higher order. 

In the sequel , failing any indication to the contrary , differentiation will 
always be performed in the distributional sense. With this convention one may 
(truthfully) say that a function / e L 1 is equal almost everywhere to an 
absolutely continuous function, if and only if Df eh 1 . (At the risk of over- 
repetition, we reaffirm that this statement is not true, if the derivative is 
interpreted in the pointwise sense.) Compare Exercise 12 . 12 . 

It is similarly true that a function / e L 1 is equal amost everywhere to a 
function of bounded variation, if and only if Dfe M. (And again Df must 
here be interpreted distributionally.) A proof appears in 12.5.10. 

12.4.3. Examples. ( 1 ) The translates T a F of a distribution F have been 
defined in 12.3.2(1). It is simple to verify that 

DF = lim a~ 1 (T_ a F — F) 

a-*0 

distributionally. For, if u e C 00 , 

[a-^T.aF - F)](u) = a-\F{T a u) - F(u)] = F[a^(T a u - u)] 

by the definition of T _ a F and by linearity of F. It will therefore suffice to 
verify that 

lim a~ 1 {T a u — u) = — Du 

a-*0 

in C 00 , which follows by application of the first mean value theorem. 

( 2 ) Let A be a given distribution and let us examine the possibility of 
solving the equation 

DF = A (12.4.2) 

for the unknown distribution F. 
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This equation is not always soluble. Indeed, since DF( 1) = —F(Dl) 
= —F( 0) = 0, a necessary condition for solubility is that A(l) = 0. We 
shall show how to solve (12.4.2) whenever A(l) = 0. 

Assuming that F is a solution of (12.4.2) we have, for each ue C°°, 
F(Du) = —A(u). Putting u = Jv, where J is the endomorphism of C 00 
defined by 

Jv(x) = [v(y) - v(0)] dy, 

we have Du = v — £(0)1 and so 

F\v - £(0)1] = -A(Jv). 

This may also be written as 

F(v) = F(l) • l(^) - AoJ(v), 
or 

F = F(l) • 1 - A o J. (12.4.3) 

The reader will observe that, since J is a continuous endomorphism of C 00 , 
A o J is indeed a distribution. Formula (12.4.3) gives the solution of (12.4.2), 
assumed to exist. It remains to verify that (12.4.3) really is a solution, 
provided A(l) = 0. 

But, if F is given by (12.4.3), we have for any u e C 00 

DF{u) = -F(Du) = -F{ 1) • 1 (Du) + A(JDu). 

Herein, 1(Z%) = 0 and JDu = u — u(0)l. So, since A(l) = 0, we obtain 
DF(u) = -F(l) *0 + A[u - ^(0)1] = A(u), 
which shows that DF = A. 

An alternative discussion of the equation (12.4.2) can be based on the use 
of Fourier series; see Example 12.5.9 and Exercise 12.15. 

(3) We revert temporarily to the distribution 

Q = P.V. co 

defined in Example 12.3.2(5). We have seen that, for u e C°°, 

Q(^) = lim f u{x) cosec y 2 x dx = lim w £ (u). 

£ 0 J g < |x| ^ jc e-»0 

Now one may write 

IP IP 

aj £ (u) = — u(x) cosec y 2 x dx — — u( — x) cosec y 2 xdx. (12.4.4) 

Ztt J £ 2tt J e 
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Introduce the function 9 on (0, v] defined by 

<p(*) = - J cosec y 2 ydy. 

Then 9 ? is integrable over (0, 77), is 0(log x' 1 ) as x j 0, and is absolutely 
continuous on [e, 77] for any e > 0. Applying partial integration to each of 
the integrals appearing in (12.4.4), it is found that 

pit rn 

2ttw s {u) = — u(s)(p(e) + u( — e)cp(e) — cp(x)Du(x) dx — <p(x)Du( — x) dx. 

(12.4.5) 

The integrated terms are together o(l) as e -> 0 (since u is differentiable at 
the origin). So, since 9 ? is integrable over (0, 77 ), (12.4.5) leads to the relation 

rn pit 

2ttQ.(u) = — (p(x)Du(x) dx — <p(x)Du( — x) dx 
Jo Jo 



= — \jj{x)Du(x) dx , 



where we have defined 

f{x) = 9 ( 1 * 1 ), 

first for 0 < | a; | < 7 r; ip(0) may be defined arbitrarily, and the definition 
completed by requiring if) to be periodic. The resulting function i/j is integrable, 
and (12.4.6) signifies precisely that 

Q = P.V. a> = Dif) 

distributionally. 



12.4.4. Properties of Differentiation. There are a number of simple 
properties of the differentiation operator acting on distributions, each of 
which is a direct and simple consequence of (12.4.1), together with the 
contents of Section 12 . 1 . 

First, D is linear: 

D(F + G) = DF + DG, D(cF) = c • DF , 
c being any constant. 

Differentiation is also continuous: if F n — > F in D then DF n -> DF in D. 
This property appears in marked contrast to the situation prevailing in 
relation to (say) uniform convergence or mean convergence in L p . 

Combining the preceding properties, we infer that 

i>(f r.) - 2 or, 

71 = 1 71 = 1 
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whenever the series 2*=i F n converges distributionally, in. which ease the 
series 2n = i DF n is likewise convergent. 

12.4.5. Leibnitz’s formula for differentiating a product function has a 
perfect analogue. Thus, if F e D and u e C°°, then 

D(uF) = ( Du)F + uDF ; 

see 12.3.4. 

12.4.6. Reference to 12.2.6 will make it plain that DF e D m+1 ^whenever 
F e D m . More precisely, if m > 0 and F e D m \D m “ 1 , then DF e D m+1 \D m ; 
see Exercise 12.54. 

12.5 Fourier Coefficients and Fourier Series 
of Distributions 

Reference to 12.2.2 and formula (2.3.1) should render the following 
definition of the Fourier coefficients and series of a distribution seem entirely 
natural (and indeed obligatory, if a consistent extension is to be achieved). 

12.5.1. Definition. If Fe D, we define its Fourier coefficients by the 
formula 

p(n) = F(e_ n ) (neZ), 

where, as usual, e m e C 00 is the function x -> e imx . The series 

2 F(n)e inx 

neZ 

is called the Fourier series of F. 

12.5.2. Fourier-Lebesgue, Fourier-Stieltjes, and Fourier- Schwartz 
Series. In order to avoid possible confusion in certain statements, a series 
2nez c n e inx is spoken of as a Fourier-Lebesgue series if and only if there is 
some (perhaps unspecified) integrable function / such that c n = f(n) (n e Z); 
in a similar vein, the series will be described as a Fourier -Schwartz series if 
and only if there exists a (perhaps unspecified) distribution F such that 
c n = P(n) (ne Z). In addition, if there is a measure p, such that c n = f l(n ) 
(ne Z), it is customary to speak of the series as a Fourier-Stieltjes series. 
Likewise, a function on Z of the form /2, where ^ e M, is often spoken of as a 
Fourier-Stieltjes transform. A more detailed explanation of the use of this 
term appears in 12.5.10. 

The problem of deciding whether a given series is a Fourier-Lebesgue or a 
Fourier-Stieltjes series, is often extremely difficult (see the remarks in 
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2.3.9). It may come as a surprise, therefore, to discover that the corre- 
sponding decision problem for Fourier- Schwartz series is comparatively 
trivial, as the next result shows. This result also makes it plain that most 
trigonometric series which will arise in practice, and certainly those normally 
considered in the classical Riemann theory, are Fourier-Schwartz series. 



12.5.3. (1) Suppose that F e D is of order at most m. Then 

P(n) = 0{\n\ m ) as \n\ — > oo , (12.5.1) 

so that the Fourier series of F is tempered. Moreover, 

S n F = ^ P( n ) e n F as N — > oo 

|n|<iV 

in D [see relation (D) in Subsection 1.3.2]. 

(2) Given any tempered sequence (c n ) neZ , the distributions 

S N = 2 C n e n 

| n\^N 

converge in D as N — >■ oo to a distribution F such that P(n) = c n (n e Z), 
so that the given series is the Fourier series of F. 

Proof. (1) The statement (12.5.1) follows immediately from the in- 
equality (12.2.3) if we take therein u = e_ n . Next we have for u e C 00 

s n F(u) = 2 P(n)u[-n) = F[ M(-»)e_ n ], 

| n\*ZN |n| N 



the last step by definition of the Fourier coefficients of F and by linearity of 
F. Thus 



s n F{u) = F[ 2 

|n| ^ N 



This combines with (12.1.5) and the continuity of F to show that 



lim s n F(u) = F(u), 



which says precisely that s N F —> F in D. 

(2) To say that (c n ) is tempered signifies that 

\c n \ ^ (n 7 ^ 0) 

for a suitable number ^4^0 and a suitable integer k ^ 0. For u e C 00 , we 
have 

« at («) = 2 c nU{-n). 

I n\£N 
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The series 2nez c n 4( — w) is absolutely convergent, as follows from (12.1.4). 
Thus the formula 

F(u) = lim s N {u) = y[ c n u( — n) (12.5.2) 

N ~* ® * neZ 

defines F as a functional on C°° which is evidently linear. That F is continuous 
could be deduced from 12.3.7. A more direct argument uses 2.3.4 thus: 

12 c n“(~ w )l < |c o «(0)| + A 2 \n\ k \u(-n)\ 

tieZ ti 0 

\\T)k + 2 u \\ 

< M(0)| + A 2 M* • | | te + i 00 

71 #0 1^1 

= |c 0 w(0)| + [^4 2 |»|" 2 ]||-D fc + 2 «||=o. 

n # 0 

which clearly shows that F is a distribution of order at most k + 2 (see 
12.2.5 and 12.12.6). 

The reader will observe that the preceding argument shows even that the 
Fourier series of F is unconditionally convergent in D. 

Finally, (12.5.2) applied with u = e_ m shows that P{m) = c m for all 
me Z. 

12.5.4. Remarks. (1) The reader will notice that we have established 
en route the Parseval formula 

F(u) = 2 i'{'n)'d{ — n) (12.5.3) 

neZ 

for F eD and u e C 00 , the series being absolutely convergent. Compare also 
with equation (12.3). From this, or from 12.5.3(1), there follows an extension 
of the uniqueness theorem 2.4.1 from functions to distributions. 

(2) Armed with 12.5.3(2), the reader may with profit glance again at 
Sections 2.5 and 6.7. It can now be said that <£ is defined as a distribution for 
any tempered function <j> on Z, and that the inversion formula (</>)^ = <f> is 
valid. In particular, <p is defined whenever </> belongs to £ p for some p satisfying 
0 < p ^ oo. 

(3) Nowhere in the sequel shall we turn aside to discuss conditions on a 
distribution that will ensure the pointwise convergence or summability of its 
Fourier series; concerning this and related questions, see Walter [1]. Related 
to this is the problem of assigning a numerical value to certain distributions 
at certain points; for this, see Lojasiewicz [1], [2]. 

12.5.5. From the definition of T a F set out in 12.3.2(1) it follows immediately 
that (compare 2.3.3) 



(T a F)^(n) = e~ ina fi{ri) (neZ). 
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12.5.6. From 12.4.1 it is immediate that (compare 2.3.4) 

(DF)^(n) = in * P(n) (n e Z). (12.5.4) 

Moreover, 12.4.4 affirms that a Fourier- Schwartz series may be differentiated 
termwise — provided, of course, that differentiation and convergence are each 
interpreted in the distributional sense. This conclusion appears also from 
(12.5.4) and 12.5.3(2). 



12.5.7. Distributions as Derivatives of Functions. If F is a distribution 
of order at most m, (12.5.1) shows that 



f(x) = #(0) + 



v P(n)e inx 



is a continuous function, the series being absolutely and uniformly con- 
vergent. Repeated application of (12.5.4) leads to the conclusion that 

D m + 2 f = p _ ^(0). 

Thus F is, apart from the additive constant P(0) = -Ffl), the (m + 2)-nd 
distributional derivative of a continuous function. Compare with (1) in the 
introduction to this chapter. 



12.5.8. Example. We return momentarily to consider the distribution 
Q = P.V. co discussed in Examples 12.3.2(5) and 12.4.3(3). From 12.5.1 and 
(12.3.1) we have 



Cl(n) = 




1 ) cosec y 2 x dx 



= ^~j e 1/zinx ' ” s i n % nx * cosec y 2 x dx 

= — - j cos y 2 nx • sin % nx • cosec x / 2 xdx 

— — f sin 2 y 2 nx * cosec y 2 x dx. 

7T J 



The last-written integral vanishes, since the integrand is an odd function, 
and so 




sin nx • cosec y 2 x dx. 



(12.5.5) 



From this formula the behavior of Cl(n) for large values of \n\ is readily 
inferred. Since ( Yzx )~ 1 — cosec y 2 x is integrable over ( — 7r, n), the Riemann- 
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Lebesgue lemma 2.3.8 shows that 



Since 



it follows that 



„ i f n sin nx 7 
O in) = — ax + o 



j: 



(i) 



i C nn sin v , /iv 

— + o(i). 

KJ-nn V 
sin y dy 



y 



= 7 r, 



Q(n) = — i • sgn n + o(l) . 



(12.5.6) 



The result (12.5.6) should be compared with that expressed by (12.8.1) for 
the closely related Hilbert distribution H = P.V. cot y 2 x to be introduced 
in Section 12.8. 



12.5.9. Example. We reconsider the equation 

DF = A (12.5.7) 

examined in Example 12.4.3(2), where it was seen that a solution F exists if 
and only if ^4(1) = 0. The same conclusion may be reached by looking at the 
transformed equation, namely, 

in • P(n) = A(n) (neZ), (12.5.8) 

which is attained by application of 12.5.6. This shows that indeed a solution 
exists only if ^4(0) = ^4(1) = 0; and that if this condition is fulfilled, the 
solutions are given by 

F = ^(0)1 + 2 ( in)- 1 A{n)e inx (12.5.9) 

n * 0 

the series being distributionally convergent. 

An interesting special case is that in which A = e — 1. Then (12.5.9) 
leads to the unique solution F = E satisfying E( 0) = 0, namely, 

E = 2 ( in)~ l e inx . (12.5.10) 

71 ^ 0 

Now the series here is boundedly convergent (in the pointwise sense), as is 
seen from Exercise 1.5 or 7. 2. 2(2). The pointwise sum is identifiable with 
the distributional sum by virtue of the substance of Example 12.3.2(2). 
Thus E is (generated by) the pointwise sum function, which can be shown 
to be defined by 



E(x) = (tt — |a?|) sgn x 



(12.5.11) 
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By using the concept of convolution of distributions introduced in the 
next section, the solution of (12.5.7) may be expressed in terms of A (assumed 
to be such that A(l) = 0) as F = F( 0)1 + E * A. 

For periodic distributions, E plays the role of an elementary solution for the 
differential operator D. The notion of elementary solutions of linear differen- 
tial and partial differential operators is fundamental in much of the modern 
work in this field; see [E], Chapter 5. See also Exercise 12.16. 

12.5.10. Measures and Functions of Bounded Variation; Fourier- 
Stieltjes Series. We have in 12.2.3 referred to the theorem of F. Riesz 
according to which each (Radon) measure F is expressible in the form 

F(u) = A J“ U (x) d<j>(x) (12.5.12) 

where ^ is a suitable (F- dependent) function of bounded variation on [ — n, 7t]. 
It is furthermore not difficult to verify that, conversely, any such function <f> 
defines, via (12.5.12), a Radon measure F; complete details appear in [HS], 
Section 8 and [AB], Chapter 8. On computing the Fourier coefficients of F, 
we have from (12.5.12) 







and an application of the formula for partial integration in Riemann- 
Stieltjes integrals (which in this case is easily reduced to a simple limiting 
process and partial summation applied to the approximating Riemann- 
Stieltjes sums; compare the proof of 2.3.6) shows that 

F(n) = T[^ (w ) _ + (in) • A j* <j>(x)e~ inx dx, 

that is, 

$( n ) = ^ - <£(-•”■)] • ( — 1 ) n + in - $(n). (12.5.13) 



Since (12.5.10) and (12.5.11) indicate that 



•1)V 



2 



is the Fourier-Lebesgue series of a function of bounded variation, reference to 
(12.5.13) and the fact (to be established in a moment), that the (distributional) 
derivative of any function of bounded variation is a measure, will show that 
a trigonometric series 

2 c ^ inx 

neZ 



(12.5.14) 
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is a Fourier-Stieltjes series in the sense defined in 12.5.2, if and only if the 
formally integrated series 

2 {in)~ l c n e inx (12.5.15) 

n# 0 

is the Fourier- Lebesgue series of some function cf> of bounded variation; or 
again if and only if the coefficients c n are expressible as Riemann-Stieltjes 
integrals with respect to such a function <f> in the following fashion: 

c„ = LJ- e~ inx d<j>(x) . 

It is this circumstance that explains most clearly the use of the qualifier 
“Fourier-Stieltjes” in this connection. 1 

Inasmuch as the distributional derivative of (12.5.15) is (as follows from 
12.5.6) exactly the series (12.5.14) shorn of its constant term, we may infer 
that any Radon measure fi is expressible in the form 

fji = c + D</>, (12.5.16) 

where c is a constant and <f> is a function of bounded variation. The converse 
is also true. 

To verify this last point, it suffices to show that, if <j> is of bounded variation, 
then [a — D(j> is a Radon measure. Now, by (12.4.1), 




To majorize the absolute value of this expression, one may either apply 
partial integration for Riemann-Stieltjes integrals and so obtain 

\D<j>(u)\ = MU; 

or one can repeat the more pedestrian argument used in the proof of 2.3.6 
(based on approximating the integrals by sums), which would again lead to 
the majorization 

\D<Hu)\ ^ L. V ($- MU- (12.5.17) 

Comparing (12.5.17) with (12.2.2), it is seen that D<f> is indeed a Radon 
measure. 

12.6. Convolutions of Distributions 

We tackle the problem of defining the convolution of any two distributions 
by first concentrating on the special case in which one of them is an element 
of C 00 . 

1 The function </> in (12.5.12) is not generally periodic; however, it may be replaced in 
the term in<f>{n) in (12.5.13), and in (12.5.16) and the proof (12.5.17), by one that is. 
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The guiding light in framing the definition in this case will be that provided 
by the definition which applies when the remaining factor in the convolution 
is a distribution that is (generated by) a function. 

If u e C 00 and / e L 1 , and if u denotes the function t u( — t) (see Volume 
I, p. 31), then 

/* “(*) = ^ jf(yM x — y) d v 



= 2 l -Jf(y)u(y - x ) d v ■ 

Regarding / as a distribution, this may be written 

f*u(x) =f(T x u). 

The expression on the right makes sense even iff be replaced by an arbitrary 
distribution. Thus we are led to frame the following definition. 



12.6.1. The Convolution F * u. If F e D and u e C 00 , F * u is defined to 
be the function for which 

F * u(x) = F(T x u). (12.6.1) 

From this it is evident that F * u is bilinear in the pair (F, u). 

12.6.2. If F e D and u e C 00 , then F * u e C 00 and 

D(F * u) = DF * u = F * Du. 

Similarly, 

T a (F * u) = T a F * u = F * T a u. 

Proof. The defining equation (12.6.1) gives for any a ^ 0: 

a~\F * u(x + a) — F * u(x)] = F[a~ 1 (T x + a u — T x u )] 

= F[T x a~\T a u -u)}. 

Now it is easily shown (see Exercise 12.2) that 

lim a~ 1 (T a u — u) = —Du = (Du)'' 

a-* 0 

in the sense of C 00 , so that continuity of F shows that F * u is differentiable, 
that 

D(F * u) = F[T X (Du)''] = F * Du, 
and at the same time that 

D(F*u) = F( — T x Du) = F(-DT x u) = (DF)(T x u) 



= (DF) * u. 
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Inasmuch as Du e C® whenever u e C°°, it follows that F * ue C°°. 

The relation involving translates is proved similarly. 

12.6.3. (1) If F e D and u k — > u in C®, then F * u k — > F * u in C°°. 

(2) If F k -> F in D and ue C 00 , then F k * u -> F * u in C™ . 

Proof. (1) By 12.2.5, for some number c ^ 0 and some integer m, 

|-P»| < c • sup ||-D p y||oo 

0 < p < m 

for each v e C 00 . Hence 12.6.2 yields 

\D q (F * — D q (F * ^)(a;)| •= * D q u k (x) — F * D q u(x ) | 

= \F[T x (D*u k - |. 

<c- sup || J D p '7 , x (D IJ M k - -D%)|| m 

0 3* p < m 

sup || J D p (M fc - w)||«o, 

0 ^ p < m + 1 ? 

from which the stated result follows, the last- written expression tending to 
zero as k -> oo. 

(2) The proof of this is somewhat deeper. We may and will assume 
(without loss of generality) that F = 0 and aim to show that F k * u-+ 0 
in C 00 as k—* oo. By 12.6.2, if q e {0, 1, 2, • • •}, 

D q (F k *u) = F k * D%. 

It will therefore suffice to prove that, given any v e C 00 ,/* = F k * v— > 0 in 
C. Now, by (12.6.1) and (12.4.1), 

f k (x) = F k (T x v), 

Df k (x) = F k (T x Dv) 

for all indices k and all x e T, the first of which shows that /*(#)— >0 as 
k—+co for all x e T. The crucial point now is an appeal to Appendix 
B.2.1(2), bearing in mind 12.1.4 and 12.2.1. This affirms that the F k are 
equicontinuous, which signifies that there exists me { 0, 1, 2 r •••} such 
that 

sup | F k (w) | < m • sup ||D p w|| 00 

k 0 <p<m 

for all w e C 00 . In particular, for all indices k and all x € T, 

I Df k (x) | < m • sup || D P T X Dv || „ 

0 <p<m 

<m- sup ||-D p t’|loo 

0 <p<m+ 1 

= B 
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say, where B is independent of k and x. Thus the f k are equicontinuous on 
T . Let s > 0. Since T is compact, points x 1; ■ • • , x r of T may be chosen so 
that every point of T is modulo 271, within distance 2~ X (B + l) _1 g of 
{x t , • • • , x r }. Then, for all indices k, the mean value theorem shows that 

II A !L ^ B • 2~ 1 {B + l) _1 e + supd/^a;!)! , ■ • • , | /*(x r )|}; 

and this is at most e for all sufficiently large k. Hence \\fk\\oo ~ * 0 as 
» oo, and the proof is complete. 

12.6.4. For ue C 00 we have 

U = 2 M(ra)e_„ 

n eZ 

and 

T x u = 2 e tnx ■ u(n)e. n , 

neZ 

the series converging in C 00 (see 12.1.1). Hence the definition 12.6.1 leads to 
the formula 

F * u(x) = 2 fi{n)u{n)e inx , (12.6.2) 

neZ 

which shows that we still have the relation 

(F * u)^(n) = F(n)u(n) (n e Z); 

the series (12.6.2) is absolutely and uniformly convergent thanks to (12.1.4) 
and (12.5.1). 

12.6.5. Convolution of Distributions. On the basis of 12.6.3 we are now 
able to define F * G as a distribution for arbitrary F, G e D. Thus, we define 

F * G(u) = F[(G * ur\ (12.6.3) 

for each u e C®. This makes F * G a linear functional on C OT whose continuity 
follows from 12.6.3(1). 

Taking u = e_ n in (12.6.3) and using (12.6.2) and the orthogonality 
relations (1.3.1), it is seen at once that 

(F * Gr(n) = F[G(n)e_ n ] = P{n)G{n) (n e Z ) . (12.6.4) 

This last equation shows first that if G = u e C 00 , then the present definition 
of F * u agrees with that prescribed in 12.6.1 (provided, of course, that a 
function in C 00 is identified with the distribution it generates). In view of 
12.5.4(1), equation (12.6.4) implies secondly the commutativity of convolu- 
tion: 

F*G = G* F, 

and likewise the associativity and distributivity of convolution. 
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Either of (12.6.3) or (12.6.4) shows that the mapping (F, G) — > F * G is 
bilinear from D x D into D. 

From 12.5.5, 12.5.6, and (12.6.4) (or by other means) it is easy to verify that 
T a (F * G) = T a F *G = F * T a G, (12.6.5) 

D(F *G) = DF*G =.F * DG. (12.6.6) 

12.6.6. If F k -> F in D, then F k *G-+F*G in D. 

Proof. We know from 12.6.2 that {G * u)^ e C°° for each u e C 00 , and so 

F k * G{u) = F k [(G * tt) v ] -> F[(G * ur] = F * G(u ) , 

which signifies that F k * G -> F * G inD. 

Remark. It is even true that F k * G k -» F * G in D whenever F k -> F 
and G k ~> G in the same sense, but the proof is rather more difficult. Since we 
shall nowhere need this stronger assertion, the proof is omitted. 

12.6.7. Examples. (1) The Dirac measure e is the identity element for 
convolution, that is, e * F = F for all F e D. This explains how it comes 
about that all convolution algebras of functions, large enough to contain all 
trigonometric polynomials, lack identity elements. 

More generally, s a * F = T a F for F £ D and a e T. 

(2) By (12.6.6), DF = (De) * F for every F e D. Thus differentiation can 
be expressed as convolution with the fixed distribution De. 

(3) Given A, Be D, the equation 

A * F = B 

has a solution F e D if and only if there is an integer m ^ 0 such that 
\B(n)\ ^ const (1 + |?i|) m |d(?i)| (n e Z) , 
in which case the solutions are of the form 

F = F 0 + V 

A(n)*0 A(n) 

where A * F 0 = 0, that is, 

F o = 2 c " e ’‘’ 

A(n) = 0 

where (c n ) is some tempered sequence. 

These assertions follow readily from (12.6.4) and 12.5.3(2). 

(4) In order that the equation 



A * F = B 
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shall have a solution F e D for an arbitrarily given B e D, it is necessary and 
sufficient that there exist a number c > 0 and an integer m ^ 0 such that 

\A(n)\ ^ c • (1 + \n\)~ m (n e Z ) . 

This statement is verifiable by reference to (3) and the remark that the said 
equation is soluble for every B if and only if it is soluble when B = e (as 
follows from the fact that e is the identity for convolution, together with 
associativity of convolution). 

12.6.8. Definition of F, and F*. The definitions of/,/, and/*, given 
for functions immediately prior to 2.3.1, may be extended to distributions 
via the formulae 

F(u) = F(S), F(u) = F(u), F* = (Fr = (#)-■ 

Then the map F — >* F is linear, while F -> F* and F -» F are conjugate- 
linear. It is moreover easily verified that ( F *p = (F) ~ (compare with 2.3.1). 
If fx is a measure, each of pi, fx, and /x* is a measure, and (see 12.3.8) 

Wp'Wx = Plli = P*lli — IIHli- 

12.6.9. A Glance at the Dual Situation. Let us pause in order to bring into 
somewhat sharper focus the dual problem raised in Section 3.4. 

The position now is that the Fourier transform / is defined as a distribution 
whenever ^ is a tempered function on Z (see 12.5.4(2)), and the problem to be 
faced concerns the validity of the equation (3.4.1), namely, 

(<p * 0)~ = (12.6.7) 

Even now, however, this heuristic equation lacks meaning if if) and ip are 
unrestricted tempered functions on Z. Thus 

(1) (f> * ip is defined only for restricted pairs <j > , ip; 

(2) cp * ip is likewise defined only for restricted pairs <p, ip. 

Regarding (1), it would be desirable to undertake a thorough examination of 
the convolution process as applied to functions on Z; this might be done along 
the lines usually followed in the case in which the underlying group is R (see 
[E], 4.19 and the references cited there), but the task is not one that can be 
undertaken here. Regarding (2), see 12.3.5. 

It must suffice for the moment for us to remark that (12.6.7) is quite easily 
established on a sound footing whenever <p and i p belong to i 1 (a case already 
mentioned in Section 3.4), and again whenever at least one of (p and tp, say <p f 
is rapidly vanishing at infinity, that is, is such that 

lim <p(n)n k =0 {k = 1, 2, • • •). 

|n|-* oo 

In this latter case <p belongs to C°° thanks to 12.1.1, and $ * ip is well-defined as 
in 12.3.4. 

Another important case is discussed in 12.11.3. 
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12.7 More about M and L p 

In this section we shall set forth some further properties of M and L p in 
relation to convolution and establish some properties of the sets of Fourier 
coefficients of measures and of functions in L p . In particular, we shall show 
that M is a Banach algebra under convolution (a fact to which partial 
reference has already been made in 3.3.2, 4.2.5 and 11.4.1(1)). The structure 
of this Banach algebra M is still far from being known in its finer detail and 
appears to be a problem of great complexity. 

To begin with simpler things, we recall that in 12.3.8 a norm || * ||i has been 
defined on M which extends that on L 1 ; this norm is just that dual to the 
norm on C, when we identify M with the set of all continuous linear functionals 
on C (see 12.2.9 and I, B.1.7). The explicit formula for this norm is 

Ml =sup{|M/)l ; /e c > ll/ll. < !}■ (12.7.1) 

12.7.1. M is complete (and hence a Banach space). 

Proof. A direct proof is called for in Exercise 12.8. We here give an 
alternative proof based upon 12.3.9. Suppose that (/z n )® =1 is a Cauchy 
sequence in M. It is then clear that 

su p IK Hi < 00 ■ 

n 

By 12.3.9, therefore, a subsequence {fJL nk )™=i may be extracted such that, 
for some fie M, we have 

lim Mn t (/) = F(/) 

k —* co 

for each / e C. Now the Cauchy character of the original sequence signifies 
that to each e > 0 corresponds n(e) so that 

|| Urn — UnWl ^ 8 for m ' 71 > n ( 8 )- 

Accordingly, by (12.7.1), 

I km(f) ~ Hn(f) I 6 • II / II oo for all m,n> n{s), 
for any fe C. Taking herein m = n k and letting k — > oo, it follows that 
IK/) - k n {f) I < e • II / IL for all n > w(e), 
and hence, by reference to (12.7.1) again, 

\\l* ~ VnWi ^ 8 for all > n(e). 

This shows that lim n _ +00 fi n = fi for the normed topology and exhibits the 
completeness of M. 

12.7.2. Convolutions of Measures and Functions. Since M c D, fi*u 
is defined for each weC 00 ' as in 12.6.1. However, using 12.2.9, we can define 
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fM * / for any / e C in a consistent fashion by setting 

IJ.*f(x) = fJ-(Tj); 

compare with (12.6.1). Since 

II TV - ?VIU-^o 

as x->x 0 (since / is uniformly continuous), (12.7.1) ensures that ju*/eC 
and that 



ll/WIU IHU-II/H-. 

But the end is still not reached: fx *f can be defined for still more general 
functions / in such a way as to extend 3.1.6. 

12.7.3. (1) Suppose that 1 ^ p < oo. If/xeM and / e L p , then /z * / e L p and 

II/WIIp^ bh-Wfl- 

(2) If A , fie M, then A * /x e M and 

||A * fj. Hi ^ | A I, • 11^1,. 

Proof. (1) Suppose first that/, geC. For any partition —i r' = x 0 < x x 
< • • • <x n = 7r we have 

1 n i 

— 2 *f(x k )g(x k ) = — 2 P-(T X J) • g{x k ) Ax k 

= 2 J • Az k ] . (12.7.2) 

If we take a sequence of such partitions for which max fc Ax k -> 0 then, owing 
to uniform continuity of fx */ and g , the initial member of (12.7.2) converges to 

^ JV *f{x)g(x) dx. 

At the same time, because of uniform continuity of / and g, the functions 

2^2 T *J'3( x k) Ax k 

converge uniformly to the function 

y^^ r jTj(y)g(x)dx 
= ^ J/(y - x )9( x ) dx =f* g(y ) . 
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Consequently, the last member of (12.7.2) converges to ft(/ * g). We thus 
infer that 

^ JV*/) 'gdx = n(f*g). 

By 3.1.4 and (12.7.1), therefore, 

\±j(l**f)gdx\ < || M ||i ' »/ * g \ co < INi-ll/L-lbll,- 

The converse of Holder’s inequality (see Exercise 3.6) leads thence to the 
inequality 

ll#**/||p < IHi- II/IIp (12.7.3) 

for / e C. 

Suppose now that / e L p and p < oo. One may then choose a sequence 
(fn)n = i from C such that \\f - f n \\ p -> 0 as n -> oo. Reference to (12.7.3) con- 
firms that (ft *f n )n = i is a Cauchy sequence in L p [apply (12.7.3) with / 
replaced by f m — f n ], By completeness of L p , the functions ft */ n therefore 
converge in mean in L p to some h e L p . However, by 12.6.6, ft */ n converges 
in D to ft */. It follows at once that ft * / and h are the same distribution, 
so that ft * / e L p and [by (12.7.3)] 

\\v*f\[p = = lim \\^*f n \\ p ^ l^li- ||/|| p . 

n-*o o 

Finally, if p = oo, we may choose the f n e C so that H/J* ^ ||/|| « and 
/n ->/ pointwise almost everywhere. Then (see (12.7.3)) 

llM*/n|U < Ml-ll/nlU Hi - ll/ll «. 

By the case p = 1, * / n -> ft * / in mean in L 1 , so that a suitably chosen 

subsequence is pointwise convergent almost everywhere. From this we 
conclude that \\p */|| 00 ^ llf^lli ' ||/!U> so completing the proof of (1). 

(2) By 12.6.5, A * ft is the distribution defined by 

A * fx(u) = A[(ft * u)' y ] ( u e C 00 ). 

By 12.6.2, (ft * u ) v e C°° and, by 12.7.2, 

II (m * fin. < ImIIi • ii^ioo. 

Hence 

\X*t*(u)\ ^ || A||i * ||ft || x • ||m|| a, , 

and so (see 12.2.6) A * ft e M and ||A * ft^ ^ || A||i • ||ft|| 

Remark. If 1 < p < oo the inequality in 12.7.3(1) can be improved; 
see Exercise 13.5. 

12.7.4. M as an Algebra and Related Problems. The results of Section 
12.6, together with 12.7.1 and 12.7.3(2), affirm that M is a complex Banach 
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algebra under convolution with e as its identity element (see 11.4.1); it is in 
fact another strong contender for the title of “group algebra” (see Section 
3.3). In a few respects it is easier, but in most respects more difficult, to handle 
than L 1 . In particular, the important problem of determining the nontrivial 
complex homomorphisms of M is much more difficult than the analogous 
problem for L 1 (which was solved in 4.1.2) and cannot even now be regarded 
as satisfactorily solved. In outline the situation is still much as described in 
Chapter 3 of [Hew]. 

To illustrate the difficulties and the extent of existing ignorance, we recall 
from 4.1.2 that the only nontrivial complex homomorphisms of L 1 are of the 
type y n : f — >/(n), where n ranges over Z. Each of these homomorphisms has a 
natural extension to M [see (12.6.4)], which we continue to denote by y n . These, 
however, do not exhaust the nontrivial complex homomorphisms of M. There 
are several ways of supporting this statement; we briefly describe two of them. 
The first is concerned with a purely existential proof, while the second is 
considerably more precise and interesting. 

(1) Considered as linear functionals on M, the y n are equicontinuous. Apply- 
ing I, B.4.2 to the sequence (y n )“ =1 , one derives the existence of a continuous 
linear functional y x on M with the following property: given any e > 0, any 
finite subset {ft l5 • • * , ft,} of M, and any integer n 0 , there exists an integer 
n > n 0 for which 



I yn(f^i) - yoo(fti)| < £ (i = 1, 2, • • •, r). 1 (12.7.4) 

The relations (12.7.4) may be shown to imply that y* is a (continuous) complex 
homomorphism of M, and that y^ | L 1 = 0. In particular, y* is certainly 
distinct from all the y n . Since (12.7.4) also entails that y^(e) = 1, is non- 
trivial. 

(2) Inasmuch as y n (ft*) = y n (ft) for all n e Z and all ft e M, any complex 
homomorphism y of M for which y(ft*) ^ y(ft) holds for some ft e M is necessarily 
nontrivial and distinct from all the y n . Such homomorphisms y actually do 
exist, and various ways of producing them have been discussed. One method 
is discussed in [R], Theorem 5.3.4. 

The existence of such homomorphisms y of M, which is usually expressed by 
saying that the Banach algebra M is asymmetric , is one of the most striking and 
most significant differences between M and L 1 considered as Banach algebras. 
A direct corollary of this asymmetry of M is the existence of real-valued 
functions <f> on Z such that <f>{n) ^ 1 for n e Z and ^ is a Fourier-Stieltjes 
transform but (f>~ 1 is not a Fourier-Stieltjes transform. This asymmetry and 
its corollary are known to hold whenever T is replaced by any nondiscrete 
group (see [R], Theorem 5.3.4; [HR], Vol. 2, p. 519; MR 43 # 6659); the 
corollary was first noted for the case in which the underlying group is R by 
Wiener and Pitt in 1938. 



1 I,B.4.1 is .not applicable, since M is not separable. 
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Even more surprising (not to say shocking) things can happen, as the reader 
will discover on looking at Section 5.4 of [R] and pp. 143-144 of [Hew]. Much 
of the early w r ork on complex homomorphisms of M is due to the Russian 
mathematician Sreider ; later elaborations are due to Hewitt [2] and Hewitt 
and Kakutani [1], [2] jointly. See also [Ta] ; Taylor [1]-[11] ; Johnson [1]- 
[6] ; MR 38 # # 6308, 6309; 41 # 2409 . 

There are some subalgebras of M of moderate interest for which the difficulties 
so far described are to some extent surmountable; see Exercises 12.51 and 16.28. 

We have mentioned in Section 4.2 the problem of homomorphisms of L 1 into 
itself. This, together with the problem of homomorph isms of L 1 into M, has 
been solved for general groups by Cohen [2], [3], an essential step being the 
determination of all the idempotents in M (again for a general group). See (3) 
immediately below ; also MR 41 # 8929; 42 # 6518 ; 54 # 5741. 

In view of the mystery surrounding the complex homomorphisms of M, it is 
not surprising that the problem of homomorphisms of M raises new difficulties. 
One knows (see 4.2.6) which maps a of Z into Z u {oo} define homomorphisms T 
of L 1 into M by means of the formula ( Tf p = / o a; and, as appears in Exercise 
12.49, each such homomorphism can be extended into a homomorphism T' of 
M into itself such that (T'fju)^ = /2 o a for ^eM, /x(oo) being understood to be 0 
whenever p, e M. However, there exist homomorph isms of M that do not arise 
by thus extending a homomorphism of L 1 into M; in fact, there exist homo- 
morphisms T' ^ 0 of M such that T'\ L 1 = 0. One type of such homomorphisms 
is described in Section 3.4.1 of [R]. Alternatively, it suffices to define 
T' jj, = where y is any nonzero complex homomorphism of M such that 

y [L 1 = 0, and i is any nonzero idempotent in M. The classification of such 
homomorphisms of M is, as far as the author is aware, still largely unsolved. 

Concerning norm -decreasing homomorphisms of L 1 into M, and the same 
problem for more general underlying groups, see Glicksberg [1] and Greenleaf 
[1]. (In these papers, the underlying group is not assumed to be Abelian.,) 

Further reading on some of the topics mentioned above : Brown and Hewitt 
[ 1 ], MR 22 # 9809; 36 # 6879; 37 # # 4222, 4224, 6693; 38 # # 489, 491; 
44 # # 1993, 1994; 48 # # 2666, 4642; 49 # 9539; 50 # # 5359, 7950; 
51 # # 3798, 6287, 8737; 52 # # 8796, 8797, 14846, 14848; 54 # # 3291, 
3292, 5743, 5744, 8163; 56 # # 982, 3571, 3572, 16254, 1659; 57 # # 7034, 
7037. 

(3) Helsons theorem. In 3.1.1(d) we have remarked that the only idempotents 
in L 1 are trigonometric polynomials ]> n6F einx > where F is a finite subset of Z. But 
in M there are many other idempotents. In more concrete terms, the problem is 
that of determining which subsets S of Z are such that 2 nes einx is a Fourier - 
Stieltjes series. The solution was given by Helson [2], [3]; and the analogous 
problem for general groups was solved by P. J. Cohen [3]. For details, see [R], 
Chapter 3. 

Helson’s result is very simple to state: 2nes einx is a Fourier-Stieltjes series 
if and only if S differs by a finite set from some periodic subset of Z. 

The “if” part of Helson’s theorem is simple to prove; see Exercise 12.48. 
A special case of the “only if” part is discussed in Exercise 12.46. See also 
16.8.4. 
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In 12.7.5 we shall give a much more rudimentary necessary and sufficient 
condition in order that a general trigonometric series 2nez c n e inx shall be a 
Fourier-Stieltjes series. This will be applied in 12.7.8 to show directly (that is, 
without any appeal to Helson’s theorem) that in particular 2n>o einx is not a 
Fourier-Stieltjes series. This example is especially significant in connection 
with conjugate series (see Section 12.8). 

It is a simple consequence of 9.2.4, 9.2.8 and the substance of 12.5.10 that, if 
(c n ) ne z is °dd and c n ^ 0 (n e Z, n > 0), then a necessary condition in order 
that 

00 

2 c n e inx = ]> 2ic n sin nx 

neZ n*l 



be a Fourier-Stieltjes series is that 




< oo ; 



in particular, if also (c n )® =0 is ultimately periodic, then the said series is a 
Fourier-Stieltjes series only if the periodic part is zero. Inspired by some 
remarks of Helson, Goes [2], [3] has proved a great deal more of the same 
nature concerning series 2n = i c n cos nx and 2n = i c n si n nx i n which the 
coefficients exhibit ultimately periodic or almost periodic features. He shows in 
particular that, if (n k ) k = x is any strictly increasing sequence of positive integers, 
then 2k = i sin n k x is never a Fourier-Stieltjes series. 

(4) Littlewood's conjecture. Finally we mention an interesting issue relating 
to idempo tents. Let 

k 

m(k) = inf | 2 eirl)X \\i> 

i = i 

the infimum being taken over all sets of k distinct integers n l5 • • • , n k . What is 
the true order of magnitude of m{k) as k —> o o ? If the are in arithmetic 
progression, then m(k) ^ const log k; Littlewood conjectured that this in- 
equality is valid in general. Davenport proved in I960 that 

m(k) ^ l/8[log k / log log &] 1/4 

for all sufficiently large k. This estimate was extended to all compact Abelian 
groups by Hewitt and Zuckerman [2]. For some related results, see Salem [1], 
Uchiyama [I], Fournier [2], Pichorides [1], [2], [3], MR 40 # 6150. Just 
before this book went to press, McGehee, Pigno and Smith [1], [2] jointly 
announced a proof of a generalized Littlewood conjecture. In fact, they prove 
the following. Assume that S = {% < n 2 < “ *} is a subset of Z : then 

(i) (Generalized Hardy Inequality) For every ^-spectral measure fi (see 
15.1.1 below), 

Z k ~ 1 1 £K) I < 30 || n || ! ; 

k= 1 

(ii) (Generalized Littlewood Inequality) for every positive natural number 
N and every complex-valued sequence (c k )* = 1 such that | c k | ^ 1 for 
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every k e {1, 2, • • • , A'}, 

E C k e n t > (3°) _1 lo 8 N ’> 
k = 1 1 

(iii) for every complex -valued sequence (c k ) k = 1 such that \c k \ < k~ x for every 
k e { 1,2, • • *}, there exists F e L 00 such that || F H*, ^ 30 and P(n k ) = c k 
for every k e { 1,2, • •}. 

The significance of estimates of the type involved in the Littlewood Conjec- 
ture is indicated in part by their application to the study of idempotents in 
measure algebras, which in turn is related to the problem of homomorphisms of 
measure algebras (Cohen [2], [3]) ; see Section 4.2 and Subsection 16.8.4. 

For remarks concerning the Littlewood conjecture in a more general setting, 
see Price [4]. 

12.7.5. Criterion for Fourier- Stieltjes Series. Let (c n ) n6Z be a given 
sequence and put 

«*(*) = 2 c n e‘“, (12.7.5) 

InK AT 

a N (z) = (N + 1) -1 [> 0 (*) + • • • + «*(*)] 

= 2 f 1 -WTl) c ^ inx - (12-7.6) 

|n|a ' 1 

In order that 2nez c n e inx be a Fourier-Stieltjes series, it is necessary and 
sufficient that 

lim sup ||cr N l|i < oo. (12.7.7) 

N-* oo 

Proof. If 2nez c n e inx is a Fourier-Stieltjes series, there exists a measure 
fie M such that c n = fi(n) for n e Z. Hence (compare (5.1.6)) 

o N = fi* F n , 

as follows from (12.6.4) and 12.5.4(1). Then 12.7.3 shows that 

Kill ^ || f||i • 1 -Mi = IImIIi. 

and (12.7.7) is visibly fulfilled. 

Conversely, suppose that (12.7.7) holds. Then evidently 

SU P IK 111 < °o , 

N 

and 12.3.9 entails that there exists a measure )ieM and a subsequence 
KJ”= i such that 

lim <j Nk (f) = f(/) 

k-* oo 
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for each fe C. Taking / = e_ n , this gives 

lim 6 Nfc (n) = jx{n) (n e Z). 

k-* co 

The limit on the left-hand side here is just c n , as reference to (12.7.6) will 
confirm. Thus c n = jl(n) for all n e Z and ]> n6Z c n e inx is a Fourier-Stieltjes 
series. 

Remark. Some deeper questions are mentioned in 12.7.9. See also 
Exercise 12.50. 

12.7.6. Criterion for Fourier Series of Class L p (p > 1). The notation 
being as in 12.7.5, suppose further that 1 < p ^ oo. In order that 2nez c n e inx 
be the Fourier series of a function in L p , it is necessary and sufficient that 

lim sup || cr# ||p < oo . (12.7.8) 

N-* co 

Proof. This proceeds on exactly the same lines as does that of 12.7.5, 
appealing to 12.3.10(2) in place of 12.3.9. We leave to the reader the task of 
filling in the details. 

12.7.7. Remark. When p = 1, the analogue of 12.7.6 is false, one of 
several possible corrected versions being in fact 12.7.5. In the last resort this 
breakdown is due to the fact that L 1 is not the dual of L 00 in the same sense 
that h q ' is the dual of L Q when 1 ^ q < oo (see I, C.l). Some other corrected 
versions will be discussed briefly in 12.7.9. 

12.7.8. Example. Let us use 12.7.5 to show that 2n ^ o einx ls n °f a Fourier- 
Stieltjes series. 

Direct calculation shows that here 

s N (x) = (1 - e ix )~ 1 [l - e iiN + 1)x ] 

and 

a N {x) = (1 - e ix )~ 1 {\ - [( N 4- 1)(1 - e ix )]~ 1 [e ix - e« N + 2)x ]}. 

Since |1 — e ix \ = 2|sin it follows that for large N we have 

K(*)| > % | cosec y 2 xj [l - ^ip^] 

> y 2 cosec y 2 x[ 1 - {N ” l)lxl 
^ 34 cosec y 2 x 
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for 2tt/(N + 1) ^ x < 7T. Hence 

1 C n 

Ikivlli > o cosec V2 xdx ’ 

^ 7r J 2nl(N + 1) 

which tends to infinity with N. Thus (12.7.7) is violated and 2n^o e * nx is not 
a Fourier-Stieltjes series. 

From this example it may be inferred easily that if 
c n = a + ft • sgn n + b n , 

where a and {$ are constants, .# 0, and 2 neZ |& n | 2 < 00 > then 2nez c n e inx is 
not a Fourier-Stieltjes series. 

An alternative argument runs thus. Bochner’s theorem 9.2.8 combines 
with 12.7.2 or 12.7.3 to show that, iff e L 00 and / ^ l l (Z), then sgn/ is not 
a Fourier-Stieltjes transform. Applying this with / taken to be the 
function such that 

00 

f(x) = i Y n” 1 sin war for all x £ R 

n= 1 

(or 

oo 

f (x) = i Y w -1 (log(l + n))~ 1 sin nx for all x e R), 

n = 1 

using 7.2.2, and noting that 

sgn f (n) = sgn n for all n e Z, 

it follows that the sequence whose n - th term is 

j(l -f sgnf(n)) = 1 or 0 according as n > 0 or n < 0 

is not a Fourier-Stieltjes transform. 

For many other examples, see Exercise 12.37. 

Remark . Concerning maps a of Z into itself such that 

Z /y ia(n) + inx 
neZt 

is a Fourier-Stieltjes series, see Edwards [13]. 

12.7.9. Criteria for Fourier -Lebesgue Series ; the Steinhaus - Littlewood 
Problem. We revert to the matters mentioned in 12.7.7. Let c = (c n ) be a 
function on Z and consider the trigonometric series 

S:Yw inx (12.7.9) 

neZ 



#n(x) = 2 c n e>nx - 

in! < N 



and its partial sums 



(12.7.10) 
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As follows from 12.7.5, the condition 

sup ||s„|| 1 < 00 (12.7.11) 

N 

is sufficient in order that S be a Fourier-Stieltjes series. Helson [1] (see also 
[ZJ, p. 286) showed that (12.7.11) also entails that c G c 0 (Z). On the other hand, 
Mary Weiss [1] proved that (12.7.11) does not ensure that S is a Fourier - 
Lebesgue series; see also Hewitt and Zuckerman [4]. (Why such a failure is to 
be expected was explained in 12.7.7.) We proceed to consider briefly two devel- 
opments suggested by this breakdown, the second of which constitutes a 
necessary and sufficient condition on (c n ) in order that S be a Fourier- Lebesgue 
series. (As always, the criterion is very difficult to apply to specific examples.) 

(1) It seems that both Steinhaus and Little wood are responsible for the 
following question: given that 

s N (x) > 0 for all real x and N = 1, 2, • • • , (12.7.12) 

does it follows that S is a F ourier-Lebesgue series? 

Inasmuch as (12.7.12) implies (12.7.11), it ensures (by 12.7.5) that S is a 
Fourier-Stieltjes series; see also Exercise 12.25. 

Steinhaus himself showed that if lim w _*oo s N (x) exists finitely and is non- 
negative for every real x, then S is a Fourier -Lebesgue series; see [Bax], p. 244 
and [Ba 2 ], p. 353. In this connection we remark that if 



f(log |n|) 1 for \n\ ^ 2, 
to for n = 0, ± 1 



then f(x) = lim iY _ oo s N (x) exists finitely for all x ^ 0 mod 2tt and f(x) ^ 0 for 
all such x. It is moreover true (but far from trivial) that / e L 1 and that S is the 
F ourier-Lebesgue series of /; this follows from a general theorem (see [Ba 2 ], 
p. 353). From Exercise 13.1 it then appears that / does not belong to L p for any 
p > 1. This shows that Steinhaus's result is in a sense the best possible. 

As to the Steinhaus-Littlewood question itself, a negative answer was 
established very recently by Katznelson [1], who constructed an example of a 
series S satisfying (12.7.12) but which is not a Fourier-Lebesgue series: in this 
example, the measure /x for which ft = c is in fact singular with respect to 
Lebesgue measure. See also Brown and Hewitt [1], [2]; MR 55 # 13160; 
56 # 9184 ; 54 # 10365. 

(2) By using 6.1.1 in conjunction with results in general integration theory 
referring to criteria for weak compactness for subsets of L 1 (see [DS^, pp. 
294-295; [E], pp. 274-276), the following characterization of Fourier-Lebesgue 
series can be established. 

Introducing the Cesaro sums 



a N (x) 



2 (' 

In! ^ iV \ 



M \ 

N + l) 



c n e inx , 



(12.7.13) 
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the following four conditions are equivalent: 

(a) a subsequence (o Nk ) k = 1 exists such that the set functions 

j E a "<c ( - x '> dx (A: = 1,2,---) (12.7.14) 

are uniformly (or equi-) absolutely continuous [that is, to each e > 0 corre- 
sponds 8 > 0 such that 

sup | o N Jx) dx | ^ s 

k JE 

for all measurable sets E satisfying m(E) < §]; 

(b) some subsequence {u Nk ) k = i converges weakly in L 1 ; 

(c) some subsequence (a Nk ) k = i converges in L 1 ; 

(d) WnezeA(Z). 

If any one of these conditions holds, and if / = lim k a Nk weakly or strongly in 
L 1 , then c = /, a N = u N f, and so (by 6.1.1) lim^* ||cx N — /||i = 0. 

There is also a partial analogue of the above result, due to Keogh [1], in 
which a N is everywhere replaced by s N . If (a'), (b'), and (o') are the statements 
that result from (a), (b), and (c) respectively on replacing a N by s N , the analogue 
asserts the equivalence of (a'), (b'), and (o'), together with the fact that, if any 
one of these is satisfied, and if / = lim k s Nk weakly or strongly in L 1 , then 
C = /, = s N f, and lim*^ ||a Wfc - /Hi = 0. 

In proving this analogue one uses, in place of 6.1.1, the fact that s N f — ► / in 
measure as N — > oo whenever / e L 1 . (Convergence in measure is defined in 
1.2.5, and the stated result follows from the remarks in 12.10.2.) 

Remark. The uniform absolute continuity of the set functions (12.7.14) 
can be expressed as uniform absolute continuity of the point functions 

F k(x) = &N k (t) dt, 

the condition being precisely that to each e > 0 corresponds a number 
8 = 8(e) > 0 such that 

r 

SU P 2 I F k{bj) - F k (aj)\ < e 

k j = 1 

for any finite sequence ((cq, b J )) r J=:1 of disjoint open intervals (%, bj) the sum of 
whose lengths does not exceed 8. In this connection see, for example, [HS], 
Theorem (19.53) and its proof. 

(3) If G is a general (locally compact Hausdorff) group, one can define the 
concept of bounded Radon measure on G ; see the remarks following 12.13.3, 
the references cited there, Exercise 12.34, and also [HR]. Denote by M (G) the 
set of bounded Radon measures on G. If G is Abelian, one can introduce the 
character group X of G (see 2.2.1 and [HR], Chapter 6). To each /jl e M(G) 
corresponds the Fourier (or Fourier-Stieltjes) transform /2 = namely, the 
bounded continuous function on X defined by 



= Mx) (x eX >- 
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(This definition of (L presupposes some development of the integration theory 
associated with pc,; compare the closing remarks in 12.2.3.) 

Most of the problems mentioned already in connection with M = M(T) have 
their exact analogues for M(6r). In addition, and more specifically, some of the 
functional analytic properties of lFM(G), considered as a normed linear space 
with the norm 



M = sup{|/i(x)| -x eX }’ 

have been investigated by Beurling and Hewitt (unpublished) and subsequently 
by Ramirez [1], [2], [3]. 



12.8 Hilbert’s Distribution and Conjugate Series 

In this section and the next we shall examine the operation of passing 
from a trigonometric series 

2 c » e ‘ nx 

neZ 

to the so-called conjugate (or allied) series 

2 ( — * • sgn n)c n e tnx ; 

neZ 

the explanation of the use of the term “conjugate” will be given shortly. 
By way of example, the reader will notice that, in the notation of Chapter 7, 
(S) is the series conjugate to ( C ). 

Our glance will be incomplete in at least two respects. First, and as is by 
now customary in this book, we shall have next to nothing to say about the 
traditional approach to the problem of pointwise convergence or sum- 
mability (except in so far as the results of Chapter 10 and the attached 
exercises may be applied). Secondly, although the explanation of the term 
“conjugate” will hint at close connections with complex variable theory, 
and with the study of those trigonometric series said to be of power-series 
type because they are of the form 



2 ^ > 

n^O 

there will be no space to give a full account of these connections. For these 
aspects we must refer the reader to [Z x ], Chapters III and IV ; [Ba 2 ], Chapter 
VIII; [HaR] , Sections 4.8 and 5.8; [Hel] ; [Kz], Chapter III; and, for 
the modern viewpoint applying to a category of more general groups, to 
[R], Chapter 8. See also [EG], Sections 6.7 and 6.8. 

For our part, we shall be interested in representing the passage from the 
Fourier series of a distribution to the conjugate series as the operation of 
convolution with a certain distribution H which is neither a function nor a 
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measure, and with the nature of this operation in its action on the L p spaces. 
This outlook fits in well with the discussion of multiplier operators to be 
discussed in Chapter 16. It will also form the basis of the proof, given in 12.10, 
of the mean convergence in L p of the Fourier series of a function in L p , 
when 1 < jp < oo. 

The reason for the term “conjugate” is simply and adequately explained 
by regarding any trigonometric polynomial 

2 C n e ‘ nl 

neZ 

as the boundary value for r = 1 of the harmonic function 

re ix — > ^ c n r |n| e inx . 

neZ 

For it then appears that the conjugate series represents the value for r = 1 
of that one of the conjugate harmonic functions of re ix (these conjugates 
being undetermined up to addition of constants; see [He], p. 55) which has a 
zero mean value. Some use will be made of this fact in 12.9.7. 



12.8.1. Hilbert’s Distribution. It will be plain from (12.6.4) that the 
series conjugate to the Fourier series of a distribution F is the Fourier series 
of the conjugate (or allied) distribution F = H * F, where the distribution H 
is given by 



H = 2 — i ’ sgn n • e inx ; (12.8.1) 

neZ 

here sgn n denotes 0 or \ n\~ l n according as n e Z is or is not equal to 0. 
It will appear from (12.8.7) and (12.8.8) that the operation F F can be 
expressed in a way which makes it plainly analogous (for periodic functions) 
to the so-called Hilbert transform for functions of a real variable. For this 
reason we take the liberty of referring to H as Hilbert's (periodic) distribution. 
Referring to (7.1.3), we see that %(# * F) = * F, and that# ^im^*, I) N 

in D. 

Starting from (12.8.1) we shall now derive some other expressions for H. 

To begin with, since we have by (7.1.3) the relations 



D n {x) = ^ • sgn n • e inx 



\n\^N 



= 22 

n = 1 

cot _ ( ^J; Y + %)* 

A sin Vox 



sin nx 
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we have for u e C° 



TT/ , If 71 . . fcos y 2 x — eos (N + M>)xl j 

H(u) = lim — t* s ^ — dx 

N ->ao 2 tt J_ n [ sin y 2 x J 

If 71 fcos y 2 x — eos (iV + 

= lim — [w(x) - u ^ r-j~ — 

iv-+ oo 2 tt Jo /j [ sm y 2 a: J 



da; . 



Now [^(x) — te( — x)]/sin is integrable over (0, 7r) and so the Riemann- 
Lebesgue lemma 2.3.8 shows that 



H(u) 

The inequality 




u( — x)]‘y 2 cot y 2 x dx. 



u(x) — u( — x ) I < 2\x\ • || || co 



( 12 . 8 . 2 ) 



combines with (12.8.2) to show that 

\H(u)\ f y 2 x * cot y 2 x dx • | Du\\ oo , (12.8.3) 

77 Jo 

so that H e D 1 . On the other hand, the final statement in Example 12.7.8 
shows that the series (12.8.1) defining H is not a Fourier- Stieltjes series, so 
that H is not a measure. Thus H is a distribution of order exactly 1. 

From (12.8.2) we have also 



1 f 71 

H (u) = lim - [ u(x ) — u( — x)] • y 2 cot x / 2 x dx. 

£-+0 7T J e 

On expressing the remaining integral as the difference of those whose 
integrands are, respectively, u(x)y 2 cot x / 2 x and u( — x)y 2 cot y 2 x, and 
making a change of variable in the second, it appears that 



H(u) = lim - f u(x) • y 2 cot y 2 xdx. (12.8.4) 

£-♦0 IT J £ ^ |x! < n 

In other words, and by comparison with Example 12.3.2(5), this may be 
expressed by writing 

H = P.V. cot y 2 x. (12.8.5) 

Partial integration may be applied to (12.8.4) to show that 

H = 2 • D[log |sin y 2 x |]; (12.8.6) 

the argument is very similar to that laid out in Example 12.4.3(3) and the 
reader is urged to supply the details. Naturally, the differentiation involved 
in (12.8.6) is understood in the distributional sense (see 12.4.1). 

From 12.6.1 and (12.8.4) we derive for u e the relation 

H * u(x) — lim f u(x — y) cot x / 2 y dy\ 

£-♦0 2TT J e ^ |y | jg n 



(12.8.7) 
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it is this expression that exhibits most clearly the similarity of the operation 
u-> H * u with the Hilbert transform. Similarly, using 12.6.1 and (12.8.2), 
there follows the relation 



1 C n 

H * u(x) = - [u(x - y) - u(x + y)]V 2 cot y 2 y dy 
77 Jo 



( 12 . 8 . 8 ) 



for ue C a 



12.8.2. The Classical Approach to the Conjugate Function. The form 
of equations (12.8.4), (12.8.7), and (12.8.8) suggests strongly the examination 
of the pointwise limit 

*f(x) 

f /(* - y) cot y 2 ydy (12.8.9) 

J \y I < n 

f [/(* - y) - f(x + y)} cot y 2 ydy, 



( cot y 2 x for s ^ |#| ^ 7r , 

\0 for 0 ^ \x\ < e, 

and is defined elsewhere by periodicity, and where / is free from the smooth- 
ness restrictions imposed upon u in (12.8.4), (12.8.7), and (12.8.8). The use 
of the principal value integrals in (12.8.9) is suggested, since it is obvious 
that the integrands in (12.8.9) are in general integrable over no neighborhood 
of the origin. 

The classical theory of conjugate series and functions [for which see the 
references in (3) below] is expressed entirely in terms of f c rather than our 
/ = H * /. The reader must guard against thinking that f c and / are always 
and obviously the same thing; see (3). Even for continuous functions /, 
f c (x) may fail to exist finitely for certain values of a;; it is not trivial to show 

even that f c (x) exists finitely for almost all x for an arbitrary continuous /. 

We shall have neither occasion nor space to discuss the existence of f c in 
general. All that we shall need, and all that we shall prove, is contained in (1) 
and (2) immediately below. A good deal more that we shall not prove is 
mentioned in (3) with the main aim of clarifying the connection between f c 
and/. 

(1) Suppose that / e L 1 is such that 

J o I f(x - y) - f(x + y) I cot y 2 y dy < go 



f c (x) = lim H e 

£-*■0 



= !"o 5 



= !“„ s 



where 
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for almost all x, so that for such x we have 

/'(*) = 2“ J o [/(* - y) - f( x + yj \ cot 'Ay dy, 

suppose further that /°, thus defined almost everywhere, belongs to L 1 . 
Then/ 0 = / qua distributions. These hypotheses on / are fulfilled whenever 
/ e L 1 and 

\f( x - y) -/(* + y ) I < H x )\y\ a 

for almost all x, where h e L 1 and a > 0; and hence in particular whenever / 
is absolutely continuous and Df e L p for some p > 1 . 

Proof. The hypotheses on / ensure that the theorems of Fubini and 
Tonelli ([W], Theorems 4.2b and 4.2c) can be applied to compute / c . The 
result of this computation reads : 

a i * r* 

f c ( n ) = — J(n) cot y 2 y • sin ny dy . 

* Jo 

Further computation on the remaining integral then shows that 

f c (n) = —i * sgn n • f (n) for all n e Z. 

This combined, with (12.6.4) and (12.8.1), shows that/ 0 = H*f = / qua 
distributions. The details of these calculations are left to the reader (Exercise 
12.18). 

(2) If/eL 2 , then 

lim H e *f=H*f = J 

E~*0 

in L 2 . In particular, there exists a sequence e v — > 0 such that 
J(x) = H *f(x) = lim H Sw *f(x) 

v-» 00 

for almost all x. 

Proof. One can compute S e and verify that S s -^ H boundedly on Z 
(see Exercise 12.18 again). So (12.6.4), (12.8.1), and 8.3.1 show that H */e L 2 
and that H e * / -> H * / in L 2 as e -> 0. The rest follows from the well-known 
fact that a mean convergent sequence contains a subsequence which converges 
pointwise almost everywhere (see the proof of [W], Theorem 4.5a). 

Remark . From (2) it appears that f(x) = f c (x) a.e. for any/eL 2 for 
which /° is known to exist almost everywhere. (This last is in fact true for 
every f eL 2 ; see (3).) 

(3) Perhaps the simplest route toward a fairly general identification of f c 
and / lies in proving (somewhat along the lines of the methods of Chapter 6) 
that for any / e L 1 the conjugate series is Cesaro summable almost everywhere 
to f c (x), that is, that 

lim a N f{x) = f c (x) 
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for almost all x; for a proof of this, see [Z{] p. 92; [Ba 2 ], p. 58. Let us assume 
this result. 

As we shall prove in 12.9.1, f e L p whenever 1 < p < co and / e L p . In this 
case, as follows from 6.1.1, u N f converges in L p to /, and it appears from the 
last paragraph that f = f c a.e. Similarly, on the basis of the results in 12.9.9, 
one can infer that / = f c a.e. whenever, more generally, / • log* |/| e L 1 ; see 
12.9.9(1) and (2) and compare 12.10.2. 

For a general f e L 1 ,f c may fail to be integrable (a result analogous, but not 
trivially equivalent, to the corresponding assertion about /, which will be 
proved in 12.8.3); see [Z x ], p. 257; [Ba 2 ], pp. 95, 1 12. In such cases f c does not 
generate a distribution in the manner described in 12.2.2, and the question of 
the identification of f c and / scarcely arises. 

We mention that it was proved by Lusin and Privalov (see [Z x ], p. 131 ; 
[Z 2 ], p. 252; [Ba 2 ], p. 62; [HaR], Theorem 89; G. Weiss [1], p. 164) that f c (x) 
exists finitely almost everywhere for each / e L 1 ; see also the remarks in 13.10.3. 
The function / c , although not necessarily integrable in Lebesgue’s sense, is 
integrable in various generalized senses and the corresponding generalized 
Fourier series of f c is indeed the series conjugate to the Fourier series of /; 
for details, see [Z x ], pp. 262-263 and [Ba 2 ], pp. 128-137. One suitable concept 
of integration for this purpose is the so-called B-integral (see [Z x ], pp. 262-263) 
and the result is then due to Kolmogorov (1928); another is the so-called 
A -integral (see [Ba 2 ], pp. 128-137), in which case the result is due to Ul’yanov 
(1957). 

See also MR 54 # 5719. 



12.8.3. Conjugates of Functions in L 2 , L 1 , and C. It will be encouraging 
to begin with one of the few really simple properties of the conjugate function 
operator. 

(1) If / e L 2 , then / = H *f e L 2 and 

||/!U < ll/IU- (12.8.10) 

Proof. The relation (12.8.1) shows that' 

\6{n)\ ^ 1 for all n e Z 



whence the stated result follows on the basis of (12.6.4) and 8.3.1. 

(2) When L 2 is replaced by L 1 or C, the situation is less simple. 

In the first place, Exercise 7.7 furnishes an example of a function / e L 1 
such that/ ^ L 1 . 

Again, consider the pointwise sum-function / of the series 



Z 



sin nx 
n log n 



(12.8.11) 



By 7.2.2(1), / is continuous. We will show that in fact / is absolutely con- 
tinuous and yet, nevertheless, / / L 00 . 



Indeed 



Df= Z 



cos nx 

log n 
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and Exercise 7.7 and the substance of 12.4.2 affirm the absolute continuity 
of/. The Fourier series of / is [see 7. 2. 2(3)] 



-2 
n = 2 



cos nx 
n log n 



which, by 7.3.1, is point wise convergent for x ^ 0 (mod 2tt). Since, according 
to (1) immediately above, the series converges in L 2 to /, it follows that 



/(*) = -2 



cos nx 



n = 2 71 lo g n 



(12.8.12) 



pointwise almost everywhere. We proceed to estimate the pointwise sum of 
the series (12.8.12), concentrating on small values of x > 0. 

For any such value of x, let N = N(x) be the positive integer such that 

NlogN < ar 1 < (N + l)log(A + 1). 

By partial summation and the estimate (see Exercise 1 .2) 



it follows that 



2 cos nx 

n = 1 



A 

x 



2 00 cos nx 2 A 

.. .. H w log W ^ x(N + 1) log (N + 1) 



where A and A' are independent of x. On the other hand, for 2 ^ n ^ N, 
cos nx ^ cos Nx > cos {(log iV') -1 }. 

From (12.8.12) it now follows that, for any preassigned e > 0, there exists 
8 = 8(e) > 0 such that 

-f(x) ^ (1 - e) log log i (12.8.13) 

for almost all x e (0, 8). 

The inequality (12.8.13) shows that/ <£ L 00 . 

Even more striking examples of a similar nature have been constructed by 
Lusin and Tolstov; see [Ba 2 ], pp. 95-98. See also Goes [2], Section V. 

A similar argument shows that the pointwise sum function 

Six) = J ^ (12.8.14) 

n = 1 71 



which (see Exercise 10.8) agrees on (0, 2tt) with (n — x)j2 (and so is but very 
mildly discontinuous), is such that, for any given e > 0, there exists a 
number 8 = 8(e) > 0 such that 

-j(x) 3* (1 - e) logi + A e 



(12.8.15) 
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for almost all are (0, S), A s being independent of x. This example will be 
useful later [see 13.9.2(3)]. 

A little more generally, consider a function / with a finite number of 
jump discontinuities at points a t , . . . , a k in [ — n, n) and such that 

D f = Z CjS aj + g, 

j= 1 

where the Cj are complex numbers and g is so smooth that g e L 1 . Then 

Df=D(H*f) = H*Df 

= 1 CjT aj H + g. 
j= i 

Defining temporarily (p(x) = 2 log | sin \x for all x e ( — n, n) and by 
periodicity elsewhere, it follows from (12.8.6) that 

k 

f{x) = £ Cj(p(x - aj) + h(x), 

l=i 

where h is continuous. This exhibits the misbehaviour of/: in particular, 
if Cj ^ 0,/is unbounded near aj like 

-log(|ar - aj I -1 ). 

That the preceding examples are not in the nature of isolated freaks is 
shown by the next result. 

(3) The set of functions f e L 1 (respectively, C), for which f e M (respec- 
tively, L 00 ), is a meagre subset of L 1 (respectively, C); the complementary set 
is therefore everywhere dense in L 1 (respectively, C). 

Proof. This will follow on combining the known fact that H is not a 
measure with the more general theorem 12.8.4 immediately following, as a 
preliminary to which the reader may find a glance at I, A and I, B.2 profitable. 

12.8.4. Suppose that F e D satisfies either of the following two conditions 

(1) F * f e M for each / in a nonmeagre subset S of L 1 ; 

(2) F * f e L 00 for each / in a nonmeagre subset S of C. 

Then feM. 

Proof. (1) Suppose first that F satisfies condition (1). We write 

S = U. (12.8.16) 

n = 1 

where S n denotes the set of/e L 1 such that F *f e M and || F * / 1| x ^ n [the T 
norm on M being defined as in (12.3.6)]. The first step is to show that each 
S n is a closed subset of L 1 . 

To this end, suppose that f k (k = 1, 2, • • ) belongs to S n and f k ->/ in L 1 : 
it must be shown that / e S n . Now, by definition of S n , F * f k e M and 
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\\F*f k \\i ^ n for all lc. Hence, by 12.3.9, there is a subsequence (f k .)*° =1 and 
p, eM such that F * f k _ p weakly in M. At the same time, however, 12.6.6 

affirms that F*f n ^F*finD. It follows that F *f = p eM. In addition, 
by Exercise 12.13, 

P*/Ili = Hi < liminf ^ n, 

i-* oo 

and so / does indeed belong to S n . 

Knowing that S n is closed in L 1 and that S is nonmeagre, the relation 
(12.8.16) forces the conclusion that, for some n, S n has interior points relative 
to L 1 . For this n there exist a number p > 0 and a function f 0 e L 1 such that 
he S n whenever he L 1 and ||A — y* 0 1| x ^ p. Then, if fe L 1 and \\f\h ^ p, 
h = /o + / e S n and so 

F *f = F * h — F *f 0 

is seen to belong to M and to satisfy \\F *f\\ x < 2 n. It follows at once that 
F * / e M and 

II F*f\\i < 2np~ l \\f\\ 1 (12.8.17) 

for all / e L 1 . 

For the final step, we choose an approximate identity in L 1 satisfying 

\\fi\\i < 1 and infer from (12.8.17) that 

| ^ 2 np - 1 (12.8.18) 

for all i. 

Repeating the arguments employed three paragraphs above, and using 
12.3.2(3) and 12.6.7(1), it may be inferred from (12.8.18) that F eM. 

(2) Suppose now that F satisfies condition (2). It will suffice to show that 

sup ||F*/ i || 1 < go (12.8.19) 

i 

is again true for some approximate identity (/*)*! x in L 1 , which we may assume 
to satisfy \\fi\h < 1. For reasons that will appear shortly, we shall assume 
that each f { e C 00 . 

Now, by the case p = 1 of 3.1.4, we have 

^ p*/ii»n / t | 1 < «f*/iu 

for each f e S. Thus 



sup 1-F */*/j(0)| < 00 (fe S). (12.8.20) 

i 

Since each/* e C 00 , and since convolution is associative (see 12.6.5), 12.6.2 
and 3.1.4 make it plain that 



f-*F*f*M0) 
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is, for each i, a continuous linear functional on C. In view of (12.8.20), an 
application of I, B.2.1(2) leads to the existence of a number c > 0 such that 

sup l-F */ */j(0)| < c||/||oo (fe C). (12.8.21) 

i 

Reference to (12.3.6) leads at once from (12.8.21) to 

sup | .F * /i || ! c, 

I 

which entails (12.8.19). The proof is complete. 

12.8.5. Remarks concerning 12.8.3 and 12.8.4. (1) There are close 

connections between 12.8.4 and problems concerning multiplier operators, a 
topic discussed in Chapter 16; see especially Section 16.3. 

(2) Concerning 12.8.3(2), we remark that it is possible to exhibit specific and 
quite simple functions / e U such that the function f c (see 12.8.2) is non- 
integrable over any nondegenerate interval ; see, for example, [Z 2 ], p. 257. 

(3) As 12.8.4 shows, the underlying reason for the existence of Continuous 
functions / such that / is essentially unbounded is simply that H is not a 
measure, that is, in view of the substance of 12.5.10, that H is not of the form 

const + D<f> 

with <f> a function of bounded variation. 

It is therefore interesting to note that the underlying reason for the existence 
of absolutely continuous functions / such that / is essentially unbounded on 
every nondegenerate interval (compare 12.8.3(2)) can be shown (Exercise 16.27 
and Edwards [3]) to be the circumstance that H is not of the form 

const + Dh 

with h G L 00 . That H is not of this form follows easily from the fact that 
2 1 cos nxjn is not the Fourier series of a function in L°°, which in turn 
follows from Exercise 6.3 or from (12.8.15). 

(4) We take this opportunity to mention in passing a famous and remarkable 
theorem due jointly to F. and M. Riesz, namely: if ji and pi are both measures, 
then fj, e L 1 . For proofs of this, see [ZJ, p. 285; [Ba 2 ], pp. 87-92; [Ri], p. 335; 
and [R], Section 8.2. 

An equivalent formulation of the theorem asserts that if / is a function of 
bounded variation, and if / is (the distribution generated by) a function of 
bounded variation, then / is in fact absolutely continuous; compare the Hardy- 
Littlewood theorem quoted in 10.6.2(7). (The equivalence of the two versions 
hinges upon the substance of 12.5.10; see Exercise 12.19.) 

For some abstract versions of the theorem, see de Leeuw and Glicksberg [1], 
Lumer [1], Ahern [1], and Glicksberg [2], [3]. 
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12.9 The Theorem of Marcel Riesz 

The results stated in 12.8.3 may be extended and balanced by the following 
major result, due to Marcel Riesz (1927). 

12.9.1. Statement of the Theorem. Suppose that 1 < p < oo. There 
exists a number k p ^ 1 such that H *f e L p and 

W*fl < k„\\fl (12.9.1) 

for each / e L p . 

12.9.2. Start of Proof. The proof we shall give is somewhat lengthy and 
will be prefaced by a number of reductions and manipulations. Many other 
proofs are known; an entirely different one will be given in Section 13.9. 

Although the following proof is intended to be complete in all details, the 
reader may find it of interest to glance at the sketch proof using other complex 
variable techniques that appears on pp. 165-167 of G. Weiss [1]. An approach 
to 12.9.1 based upon the study of harmonic functions appears in [R a ], 
pp. 345-348 (especially Exercise 17); compare 12.9.8(2). See also [Kz], 
pp. 68-70 and Remark (2) following 13.9.1 and 13.9.2 below. 

12.9.3. For a given number k > 0 denote by E k the set of/e L p such that 
H * f e L p and 



\\ H *f\\p < k \\f\\p- (12.9.1') 

Our task is to show that, if 1 < p < oo, then some k = k p exists for which 
E fc = L p . We begin by observing some simple properties of E k for a given 
k and p. 

12.9.4. (1) E fc is a closed subset of L p ; 

(2) if u = Re/ and v = Imf belong to E k , then/ e E 2k ; 

(3) if / is real-valued, and if f + = sup (/, 0) and /_ = sup ( — /, 0) belong 
to E k , then / e E 2k . 

Proof. (1) Let (f n )n = i be any sequence extracted from E k such that 
/ n — >/ in mean in L p . By (12. 9.1') and 12.3.10(2), a suitable subsequence 
{ H *f ni )?= i converges weakly in L p to some g e L p . On the other hand, by 
12.6.6, H * f n _> H * / in D. It follows that H * f = g e L p and, by Exercise 
12.14, that 

\\ H *f\\p = Mp ^ lim inf \\H * f nt || p 

i-» co 

s: lim inf k\f n . || p ^ fc||/|| p . 



This proves (1). 
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(2) By linearity of H * f in the variable /, we see that H * f = H * u 
+ i(H * v). If u and v belong to E fe , it follows that H *feh p and that 

W*fl ^ + ll-ff *w|| P 

< k (\H P + Ship) 

^ 2i||/||p, 

which proves (2). 

(3) The proof is exactly similar to that of (2). 

12.9.5. In order to establish 12.9.1 for a given p satisfying 1 < p < oo, it 
suffices to show that for some k = k p the inequality (12.9.1) holds for each 
trigonometric polynomial / > 0. 

Proof. This follows by repeated applications of 12.9.4. Thus if (12.9. T) 
holds for each trigonometric polynomial/ > 0, 12.9.4(1) and 6.1.1 show that 
(12.9. T) holds for all continuous / > 0. By 12.9.4(1), this inequality extends 
to all continuous / ^ 0. Then 12.9.4(3) and (2) show that the same is true, 
with 4 k in place of k, for any complex-valued continuous /. Finally 12.9.4(1) 
and 6.1.1 show that (12.9.1') is valid, with 4k in place of k, for any/ e L p . 

12.9.6. If (12.9.1) holds for some p satisfying 1 < p < oo and each / e L p , 
then it also holds, with k p > = k p , for each f e L p ' (where, as usual, 

i Ip + W = i)- 

Proof. Suppose that / and g are trigonometric polynomials. Then 

= (H*f)*g(0) =/*(# * ? )(0) 

= i- jf(H *g)dx. 

By Holder’s inequality and the main hypothesis, it follows that 

| ±.jf(H*g)dx\ <ip||/||p- IMI p- 

The converse of Holder’s inequality (Exercise 3.6) now entails that 

\\H*gh ^ ipMp- 

for all trigonometric polynomials. Since p ' < oo, 12.9.4(1) now serves to 
show that (12.9.1) is true with p' in place of p and k p > = k p . 

Remark. The preceding result is a special case of a more general principle 
which will appear in 16.4.1. 

12.9.7. Final Stage of Proof. By 12.9.5 and 12.9.6, in order to prove 
12.9.1 completely, it will suffice to consider a value of p satisfying 1 < p ^ 2 
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and establish the existence of a number k for which (12.9.1') holds for all 
trigonometric polynomials / > 0. We now undertake this task. 

Write 

g = H*f= ^ — i * sgn n m f(n)e inx , (12.9.2) 

neZ 

h=f+ig. (12.9.3) 

Since / is real-valued, so that f(n) = f( — n) (see 2.3.1), it is easily seen that g 
is real- valued. The reader will also observe that 

h = /( 0) + 2 2 f( n )e inx - (12.9.4) 

n > 0 

It is crucial to our proof to know either that 

— Re jh p dx < const ||/||£, (12.9.5) 

or that 

R ® / hP dx ** °' (12.9.5') 

The discussion of (12.9.5) and (12.9.5') is deferred until 12.9.8. Meanwhile 
we proceed on the assumption that at least one of these inequalities is valid. 

Choose 8 = 8 P so that 0 < 8 < 1 / 2 7r < p8 < 1 / 2 P 7T ^ tt (recall that we are 
assuming that 1 < p ^ 2) and put 

a = a p = sec p8, — /3 p = (sec 8) p ( 1 + |a|), 

so that a < 0 and ft > 0. We claim that 

1 ^ a • cos pt + /3(eos t) p for \t\ ^ %7r. (12.9.6) 

Indeed, if 8 ^ |£| ^ the right-hand side is not less than a cos pt 

> a cos p8 = 1; and if \t\ ^ 8, it is not less than /?(cos 8) p — \a\ = 1. 

Now / = \h\ cos t where, since / > 0, |£| < y 2 7T. So (12.9.6) yields 

J \h\ p dx < J \h\ p cos pt • dx + J |^| p (cos t) p dx 

provided we take that branch of the pth power which is real and positive on 
the positive real axis. Since a < 0, either of (12.9.5) or (12.9.5') leads thence 
to the inequality 



A J \h\»dx < const ||/||£. 
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Then (12.9.3) yields 



Ilg-L = ll-*( A -f)h const II/IIp. 

which is equivalent to (12.9. T). 

12.9.8. Return to (12.9.5) and (12.9.5'). It thus remains only to establish 
one or the other of (12.9.5) or (12.9.5'). It is in fact true that 

A jh’dx = [A Ji dx ]” , (12.9:7) 

and we shall substantiate this in a moment. Since 

^ Ja dx = K(0) = /(0) = A jfdx, 

(12.9.7) plainly implies both (12.9.5) and (12.9.5'). Let us therefore consider 

(12.9.7) . m 

(1) There is a proof of (12.9.7), due to Helson and based on the theory of 
Banach algebras, which is indicated in Exercise 12.26. The above proof of 
the M. Riesz theorem itself is also due in part to Helson. 

(2) One may also observe that h is the boundary value (on the unit 
circumference) of the polynomial 

H(w) =/( 0) + 2 ^ f(n)w n 

n > 0 

in the complex variable w; see (12.9.4). Then, since / > 0 is the boundary 
value of the harmonic function Re H, it follows from the maximum principle 
for harmonic functions that Re H(iv) > 0 for \w\ ^ 1. An analytic branch 
of H p may thus be defined and (12.9.7) follows at once from Cauchy’s theorem 
applied to this branch. 

(3) A third approach is as follows. It is simple to verify that 

jpoh dx = P[-^- jh dx] (12.9.8) 

is true for each polynomial P in one complex variable w. Now the range of h 
lies within some compact rectangle in the half-plane Re w > 0 and one 
may there choose an analytic branch of w p . This chosen branch can then be 
approximated, uniformly on this rectangle, by polynomials P(w) (a special 
case of Runge’s theorem proved in Appendix D in Volume 1 ; 
alternatively, consider the chosen branch of w p in the disc | w — n | < n, 
where n is a sufficiently large positive integer). Then h p is the uniform 
limit of the corresponding functions P ° h. A limiting process on (12.9.8) 
leads directly to (12.9.7). 
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Of the arguments (1), (2), and (3), (1) and (3) may be taken over for more 
general groups, but (2) cannot. 

The proof of 12.9.1 is entirely complete. 

Remarks. For extensions of 12.9.1 and related theorems, see [R], 
Chapter 8; Helson [7] ; MR 20 # # 4155, 5397; 41 # 4136. 

Concerning the best possible value of Jc p in (12.9.1), see MR 47 # 702 ; 
for the same question relating to (12.9.9), see MR 54 # 10967. 

Weighted norm inequalities for the operator H have also been studied ; 
see, for example, MR 47 # 701 ; 54 # 5720. 

12.9.9. Further Inequalities. As we know from 12.8.3 and 12.8.4, 12.9.1 
is false for p = 1 and for p = oo. It can however be shown that 

|| H */|| p < || /||i for 0 < p < 1 (12.9.9) 

and that 

|JWli<£Jl/|log* 1/1*+* (12-9.10) 

whenever / is a trigonometric polynomial. Proofs will be found in [Z x ], pp. 
254-256; [Ba 2 ], pp. 103-122; and [R], pp. 220-221. In each of these references 
the proofs use the same general principles as does the preceding proof of 

12.9.1. See also [Kz], p. 66. In Section 13.9 we shall discuss proofs of 

12.9.1, and equations (12.9.9) and (12.9.10), depending on a general 
interpolation theorem due to Marcinkiewicz. 

We mention also that an elegant type of proof of (12.9.1), based upon a 
study of rearrangements of functions and an inequality of Hardy (see [Z x ], 
p. 20), has been given by O'Neil and Weiss [1]. 

Let us temporarily assume the truth of (12.9.9) and (12.9.10) for trigono- 
metric polynomials / and see how their range of validity can be extended. 

(1) If we take any / e L 1 and apply (12.9.9) to the trigonometric poly- 
nomials a N f, noticing en route that 

H * a N f = <j n (H */) = a N f, 

we obtain 

IK/X < *,11/ Hi- 

Calling on the fact that o N f — >/ c almost everywhere (see 12.8.2(3)), it may be 
deduced from Fatou’s lemma ([W], Theorem 4. Id) that 

\\f% < KWfh if 0 <p< 1 and/eL 1 . (12.9.11) 

In (2) it will be shown that H*fe L 1 and that (12.9.10) continues to 
hold, provided/* log + |/| e L 1 . In this case 6.4.4 gives 



a N f — o n (H * /) — > H * f 



a.e. 
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Hence [by 12.8.2(3) once more]/ = H *f = f c a. e. whenever/ * log + |/| e L 1 . 
This confirms an identification stated in 12.8.2(3). It shows also that (12.9.11) 
holds with / in place of f c whenever / * log + |/| e L 1 , but this estimate will be 
bettered in (2). 

(2) Starting from the assumed validity of (12.9.10) for trigonometric 
polynomials /, we aim to show that H *f e L 1 and that (12.9.10) continues 
to hold whenever / * log + |/| e L 1 . 

Proof. Suppose first that/eL 00 . Then, by 12.8.2(2), H*fe L 2 c L 1 . 
That (12.9.10) holds in this case is easily seen by approximating / by the 
trigonometric polynomials a N f which, by 6.4.4 and 6.4.7, converge boundedly 
and almost everywhere to/, and by making appeal to Lebesgue’s theorem 
([W], Theorem 4.1b). 

Before proceeding to handle a general / satisfying / log + |/| e L 1 , we 
observe that if in (12.9.10) we replace / by af, where a is any positive number, 
and then divide both sides by a, it appears that to any e > 0 corresponds a 
number r = r(e) > 0 such that 

II H */ Hi < * + ^ J I/I log + (r|/|) dx. (12.9.12) 

By virtue of what we have already established, (12.9.12) holds for any 
/e L« 

Take now any / satisfying / log + |/| e L 1 and define f n to be equal to / at 
points where |/| ^ n and to be zero elsewhere, so that / n eL°°. Applying 

(12.9.12) to f m — f n in place of/, we see that 

II H *f m - H */„][, ^ e + A J |/ m _ f n | log- (r\f m - f n |) dx. (12.9.13) 

Suppose that m < n. The integrand appearing on the right-hand side of 

(12.9.13) vanishes on the set E m of points x e [ — 7r, n] satisfying \f(x)\ ^ m 
and is everywhere majorized by 2|/| log + (2r|/|), which is integrable. Since 
the measure of the complement [ — 77 , 7r]\E m tends to zero as m -> 00 , it 
follows from (12.9.13) that 

II H*f m -H*f n ||, ^ 2e 

provided n > m ^ m(e). The sequence (H * f n )n = 1 is thus Cauchy, and 
therefore convergent, in L 1 . But, since f n ->/ in L 1 , H */ n -> H *f distribu- 
tionally (see 12.6.6). It follows that H * f e L 1 . Finally, if (12.9.10) be written 
down with f n in place of /, the passage to the limit as n — > 00 will show, since 
H * f n -+ H * / in L 1 and since Lebesgue’s theorem can be applied to the 
integrals on the right-hand side, that (12.9.10) continues to hold for the 
chosen /. The proof of (2) is thus complete. 

Remark, Statement (2) is, in a sense, the best possible of its type; for 
the details, see [Z-J p. 257. 




106 



DISTRIBUTIONS AND MEASURES 



(3) We remark finally that there are also integral inequalities applying to 
the functions conjugate to bounded functions and to continuous functions. 
Thus, there exists an absolute constant A 0 > 0 such that 

A Jexp [A| /(a:)|] < oo if I/! „ < 1 and A < A 0 . (12.9.14) 

Moreover, 

Jexp [A|/(#)|] dx < oo if fe € and A is real. (12.9.15) 

Complex variable proofs of these results will be found in [Z x ], pp. 254-257; 
alternative proofs will appear in 13.9.2. See also [Kz], p. 70. 

12.10 Mean Convergence of Fourier series in L p (1 < p < oo) 

Kolmogorov remarked in 1925 on a way of expressing s N f in terms of 
conjugate functions, the use of which leads painlessly from 12.9.1 to mean 
convergence of the Fourier series of a function in L p when 1 < p < oo [see 
relation (B) in 1.3.2]. 

12.10.1. Another Theorem of Marcel Riesz. Suppose that 1 < p < oo. 

There exists a number k = k p such that for / e L p one has 

Ml P < *||/||p for all N e {1, 2, . . .} (12.10.1) 

and 

lim 1/- s N f\\ p = 0. (12.10.2) 

N-* CO 

Proof. Put f± N (x) = e- iNx f(x). Then 

H *f N (x) = — i ^ sgnw •f(n — N)e inx 

neZ 

H *f- N (x) = — i ^ sgn n • f(n + N)e inx . 

neZ 

Hence, for N > 0, 

e~ iNx [H *f N (x)] - e iNx [H *f- N (x)] 

= — i 2 [sgn (n + N) — sgn ( n— N)]f(n)e inx , 

neZ 

or 

- e^ x [H*f_ N {x)}] 

= 2 s N -J(x) +f(N)e iNx + f(~N)e- iNx 

Using 12.9.1 and 2.3.2, (12.10.1) follows directly. [The value of k appearing 
in (12.10.1) is not necessarily the same as that appearing in (12.9.1).] 

Now (12.10.1) shows that the set, say S, of / e L p for which (12.10.2) is 
true, is closed in L p . For suppose that (/ n )” =1 is a sequence extracted from S 



(12.10.3) 
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which converges in L p to /. Then 

II S N f - /||p ^ ||« W / - S N f n \\ p + ||s N / n - / n ||„ + || /„ - /|| p 
< *1/ - /»l|p + |K/n - /»||p + 1/ - /n||p 
= (4 + l)||/-/n||p + K/„-/,||p. 

Given e > 0, first choose and fix n = n(e) so that 

^ 2(k + 1)’ 

and then choose N 0 = N 0 (e) so that 

1 %/n ~ fn\\p ^ 34 8 

for all N ^ N 0 . This last choice is possible since / n e S. It appears thus that 

IW “/lip < 8 

for all N ^ N q , which shows that f e S. 

Havijig seen that S is closed in L p , it remains only to show that S is every- 
where dense in L p . But it is evident that S contains all trigonometric poly- 
nomials. These are everywhere dense in L p by 6.1.1. The proof is thus 
complete. 

12.10.2. Further Inequalities. Assuming the inequality (12.9.9) to hold 
for trigonometric polynomials, the equation (12.10.3) yields at once the 
estimate 

11%/ IU < W Hi for a11 V e (0, 1) and all N € {1, 2, . . .} (12.10.4) 

for trigonometric polynomials /. (The constant k p need not have the same 
value in (12.10.4) as in (12.9.9).) The extension to any / e L 1 is almost 
immediate. (Approximate / by the trigonometric polynomials <r N 'f.) Then, 
much as in the closing stage of the proof of 12.10.1, it may be inferred 
that (12.10.2) holds whenever/ € L 1 and 0 < p < 1. 

Likewise, assuming the results in 12.9.9(2), it may be inferred that 

+ B for all tfe {1,2,...} (12.10.5) 

whenever /• log + |/| e L 1 . A little more argument will then show that 
(12.10.2) holds with p = 1 whenever /• log + |/| e L 1 ; for the details, see 
[Zil, p. 267. 

The result stated in Exercise 10.2 shows at once that (12.10.1) and (12.10.2) 
are false when p = 1 and / is suitably chosen from L 1 . (But see 12.7.9(2).) 
See also MB 55 # 963. 
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12. 10.3. Projection of L p onto H p . Consider the distribution 

P = U( 1 + £ + iH ), (12.10.6) 

which is such that 

P{n) = 1 if n ^ 0, = 0 if n < 0. (12.10.7) 

For any distribution F we have 

P * F = 2 i\n)e inx (12.10.8) 

n Ss 0 

Most of the results about P can be read off from those of H appearing in 
Section 12.8, 12.9.1, and 12.10.2. In particular, P is a distribution of order 
exactly 1 ; and the set of f e L 1 for which P * / e M is meagre [see 12.8.3(3)]. 
The operation F —> P * F is a projection , that is, it is linear and idempotent. 
If we introduce the Hardy space H p for 1 ^ p < oo (see Exercise 3.9, the 
references cited there, and also Chapter 17 of [R x ]), then it follows from 12.9.1 
that, when 1 < p < oo,/— > P * / is a continuous projection of L p onto H p . 
This assertion is false for p = 1 [see 12.8.3(3)]; indeed it is known (D. J. 
Newman [1]) that there exists no continuous projection whatsoever of L 1 onto 
H 1 . 

12.11 Pseudomeasures and Their Applications 

12.11.1. Definition of Pseudomeasures ; the Space P. By a pseudo- 
measure is meant a distribution S such that S is a bounded function on Z; 
the terminology appears to have been coined by Kahane and Salem; see [KS], 
Appendices I and II; [Kah 2 ], Chapitre III; [Kz], p. 150. Thus, the 
distributions H and P introduced in 12.8.1 and 12.10.3, respectively, are 
pseudomeasures . We denote by P the set of pseudomeasures ; P is a linear 
subspace of D, and McP properly. P is also a convolution algebra. 

Pseudomeasures arise quite naturally in the representation of multipliers, 
to be discussed in Chapter 16. 

12.11.2. Let us reintroduce the linear space A of continuous functions / 
such that 

ll/IU = 2 \f(n)\ < oo; (12.11.1) 

neZ 

see Section 10.6 and 11.4.17. 

As has been noted in 10.6.1 and 11.4.17, A is a Banach space and also a 
Banach algebra under pointwise operations. 

12.11.3. P as a Dual Space. One reason for the significance of P is that it 
can be identified with the set of continuous linear functionals on A: each 
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continuous linear functional on A is expressible in the form 

neZ 

for a uniquely determined S e P; and, conversely, each S e P generates thus 
a continuous linear functional on A. The dual norm ,of S is 

|£|| P = sup{|£(/)| :fe A, ||/jj A ^ 1}, 

which proves to be equal to 

\\S || oo = sup {|/§(t&)| : n e Z). 

All this is scarcely more than a restatement of the fact that each continuous 
linear functional on t\Z) has the form 

<t> -* 2 

neZ 

for a unique ip e £ <:C (Z), and conversely; see Exercise 12.32. 

Since A is a Banach algebra, the product fS of / e A and S e P can be 
defined as a pseudomeasure by means of the relation 

fS(g)=S(fg) (ge A); (12.11.2) 

compare the substance of 12.3.4. 

If <p e £ X {Z) and ip e £ <X> {Z), then |eA and iff, the distributional sum of the 
series 

2 <j>(n)e inx , 

neZ 

is a pseudomeasure. Moreover, <p * ip e £™(Z) and (see Exercise 12.32 again) 

{<P * IP = #. (12.11.3) 



12.11.4. Problems Involving Pseudomeasures. Spectral Synthesis 
Sets. The most fascinating problems concerning pseudomeasures arise in 
connection with applications of the Hahn-Banaeh theorem to the study of the 
analogue, for the group Z . of the problems discussed in Section 11.2 in rela- 
tion to the groups T and R (see 11.2.2 and 11.2.5; 12.12.6; [R], Chapter 
7 ; [KS], Chapitres IX and X and Appendice II). 

In order to describe such problems, it is necessary to speak of the support 
of a pseudomeasure. Generally speaking, one can show that for any distribu- 
tion S there exists a smallest closed set E with the following property: 
S(u) = 0 for each u e C°° whose support supp u = {x : u(x) # 0} _ does not 
intersect E ; this set E is the support of S, denoted by supp S. See Exercise 
12.29 and also, for the case in which S is a measure. Exercise 12.27. 
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A distribution S is said to be supported by a set F, and F is said to support 
S, if and only if supp 8 ^ F. 

Suppose now that S is a pseudomeasure. There is no good reason to expect 
the relation 

S(f) = 0 (12.11.4) 

to be implied by 

fe A, f(E)^{ 0} supp S ^ E \ (12.11.5) 

compare Exercise 12.30. That (12.11.4) does not in general follow from 

(12.11.5) is a corollary of the results due to Malliavin concerning spectral 
synthesis mentioned in 11.2.3. (The connections hinge upon the use of the 
Hahn- Banach theorem in the manner indicated in 12.12.6 and again in the 
hints to Exercise 12.32.) 

Actually, as subsequent work of Kahane and Rudin has disclosed, some- 
thing more specific is true, namely: there exist real- valued functions f e A 
such that, if J fe denotes the closed ideal in the algebra A generated by f k 
(k = 1, 2, • • • ), then J fc + 1 is a proper subset of J k for each k. (For the details, 
see Exercise 12.53 and the references cited there. The statement remains true 
when T is replaced by any infinite compact Abelian group whatsoever.) 
Expressed otherwise (in dual form, in fact), this means that there exist 
functions (j) e € 1 {Z) with the property that, if l k denotes the closed ideal 
in the convolution algebra Z ) generated by the convolution power (p* k 
where & e { 1,2,...}, then I k+1 is a proper subset of l k for each k. The case 
k = 1 entails (via the Hahn-Banach theorem) that a pseudomeasure 8 
exists such that 

$ 2 S = 0, $8^ 0. (12.11.6) 

Since the first equation in (12.11.6) shows that supp$ <= E = <£ -1 ({0}), 

(12.11.6) entails at once that (12.11.5) does not imply (12.11.4). 

Other striking counterexamples have been given by Kahane and Katz- 
nelson [2]. 

Faced with this, two courses of investigation suggest themselves, namely: 

(1) to seek special types of closed set E for which the relations (12.11.5) 
imply (12.11.4). 

(2) to seek extra conditions upon / e A which, in conjunction with 
(12.11.5), suffice to entail (12.11.4). 

The pursuit of the aim specified in (1) amounts to the study of the analogue, 
for the group T of the concept of spectral synthesis set in R m mentioned 
in 11.2.3. Thus, with our present approach, it is natural to define a 
spectral or harmonic synthesis set ( = ensemble de synthese spectrale ou 
harmonique) in T as a closed subset E of T such that (12.11.5) im- 
plies (12.11.4); the terminology will be explained in Subsection 12.11.6. 
It is equivalent to say that E is a spectral synthesis set, if and only if 
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(12.11.5) implies fS = 0. Thus if (p is as in (12.11.6), E = (p~ 1 ({0}) is a 
closed set which is not a spectral synthesis set. 

There is complete accord between the above definition of spectral 
synthesis sets in T and the apparently different one used in Subsection 
11.2.3 for spectral synthesis sets in R m . In other words, it can be shown 
without trouble that a closed subset E of T is a spectral synthesis set (as 
defined in the preceding paragraph) if and only if it has the following 
property : the relation 

I = i E = e t\Z) : 4 = 0 on E} 
holds for every closed ideal I in ^ >1 (Z) for which 

Zi = ntf-nm :*ei} = e. 

The reader is invited to construct a proof of this equivalence, using the Hahn- 
Banach theorem as an intermediary; compare the arguments presented in 
Subsection 12.12.6. 

The remarks made in Subsection 11.2.3 about spectral synthesis sets in R m 
apply in the main to spectral synthesis sets in T; in particular, although 
conditions are known which are sufficient to ensure that a given closed 
set is a spectral synthesis set, a complete structural characterization of 
such sets appear to be extremely difficult ; see 12.11.5. 

As regards (2), most of the known sufficient conditions impose smoothness 
restrictions on /. Perhaps the simplest nontrivial sufficient condition is that 
/ shall belong to C 1 and that Df (as well as / itself) shall vanish on E; see 
Exercise 12.31. A deeper result asserts that it is sufficient that / satisfy a 
supplementary Lipschitz condition of order that is, that 

| f(x) — f(x')\ ^ const \x — x'\ 112 ; 

the exponent j is known to be best possible (see MR 40 # 629). For this 
and other similar sets of conditions, see Subsection 13.5.5 and [KS], p. 
123. (These and similar questions are discussed in a more general setting 
by Herz [2] and Edwards [4].) Once again, no necessary and sufficient 
conditions are known. 



12.11.5. Some Examples and Counterexamples concerning Spectral 
Synthesis Sets. For details concerning the matters touched upon lightly 
here, the reader should in general consult Chapter 7 of [R]; [HR], 
Chapter 10; [Kah 2 ], Chapitre V ; and Chapitres IX and XI of [KS] ; see 
also [Kah] and Malliavin [2]. More specific references will appear as we 
proceed. 

(1) The simplest and oldest specific condition on a closed set E sufficient 
(but not necessary) to ensure that E shall be a spectral synthesis set is that 
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the frontier of E contains no nonvoid perfect set (see 11.2.3 and Exercise 
12.52). This condition is fulfilled whenever E is countable. 

There is a version of this result applying to general groups (see [R], p. 161) 
and another applying in the general context of commutative Banach algebras 
(see [Lo], p. 86 and [N], p. 226, Theorem 5). In each of these references, 
spectral synthesis sets in T are discussed in terms of closed ideals in 
€ l (Z)\ see 11.2.3 and 11.2.5. See also [HR], (39.24) and (39.29). 

(2) A number of examples of nonvoid perfect spectral synthesis sets are 
known. Thus, Herz showed in 1956 that the Cantor ternary set (see Exercise 
12.44) is a spectral synthesis set. Herz’s original proof has been developed 
and generalized ; see [KS], pp. 124-125, and [R], Section 7.4 and [Kah 2 ], 
pp. 58-59. See also MR 50 # 7956; 52 # 8800. 

(3) There is another method of constructing nonvoid perfect spectral 
syrithesis sets, due originally to Kahane and Salem; see [KS], pp. 125^127. 
In order to explain this in a little detail, we introduce some notation, sup- 
posing in what follows that E denotes a closed subset of T. 

Denote by M (E) [respectively, P (E)] the set of measures p. (respectively, 
pseudomeasures S) such that supp p, c= E (respectively, supp$ c: E). Denote 
further by ¥°(E) the set of pseudomeasures S such that S(f) = 0 whenever 
/ G A vanishes on E. F°(E) is weakly closed in P(i£). It is then evident 
that P °{E) c= ¥(E) and almost evident that M (E) a F°(E). (The second 
point depends on the remark that any continuous function which 
vanishes on the complement of E is the uniform limit of continuous 
functions, each having its support contained in the complement of E.) 
Thus 



M (E) c: P 0 ^) c P(^). (12.11.7) 

A moment’s thought will show that E is a spectral synthesis set if and 
only if 

V°(E) = F(E). (12.11.8) 

A fortiori, therefore, any set E such that 

M (E) = P (E) (12.11.9) 

is a spectral synthesis set. Sets E satisfying (12.11.9) are usually said to 
“support no true pseudomeasures.” For example (see Exercise 12.33), every 
finite set is of this type; however, there exist oountable closed sets E that do 
not satisfy (12.11.9); see Exercise 15.21. 

The first nontrivial examples of sets supporting no true pseudomeasures 
were given by Kahane and Salem in 1956 and were nonvoid and perfect (see 
[KS], pp. 126-127). More recently, Varopoulos [2] has shown that among the 
sets supporting no true pseudo measures are to be found all the so-called 
Kronecker sets defined in Subsection 15.7.4. 
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(4) On the other hand, as soon as one can exhibit (or prove the existence 
of) pseudomeasures S e F(E) and functions / e A vanishing on E and satisfy- 
ing S{f) ^ 0, it will become certain that E is not a spectral synthesis set. 



This principle is valid for quite general groups and lies behind Schwartz’s 
proof that the unit sphere E = {x e B 3 : |.r | = 1} is not a spectral synthesis 
set in the group R 3 (see 1 1.2.3): in this case it suffices to take for S the distribu- 
tional derivative cjj,/cx 1 , where jj, is the measure obtained by distributing a 
unit total mass uniformly over E (see [R], pp. 165-166). In this connection we 
remark that it is known ([R], p. 172) that each of the sets {x e R 3 : |.r| ^ 1} 
and {x e R 3 : ]<t| ^ 1} is a spectral synthesis set in R 3 ; it follows that the 
intersection of two spectral synthesis sets, and the frontier of a spectral 
synthesis set, may fail to be such a set. See also [HR], (40.19); Varopoulos [3] ; 
MR 20 # 7186 ; 48 # 2671 ; 51 # 13592; 55 # 8699. 

The closing remarks of the last paragraph prompt the question: is the 
union of two spectral synthesis sets always a spectral synthesis set? It is not 
difficult to see that the union of two disjoint spectral synthesis sets is a set of 
the same nature, but the general case is unsolved. See also Varopoulos [3] 
and Drury [1], [2]. 

12.11.6. Spectral Synthesis in i a3 (Z). In order to explain briefly the 
term “spectral synthesis set” applied to certain closed subsets of RfeirZ, it 
seems best to consider the spectral (or harmonic) analysis and synthesis 
problems for the group Z. 

For the group T , these problems have been introduced in Subsection 
2.2.1 and solved in the course of Sections 11.1 and 11.2. For the space L 00 
(with its weak topology), the analysis problem is that of determining 
which (bounded continuous) characters e n (n e Z) of T belong to Yf, the 
weakly closed invariant subspace of L 00 generated by /. The answer is 
contained in 11.1.1, namely, e n eYJ if and only if n e supp f. The 
synthesis problem is that of the recapture of / from these e n , in the sense 
that / shall be the weak limit in L°° of linear combinations of characters 
e n € Yf ; the possibility of doing this is recorded in Remark (1) following 
11.2.1. 

In the case of T the same is true when we replace L 00 by 1/ 
(1 ^ p < oo ) or C. 

Let us now turn to the case of the discrete group Z , whose bounded 
continuous characters are the functions e x : n — ► e ixn (x e T) ; see 
Subsection 2.5.4 and Exercise 2.3. In this case we cannot discuss the 
analysis and synthesis problems for € P {Z) (1 ^ p < oo) ore 0 (Z), since no 
character e x belongs to any of these spaces. There remains the space 
*f°°(Z), which contains each e x . It will be necessary to consider € 00 (Z) with 
its so-called weak topology generated by £ l (Z) (see I, B.4.2): this is the 
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weakest topology on /°°(Z) such that, for each i j/ e £ 1 {Z), the function 
<P(n)\l/(n) is continuous in the said topology. (Thus, a sequence 
or net (<^) of elements of /°°(Z) converges weakly to an element (j) of 
/°°(Z) if and only if 

lim 2 <f>i(n)t(n) = ^ <f>( n )H n ) 

i neZ neZ 

for each tfj e £ 1 {Z).) 

The spectral analysis problem for £™{Z) is as follows: given (f> e i^iZ), 
which characters e x belong to V^, the weakly closed invariant subspace of 
£ co (Z) generated by </>? By arguing much as in Subsection 12.12.6, the answer 
is seen to take the form: e x e if and only if x e — E , where E = supp (j>. 
(The minus sign is a consequence of the way we chose to define cf> in equation 
(2.5.1) and 12.5.4(2); it has no sinister significance.) As for the synthesis 
problem, it can be shown (again by arguments similar to those to be used in 
Subsection 12.12.6) that </> is the weak limit in ^°°(Z) of linear combinations of 
characters e x e VJ if and only if = 0 for each / e A which vanishes on —E. 
In turn, this will be true for all <j> e £™(Z) for which supp </> c: — E, if and 
only if — E is a spectral synthesis set in T, which is trivially equivalent to 
saying that E itself is a spectral synthesis set in T. 

It is now evident why the term “spectral (or harmonic) synthesis set” was 
selected: put very crudely, all those functions in £™{Z), which ought to be 
synthesizable from the characters e x (x e E), are in fact so synthesizable if 
and only if E is a spectral synthesis set in T. 

At the same time, the results recalled above concerning spectral analysis 
and synthesis in L® signify in particular that every subset of the discrete 
group Z is (or may be regarded as) a spectral synthesis set in Z. 

Many of the problems concerned with spectral analysis and synthesis 
stem from a study of the case in which the underlying group is R , given by 
Beurling [3]. An exposition of generalizations and analogues of Beurling’s 
work, applying to general groups, is to be found in Herz [2] and the references 
cited there; see also MR 41 # 5893; 50 # 5366; 55 # 3685. For an 
especially interesting chapter in this story, see Koosis [1]. 

12.12 Capacities and Beurling’s Problem 

The aim in this section is to explain the concept of capacity referred to in 
10.4.6, to apply it to the study of Beurling’s problem mentioned in 11.2.5, 
to indicate its kinship with ideas in potential theory, and to provide a guide 
to further reading. 

It is not possible to provide detailed proofs of all the necessary results 
about capacities, nor even to mention specifically all the concepts of capacity 
which have shown themselves to be relevant to harmonic analysis and 
trigonometric series; see the references cited in 12.12.7(5). 
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In 12.12.1-12.12.5 we assemble as quickly as possible enough information 
about capacity to make an application to Beurling’s problem, which is 
discussed in 12.12.6. In 12.12.7 appear some diverse remarks of a general 
nature. 

The notion of support of a distribution (see 12.11.4) plays a vital role 
throughout this section. 

Save in 12.12.7(1), we assume that the number a satisfies 0 < a < 1. 



12.12.1. The Kernels K a . For each a e (0, 1) we choose a corresponding 
kernel of order a, namely, the function 

K a {x) = |siny 2 s|-“. (12.12.1) 

Each such kernel can be used to develop a corresponding potential theory in 
which K a takes over the role played in Newtonian potential theory by the 
Newtonian kernel \x\ ~ 1 on R 3 (where |x| here denotes the Euclidean length 
of the vector x e R 3 ); see 12.12.7(5). In working toward our immediate 
objective, we shall naturally use harmonic analysis much more than is 
traditional in Newtonian theory (although modern trends in the latter field 
also invoke harmonic analysis to a fair degree). Thus we shall be especially 
interested in the Fourier transform of K a . 

The essential facts are that 

&„(n) >0 (neZ) (12.12.2) 

and that 

K a {n) ~ C a \n \ a ~ 1 as \n\ ->oo, (12.12.3) 

where C a is a positive number. The reader should experience no great 
difficulty in proving (12.12.2) and (12.12.3); see [KS], pp. 32-33, 39-40. 



12.12.2. The a-energy of a Distribution. If A denotes any distribution, 
its a-energy is defined to be 

E a {A) = 2 & a {n)\A(n)\* «oo). (12.12.4) 

neZ 

Using (12.12.2) and Bochner’s theorem 9.2.8, it is not difficult to verify 
that E a {A ) is finite if and only if the distribution K a * A * A* is equal 
distributionally to a continuous function /, in which case E a (A) = /( 0). This 
criterion could therefore be used to define the a-energy of A. 

In view of (12.12.3) it appears that A has finite a-energy if and only if 

2 \n\ 0C ~ 1 \A(n)\ 2 

n # 0 



< 00 . 



(12.12.5) 
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12.12.3. The a-eapacity of Closed Sets. If E is a closed subset of T, its 
a-capacity c a (E) is defined by the relation 



c a (E) = 



1 

inf E a (fi) 



( 12 . 12 . 6 ) 



the infimum being taken with respect to all positive measures /x having total 
mass fx(l) = 1 and with support supp fx cz E; it is to be understood that 
inf {oo} = inf 0 = oo and that l/oo = 0. Recall also that a measure y is 
positive if and only if /x(/) ^ 0 for each nonnegative continuous function / 
(compare Exercise 12.7); for this it is enough that fx(f) > 0 for each non- 
negative f e C 00 . 

In particular, c a (E) = 0 if and only if E supports no nonzero positive 
measure /x such that 

2 \n\ a ~ 1 \jl(n)\ 2 < oo . 

n# 0 

It is plain that c a {E) = 0 implies that c B (E) = 0 whenever a < < 1. 

It is equally clear that c a (E) > 0 whenever E has positive measure. The 
converse is false: given a, 0 < a < 1, there exist perfect sets E of measure 
zero and positive a-capacity (see [Ba 2 ], p. 406). 



12.12.4. Criterion for Positive a-capaeity. By definition, in order that 
a closed set E shall have positive a-capacity, it is necessary (and sufficient) 
that E shall support a nonzero positive measure having finite a-energy. 

It is true and entirely unexpected that a sufficient condition is that E 
shall support a nonzero distribution having finite a-energy. 

A proof of somewhat more than this, which depends on delving a little 
more deeply into the potential-theoretic development of the notion of 
a-energy, is suggested in Exercise 12.42. 

12.12.5. Capacitary Dimension. For a closed set E a T we define the 
capacitary dimension of E, denoted by cap. dim. E, to be the supremum of 
numbers a such that 0 < a < 1 and c a (E) > 0. 

It is a fact, which need not detain us at all, that cap. dim. E is numerically 
equal to the so-called Hausdorff dimension of E; see [KS], p. 34 Theoreme I. 

We shall have need of two results concerning capacitary dimension, one of 
which is a very simple deduction from 12.12.4 and will be proved here; the 
other is more difficult and we must refer the reader to [KS], p. 106, Theoreme 
IV for its proof. 

(1) If cap. dim. E — a, 0 < a < 1, and 0 < q < 2/a, then E supports no 
pseudomeasures o ^ 0 for which a e £ q {Z). (The conclusion holds, indeed, 
even if o be assumed to be merely a distribution.) 

(2) If 0 < a < 1 and q > 2/a, there exist a closed set E satisfying 
cap. dim. E = a and a nonzero positive measure /x supported by E for which 
/x G £ q (Z). 
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Proof of (1). We may suppose that q > 2 and choose a so that 
c a \E) = 0 and q < 2/a'. 

If supp a ^ E and a e £ q (Z), a simple application of Holder’s inequality 
for series shows that E a >(o) < oo. Since c a >(E) = 0 and supp a c= E , 12.12.4 
entails that a = 0. 

Remarks. If 0 < a < 1, there exist closed sets E with cap. dim. E = a 
which support nonzero positive measures fx for which jl(n) = 0(\n \ ~% B ) for 
any preassigned < a; and closed sets E of measure zero exist which support 
nonzero positive measures /z for which jl(n) = 0(\n\ e ~ x/z ) for any preassigned 
e > 0; see [Z 2 ], p. 146. The best such results are due to Ivasev-Mousatov ; 
see [KS], pp. 100-111 (and Hewitt and Zuckerman [3] ; Hewitt and 
Ritter [2], [3] ; Brown [1], [2] for extensions to more general groups). 
See also MR 37 # 3277. 

The computation of the a-capacity, or even of the capacitary dimension, 
of a given set is seldom easy. However, for the purposes of examples, whole 
classes of sets (obtained in a fashion rather like that which leads to the famous 
Cantor ternary set; see Exercise 12.44) have been defined and some informa- 
tion about their capacitary dimensions accumulated; see [KS], Chapitres I, 
II, and III. 

So, for example, given any integer v > 2 and any number £ satisfying 
0 < £ < l/v, one can construct perfect nowdiere dense sets E (the Cantor set 
corresponding to v — 2, £ = %) having measure zero and for which 
cap. dim. E = log v/log (l/£); see [KS], pp. 16-17, 34. In particular, Cantor’s 
set E has capacitary dimension equal to a 0 = log 2/log 3 and a 0 -capacity 
equal to zero. 

Incidentally, among such sets E one finds many sets of uniqueness (see 
12.12.8 and [KS], p. 59). 



12.12.6. Application to Beurling’s Problem. This problem, already 
mentioned in 11.2.5, can be formulated in the following terms: suppose that 
<f> e £ X (Z) and that E = </> -1 ({0}); under what conditions upon E does the 
closed invariant subspace Vg of ( P {Z) generated by </> coincide with t v {Z)% 
(The notation Vj is suggested by that introduced in Section 11.1.) 

As we shall see, one of the most interesting cases of this problem is almost 
(but not quite) completely solved in terms of the capacitary dimension of E. 

We discuss three cases, according to the value of 'p involved. 

(1) The case p = \. The complete solution is contained in Wiener’s 
closure of translations theorem for the group Z (see 11.2.5 and Exercise 
12.32): VJ = t x {Z) if and only if E = 0 . 

(2) The case 2 ^ p ^ oo. (If p = oo, it is understood that £™(Z) is taken 
with its weak topology; see the introductory remarks to Chapter 11 and I, 
B.4.2.) 
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According to the Hahn-Banach theorem (I, B.5.2), Vg = ( P {Z) if and only 
if the unique p e £ P '(Z) satisfying 

P*P = 0 (12.12.7) 

is p = 0. In this application of the Hahn-Banach theorem, we are identifying 
the dual of £ P (Z) with £ P '(Z) (a discrete analogue of I, C.l; see [E], Exercise 
1.2 and, for p = go, a special case of Theorem 8.1.1 ; and Exercise 12.32 
below.) 

Since p e £ 1 (Z) i (12.12.7) is equivalent to 

PP = 0 , ( 12 . 12 . 8 ) 

ip being at any rate a pseudomeasure and p a member of A; see (12.11.3). 

However, since 1 ^ p' < 2, more can be said about ip: as will be seen in 
13.4.1, p is actually a function in L p ; if p = oo, it is evident that ^eC. 

It follows that the condition that E be null suffices to ensure that 
Vg — £ P (Z); that this condition is also necessary when p = 2; that a necessary 
condition for any of the specified values of p is that E be nowhere dense; and 
that this last condition is also sufficient when p = oo. 

Nothing more precise seems to be known for 2 < p < oo. 

(3) The case 1 < p < 2. This is the case in which the capacitary dimen- 
sion of E enters into the discussion. We will give two results. 

(a) In order that Vg = £ p {Z) y it suffices that 

cap. dim. E < 2/p'. (12.12.9) 

(b) if i > a > 2/p', there exists <p e £ X {Z) such that cap. dim. E — a and 
Vg # £ p (Z). 

Proof of (a). We start by using the Hahn-Banach theorem exactly as in 
(2) above. From (12.12.8), it appears that a = p satisfies supp a c= E. 
Moreover, a = p e £ P '(Z). So (12.12.9) and 12.12.5(1) combine to show that 
o- = 0 and therefore p = 0. By virtue of the Hahn-Banach theorem, (a) is 
thus established. 

Proof of (b). If a > 2 /p' y 12.12.5(2) affirms the existence of a closed subset 
E of T satisfying cap. dim. E = cc and a nonzero positive measure p 
supported by E and such that ip = p e £ P ’(Z). Now it is not difficult to 
construct a (p e £ >1 (Z) such that p~ x ({0 }) = E; compare the proof of 
Lemma (6.1) in Edwards [4], Then, since p is a measure, <pp = 0, which is 
equivalent to (12.12.8). Since p^ 0, p is not the zero element of if p '(Z). 
Thus (12.12.7) shows that Vg cannot coincide with € P (Z). 

12.12.7. Further Remarks about Capacity. In this subsection we collect 

a few remarks about capacity and give references for further reading. 

(1) The cases a = 0, 1 : logarithmic capacity. Hitherto it has been assumed 

that 0 < a < 1. 
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Corresponding formally to the case a = 0 is the logarithmic kernel 
K 0 (x) = log (|sin y 2 x\ - 1 ) ; 

the associated concept of capacity is termed logarithmic capacity. 

The formulae (12.12.2) and (12.12.3) remain valid for a = 0, and it follows 
that a closed set E for which c a (E) > 0 for some a satisfying 0 < a < 1 has 
positive logarithmic capacity. The converse is false; compare the closing remark 
in 12.12.3. 

Corresponding to the case a = 1 one must take as kernel the Dirac measure 
e : this leads to a concept of capacity that is essentially equivalent to invariant 
measure and is of little interest in the present context. 

(2) Interior and exterior capacities. In search of greater flexibility, the 
concept of capacity, so far defined only for closed sets, can be extended to 
more general sets. The first step is the introduction of the so-called interior 
and exterior capacities. 

The interior a-capacity of an arbitrary set E is by definition 

c a *(E) = sup c a (F) , (12.12.10) 

the supremum being taken with respect to all closed sets F c: E. Thus 
c a *(E) = c a (E) if E is closed. 

The exterior a-capacity of an arbitrary set E is defined to be 

c*{E) = inf c a %(U) , (12.12.11) 

the infimum being taken relative to all open sets U containing E. 

Before saying any more about these set functions, we observe a further 
connection with trigonometric series. 

(3) Capacity and convergence of trigonometric series. Reverting to the topics 
discussed in 10.4.6, it can be shown that if (c n ) neZ is such that 

2 M 1-a l c »l 2 < <»> 

neZ 

then the (Borel) set of points of divergence of the series 

2 Crfi iUX 

neZ 

has interior a-capacity zero. This is a special case of a result applying to more 
general notions of capacity; see [Ba x ], p. 411. The original result of Beurling 
referred to in 10.4.6 concerns the case of logarithmic capacity (a = 0). There is 
a converse assertion, also due to Beurling. For all this, see also [KS], p. 41-47. 

(4) Capacities as set functions. The interior and exterior capacities just 
defined are plainly nonnegative and increasing set functions, in which respect 
they are like measures. There the similarity ends, however: interior and exterior 
capacities are not even finitely additive on simple types of sets. However, it is 
not difficult to show that e* is countably subadditive for arbitrary sets. 

On the contrary, to show that c a *(E) = c* (E) for a reasonably wide class of 
sets is much more difficult than is the corresponding problem for measures. 
The satisfactory solution is due to Choquet, who showed that c a *(E) = c%(E) 
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is true for a wide class of sets E containing at least all Borel sets. This result 
dates from 1952 and was the outcome of a profound and original investigation 
of nonadditive set functions carried out by Choquet. 

A set E such that c a %(E) = c*(E) is said to be a-capacitable and its a-capacity 
c a (E) is the common value of c a *(E) and c*(E). 

(5) Relations with potential theory. The “capacity” terminology belonged 
originally to potential theory, and its use in the present context is due to the 
fact that in Newtonian potential theory (to take the classic example) one may 
follow very similar steps. In place of K a one uses the Newtonian kernel 
K(x) = \x\ -1 on R 3 , where \x\ here denotes the Euclidean length of the point 
x of R 3 , in terms of which the self-energy of the distribution of matter repre- 
sented by the measure p on R 3 is expressed by the integral 

E(fx) = JJ K(x - y)d H .(x)djl(y). (12.12.12) 

The use of energy considerations in Newtonian potential theory dates back to 
Gauss and was rejuvenated in modern times by Henri Cartan. The reader will 
observe that the expression (12.12.12) involves viewing a measure as a set 
function; see the remarks in 12.2.3 and Exercises 12.38-12.42. On replacing E a 
by E, the definitions in 12.12.3 and (2) above lead to the Newtonian capacities 
of subsets of R 3 . 

The formal similarity is apparently complete, but we must indicate one 
point that has to be checked with care, namely, it has to be verified that for all 
positive measures p on T one has the equality 

f - y) dp(x) dyiy) = 2 K a (n)\ji(n)\\ (12.12.13) 

J J nez 

This is not altogether trivial; see Exercise 12.40. (The analogous problem for 
Newtonian potentials was investigated by Deny.) 

The reader who wishes to look into the details of the relations with potential 
theory may consult the long article by Ohtsuka [1] and the references cited 
there (especially the items listed as Cartan [5], [6], Fuglede [1] and Deny [1], 
[2] in Ohtsuka’s bibliography). Sad to say, the present writer knows of no 
account in book form of modern potential theory. For more about connections 
between capacity and harmonic analysis, see [BaO, pp. 398 ff., [KS], Chapitres 
III, IV, VIII and (for general groups) Herz [2], Section 3, and the references 
cited in these works. 



12.12.8. Sets of Multiplicity and Sets of Uniqueness. Other concepts of 
smallness of sets, somewhat similar to that expressed by vanishing capacity, 
play a central role in the theory of trigonometric series. 

Consider again a closed subset E of T. It is known that to assert the 
existence of at least one nonzero pseudomeasure a with support contained in E 
and satisfying 

lim <j (n) — 0 

|n|-»co 



(12.12.14) 
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is necessary and sufficient in order that E be a so-called set of multiplicity in 
the wide sense , or simply a set of multiplicity, that is, that there shall exist a 
trigonometric series which converges to zero at all points not in E and whose 
coefficients are not identically vanishing ; see pp. 344-347 ; [Ba 2 ], p. 366; 
[Kah 2 ], p. 44; and [KS], p. 54; and compare with the closing remarks in 
12.12.5. 

In this case, contrary to what the substance of 12.12.4 may lead one to 
expect, if in (12.12.14) one were to demand that o must be a positive measure 
(or a measure at all, positive or not), a different class of sets E would result, 
namely, the class of sets of multiplicity in the strict sense. In other words, there 
exist closed sets of multiplicity that are not sets of multiplicity in the strict 
sense; see [KS], p. 57. 

A set that is not a set of multiplicity is termed a set of uniqueness (in the 
strict sense); and a set that is not a set of multiplicity in the strict sense is 
termed a set of uniqueness in the wide sense. 

Cantor and Young (1870, 1908) showed that any countable set is a set of 
uniqueness. It is virtually obvious that any set of positive measure is a set of 
multiplicity in the strict sense. The advent of the theory of Lebesgue measure 
and integration brought with it the feeling that all null sets should be sets of 
uniqueness, but this expectation was shattered by Men’shov (1916). 

For details concerning all these matters, see \Zf\, Chapter IX; [Ba 2 ], 
Chapter XIV ; [KS], Chapitres V and VI. See also Kahane and Mandelbrot 
[1] ; MR 35 # 3379 ; 40 # 631 ; 51 #1 1016. 

12.13 The Dual Form of Bochner’s Theorem 

In this section we shall temporarily turn aside from our main pursuit in 
order to apply something of what has been learned in this chapter to formu- 
late and prove the form of Bochner’s theorem about positive definite func- 
tions that is applicable to the group Z. The form of the theorem applicable 
to the circle group T has been dealt with in Chapter 9. 

12.13.1. Positive Definite Functions on Z. A complex-valued function 
<f> on Z is said to be positive definite if and only if 

2 2 M m ~ W ) g mCn > 0 (12.13.1) 

meZ neZ 

for each sequence (c n ) neZ of complex numbers having a finite support (that is, 
such that c n = 0 for all but a finite set of n e Z). This definition should be 
compared with (9.2.1) and (9.2.2). 

It follows readily from (12.13.1) that 

\</>(n)\ < <f>(0) (neZ); (12.13.2) 

in particular, each positive definite <f> belongs to t™{Z). 
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12.13.2. Relation with Fourier- Stieltjes Transforms. Let us consider 
a function <f> on Z of the form <f> = jl, where p e M. In this case a simple 
calculation shows that 



2 2 - U ^mCn = H-(\t\ 2 ) , (12.13.3) 

where t is the trigonometric polynomial defined by 

*(*) = 2 c » einx - 

neZ 

From this we infer at once that cf> is positive definite whenever the measure p 
is positive in the sense (compare Exercise 12.7) that p(f) ^ 0 for any non- 
negative f e C. 

On the other hand, if <f> is positive definite, (12.13.3) shows that p(\t\ 2 ) > 0 
for every trigonometric polynomial t, whence it follows (see 12.2.3 and 
Exercise 2.18) that p is a positive measure. 

To sum up, we find that a Fourier-Stieltjes transform jl is positive definite 
if and only if the measure p is positive. If the measure p is (generated by) a 
continuous function /, then the transform / is positive definite if and only if 
/ is nonnegative. 

We are now ready to state and prove the appropriate Bochner representa- 
tion theorem. 

12.13.3. The Bochner-type Theorem. The positive definite functions <f> 
on Z are precisely the functions of the form <f> = p for some positive measure 
p e M. 

Remarks. That this is indeed an exact analogue of the representation 
formula (9.2.3) for positive definite functions on the circle group T hinges upon 
the following remarks. 

By a (bounded Radon) measure on Z will be meant a continuous linear 
functional A on c 0 (Z) (compare the substance of 12.2.3 together with Exercise 
4.45 of [E] or p. 364 of [HS]), and it is quite easy to show that to each such 
measure A on Z corresponds a unique function A e £ X (Z) such that 

A (<f>) = 2 Mn)</>(n) 

neZ 

for all <f> e c 0 (Z). Furthermore, the measure A is positive , in the sense that 
A (cf>) ^ 0 for any nonnegative function <f> E c Q (Z), if and only if the corre- 
sponding function A is nonnegative. Bearing this in mind, the Bochner theorem 
9.2.8 for the group T asserts that any continuous positive definite function /on 
the circle group is equal to the Fourier transform A of some positive (bounded 
Radon) measure A on Z. 

To this we might add that on the compact group T all Radon measures are 
automatically bounded (because of compactness); and that on the discrete 
group Z all functions are continuous (because of discreteness). 
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12.13.4. Proof of 12.13.3. In view of 12.13.2 it remains only to show that, 
if ^ is a positive definite function on Z, then cf> = jl for some measure fxe M. 
To this end, we choose any approximate identity (k r )™ =1 in L 1 such that 
k r ^ 0, ||& r ||i < 1, and k r e £ X (Z) for each r, and we consider the functions 

<f> r = tc T <f>. (12.13.4) 

Let us first verify that each <f> r is positive definite. We have in fact , 

2 2 ~ = 2 “ J fc r(a:){2 2 ~ n)c m e imx c n e tnx } dx, 

all sums appearing being over a finite range. The last integral appearing is 
nonnegative since k r ^ 0 and { . . . } ^ 0, so that <f> r is indeed positive definite. 

Besides this, </> r e £ X (Z) because Jc r e £ X (Z) and <j> e £™{Z). We can therefore 
write 

&=/r, (12.13.5) 

where 

f r {x) = 2 Mn)e inx 

neZ 

is a continuous function on the circle group. Since (f> r is positive definite, 
12.13.2 shows that f r is nonnegative. Consequently, 

ll/rlll =/r(0) = U 0) = £,(0)^(0) 

< H^IU-^0) < <f>(0) . 

Applying 12.3.9, it follows that there exists a subsequence (/ rs ) s °° =1 such that 
the measures generated by the functions f Ts converge weakly in M to a 
measure fieM. Then, by (12.13.5), we have 

A = lim f rs = lim <f> u (12.13.6) 

s-+ 00 S-+ °0 

pointwise on Z. But (12.13.4) combines with 3.2.4 to show that 

lim <f> r = <f> (12.13.7) 

r-+ oo 

pointwise on Z. A comparison of (12.13.6) and (12.13.7) shows that = /2. 
That fx is positive, follows either from 12.13.2, or from its construction as the 
weak limit in M of the positive measures generated by the nonnegative 
functions f Ts . The proof is thus complete. 

12.13.5. Product of Positive Definite Functions on Z. It follows at once 
from 12.13.3 that the pointwise product of two positive definite functions on 
Z is again positive definite (compare Exercise 9.4). 
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12.13.6. A Line to Pursue. We end this section with what it is hoped 
will be a leading question and an invitation to the reader to provide his own 
answer thereto. 

Suppose that H denotes a Hilbert space and U a unitary endomorphism 
of H. Assign to each h e H the complex-valued function <f> h on Z defined by 
<f) h {n) = (C7 n h, h), where ( • , • ) denotes the scalar (or inner) product in H. 
It is simple to verify that <j> h is positive definite. The question is: what 
results if to </> h one applies the Bochner theorem 12.13.3? Can you relate the 
result to the so-called spectral resolution theorem for U and to an operational 
calculus for C7? 



EXERCISES 



12.1. Supply a proof of the equivalence of (12.1.2) and (12.1.3). 

12.2. Prove that if u e C°°, then 

C°° — lim T a u = T Uq u 

a-+a.Q 

and 

,. T _ n u — u ^ 

C — lim - = Du. 

a-*0 U 

12.3. Is it true that 

(1) C 00 — lim n _^ 00 sin nx/n 10 = 0? 

(2) C°° — lim n ^ 00 cos nx/exp [(log n) 312 ] = 0? 

Give your reasons. 

12.4. Define u(x) = 0 for x = 0 (mod 2tt) and u(x) = exp ( — cosec 2 %£) 
otherwise. Show that u G C 00 and that D n u( 0) = 0 for n = 0, 1, 2, • • • . This 
shows that C°° contains many nonanalytic functions. 

12.5. (1) Suppose n is an integer, n > 2, and define u n (x) to be 0 if x = 0 
or if 2tt / n ^ \x\ ^ i t, to be exp ( — cosec 2 %w) if 0 < \x\ < 2rrln, and else- 
where so as to be periodic. Show that u n e C 00 and that (2n)~ i j u n dx ~ 
c n > 0. Verify that the v n = c~ 1 • u n form an approximate identity. 

(2) Deduce from (1) that to each / e C and each neighborhood V of the 
support {x : f(x) ^ 0} of/ there corresponds at least one sequence (^ n )“ =1 
extracted from C 00 satisfying the following conditions : 

(a) |K |I oo ^ 1/ 1| oo for all n; 

(b) u n vanishes outside V for all n; 

(c) lim n _ + „ u n = / uniformly. 

Show similarly that the conclusion stands when C is replaced by L 00 , 
provided condition (c) is replaced by 

(c') lim n _> a, u n (x) =f(x) a.e. 
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Note: We know that there exist approximate identities formed of 

trigonometric polynomials. The essential feature of the v n is that they vanish 
outside smaller and smaller neighborhoods of 0 in T. This property is 
crucial for the local study of distributions. The results in (2) have already 
proved to be useful in 12.3.2(5) ; see also Exercises 12.29 and 12.30. 

12.6. Verify in detail the statements made in 12.1.2 and 12.1.5. 

12.7. A distribution F is said to be positive if and only if F(u) > 0 for 
any nonnegative real-valued u e C 00 . Show that any positive distribution is a 
measure. 

12.8. Give a proof of 12.7.1 without using 12.3.9. 

12.9. Prove the impossibility of multiplying measures in the fashion 
described in 12.3.5. 

Hints: Use Exercise 12.7 to show that aft eM whenever a and ft are 

positive measures. The next and crucial step is to show that there exists a 
number c > 0 such that 

II “0 Hi < c IMIill£lli 

for any two positive measures a and ft. Assuming the contrary, show that 
there would exist positive measures a„ and ft n (n = 1.2, •••) such that 

Kill = Kill = 1 and 

KAilli > n5 - 

Consider the product aft, where 

oo 00 

« = 2 W " 2 “n’ P = 2 n ~~ ^P 11 ’ 

n—1 n = 1 

in order to reach a contradiction, observing that the hypotheses made in 
12.3.5 ensure that aft is a positive measure such that aft ^ n~*a n ft n for 
all n. 

12.10. Show that if p, is the measure generated by a function f eh 1 , then 
Mi = ll/lli ( see 12.3.8). 

12.11. Prove that if F is a distribution such that DF = 0, then F is a 
constant function. 

12.12. Suppose that F is a distribution and that DF = f e L 1 . Show that 
/ (0) = 0, and that F is the distribution generated by the absolutely con- 
tinuous periodic function c + f(y) dy, e being a suitably chosen constant. 

12.13. Show that if p, n -» y weakly in M (see 12.3.9), then 

Hi < liminf HU,. 

n-+ oo 

12.14. Show that if f n ->/ weakly in h p , where 1 < p ^ oo'(see 12.3.10), 
then 

II fL < liminf || /„ || p . 

n-» oo 
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12.15. Show that if A( 1) = A(0) = 0, then the solution of equation 
(12.4.2) is 

F = /*(0) 4- 2 {^)~ 1 A(n)e inx . 

n =£ 0 

12.16. Show that the equation D 2 F + F = e has no distributional 
solutions F. 

If P(D) is a linear differential operator with constant coefficients and 
A e D is given, discuss the solubility and solutions of the equation 
P(D)F = A, where the unknown F is to belong to D. 

Remark. In case the reader finds the above conclusion puzzling, it 
should perhaps be stressed that in this book we speak only of distributions 
on the group T. There are, of course, distributions F on the group R 
which satisfy D 2 F -f F = s. It can be shown that distributions on T 
correspond to distributions on R which are periodic ; it is this additional 
requirement of periodicity that is incompatible with the given differential 
equation. 

12.17. If (K n )™=i is an approximate identity in L 1 and /x e M, show that 
K n * jj, -* n weakly in M. 

12.18. Verify in detail the computations referred to in 12.8.2(1) and (2). 

12.19. Assuming the theorem of F. and M. Riesz cited in 12.8.5(4), show 
that if / and / are each (equal almost everywhere to) functions of bounded 
variation, then each is (equal almost everywhere to) an absolutely continuous 
function. 

Hint: Use the substance of 12.5.10. 

12.20. Writing/ = H * f, where/ e L 1 , and using the notations introduced 
in 7.1.1, verify that 

«*/(*) = [/(* + y) - f(x - y)]Du(y) dy. 

Show that 

J o D N (y) dy ~ 2 log N 

for large N, and conclude that if/e L 1 and 

f(x + y) - f(x - y) = d + e(y), 
where e(y) -> 0 as y 0. Then 

%/(*) log N 

IT 

as N — > oo. 

12.21. Show that if $ is a pseudomeasure (see Section 12.11), then 
S = c + Df, where c is a constant and f e L 2 . 

12.22. Suppose that F e D is such that 

sup HswJ’IU < CO. 
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Prove that F e L 00 and that 

11*11.0 < sup \\s n FU. 

N 

12.23. Prove that a measure yu e M such that || T a yu — p-li — > 0 as a 0 
is (generated by) a function in L 1 . 

Remark. Numerous stronger results are known; see Edwards [2] and 
the remarks following Exercise 3.5. See also MR 52 # 1161. 

Hint: Show that if || T a \x — nh ^ e for \a\ ^ 8, then ||/x */ — /x|| x ^ s 
for any f eh 1 , f ^ 0, (1/27t) J /{£r = 1, / = 0 outside |#| ^ 8 modulo 27 t. 
Choose a sequence of such / corresponding to 8 0 and use the completeness 

of L 1 . 

12.24. Prove the assertion made in Remark 8. 5. 5(2). 

12.25. Suppose that (c n ) neZ is a complex-valued sequence such that, for 
some / e L 1 and all N = 1,2,--*, 

s n ( x ) = 2 c " einx ^ /w 

|nK X 

for almost all x. Show that there exists a measure \x e M such that c n = jl(n) 
(n e Z). Compare 12.7.9(1). 

Hint: Use 12.7.5. 

12.26. Let B denote the set of h e € such that h(n) = 0 for all integers 
n < 0. 

(1) Verify that B, when taken with pointwise operations and with the 
norm induced on it by that on C, is a Banach algebra satisfying the conditions 
(a) to (c) in 11.4.1. 

(2) Show that if h e B and Re h(x) > 0 for all real x, then Re y(h) > 0 for 
y e F(B). 

(3) Deduce that if h e B is as in (2), and if p > 0, then 

( A p r( o) = (my, 

where the pth power denotes the branch that is positive on the positive real 
axis. 

Remark. This is the argument referred to in 12.9.8(1). 

Hints: For (2) use the Hahn-Banach theorem (I, B.5.2) to show that 

there exists a Radon measure ft such that fi(h) = y(h) for all h e B and 
|| /alii = Hr II = 1. Use the relations (x{ 1) = y(l) = 1 = ||/x \\ x to show that 
/x ^ 0. For (3), use (2), 11.4.10 and 11.4.15 with <!> equal to the said branch 
of X p . 

12.27. Suppose that p, e M and let 

I = {/ e C : /x(fg) = 0 for all jeC}. 

Show that I is a closed ideal in C = C (T) (see 11.4.1). 

Put E for the set of common zeros of elements of I and regard E as a 
closed subset T. Let U be the complement of E in T. By using Exercise 
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11.17, show that U is precisely the set of points x of T with the following 
property : there exists a neighborhood U x of x in T such that p(f) = 0 for 
every / e C which vanishes outside U x . 

Remarks. This last property is more briefly expressed by saying that 
the measure \x vanishes on the neighborhood U x , and it appears that /z also 
vanishes in the same sense on the open set U. The closed set E is the support 
of the measure p (compare the substance of 12.11.4). 

12.28. Formulate and prove an analogue of the result in Exercise 11.18 
applying to the case in which A is replaced throughout by C 00 . 

12.29. As a matter of definition, a distribution S is said to vanish on a 
given open subset Q of T(in symbols 8 = 0 on Q) if and only if S(u) = 0 
for every u € C 00 satisfying supp u cz Q. Show that if (Q a ) is a family of 
open subsets of and if S = 0 on Q a for each a, then 8 = 0 on (J a Q a . 

Deduce that there exists a largest open subset Q of T on which a given 
distribution 8 vanishes. The complement T\Q is the support of S, denoted 
by supp S ; see 12.11.4. 

Show also that if 8 e D m and S = 0 on an open subset Q of T, then 
S(u) = 0 for each u e C m satisfying supp u cz Q. 

12.30. Let S e D m and write E = supp S. Show that S(u) = 0 whenever 
u g C m and D p u = 0 on E for 0 ^ p < m. 

Remark. Despite the preceding result, it is not generally true that 
lim k -> co S(u k ) = 0 for any sequence (%)“=i such that D p u k -> 0 uniformly 
on E as k ->oo for p = 0, 1, 2, • • • . 

Hints: Reduce the problem to showing that there exists a sequence 

{Uj)f = ! of elements of C m such that each u } - coincides with u on some open set 
containing E and Uj — > 0 in C m . To construct (Uj) proceed as follows (x denotes 
the coset modulo 2wZ of x e R ) : introduce the metric 

d(x, y) = inf \x — y + 2mr\ 

neZ 

on T, in terms of which define E d as the set of points within distance S of 
E. Then 

e(8) = sup {\D p u{x)\ : x e E d , 0 < p ^ m} 
tends to 0 with 8. Using the relation 

D p u(x) = r D p + 1 u(t) dt ; 

Jx 0 

where x 0 ex 0 e E , show that 

\D p u(x)\ ^ 8 m ~ p e(8) (1) 

for x e E 6 and 0 ^ p < m. 

Construct functions w 6 e C® so that 

w 6 (x) = 1 on Ey 4d , = 0 outside E d , 

\D p w 6 \ ^ A p 8~ p ; 







EXERCISES 



129 



this may be done by setting w d = k 6 * v n , where k 6 e C, 0 ^ k 6 ^ 1, k 6 = 1 
on E i./ d , k 6 — 0 outside Ey 4d , and where v n is as in Exercise 12.5 with n 
chosen so that 2rrjn ^ k 6 is easily constructed in terms of the function 

x -> d(x, E) = inf d(i, y) . 

yeE 



Now put Uj = u • w 6j , where is any sequence tending to 0. Use (1) and 
(2) to verify that D p u j — > 0 uniformly as j — > oo, provided 0 ^ p ^ m. 

12.31. Let $ be a pseudomeasure whose support is denoted by E (see 
12.11.4 and Exercise 12.29). Show that the relation f 8 = 0 holds whenever 
/ e C 1 and / = Df = 0 on E. 

Hint: Use Exercises 12.21 and 12.30. 

12.32. Let (j) 0 € £ >1 (Z) and E = <pQ 1 ({0}) c= T. Prove that V^ 0 contains 
every e £ X (Z) such that ^gC 1 and = D<^> = 0 on E\ and that VJ o = £ X {Z) 
if E is void. (The notations are as in 12.12.6. Compare 11.2.5.) 

Hints: First verify that any continuous linear functional on i x {Z) is 

expressible as 



0->2 e(nM-n) 

neZ 

for some i/j e £ m (Z). Next, by applying the Hahn-Banach theorem (I, B.5.2), 
reduce the problem to showing that, if i/j e £™{Z) satisfies (f> Q * ifj — 0, then 
$ * ijj = 0. Introduce the pseudomeasure S = ifi, verify (12.11.3), and so con- 
clude that it suffices to establish the implication 

4$ = o => $s = o. 

Finally, show that the hypothesis here entails that supp 8 c: E and then 
apply the preceding exercise. 

12.33. Let $ be a distribution whose support is a finite subset of T, 
say {a 1; . . . , a k }. Prove that there exists an integer m ^ 0 and complex 
numbers c jp (j = 1 , 2, . . . , k ; p = 0 , 1 , . . . , m) such that 

k m 

$=22 C 3pD 1>e a j • 

3 = 1 p = 0 

Deduce that a pseudomeasure with a finite support is a measure. 

Hints: Suppose 8 e D m . Apply Exercise 12.30 in combination with the 

following simple lemma (which should be proved) : if L is a linear space and 
/, / l5 • • • , are linear functionals on L such that /(y) = 0 whenever ye L 
and (y) = • • • = £ r (y) = 0, then { is a linear combination of / l5 • • • , £ r . 
For an alternative proof, see MR 37 # 6752. 
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12.34. (1) Suppose that cf> r (r = 1, 2, • • • ) and cf> are functions on Z such 
that 

(a) <f> r is positive definite (r = 1, 2, * • • ); 

(b) m = sup r </> r (0) < oo ; 

(c) lim r _ a, (f> r (n) = (f)(n) for n e Z. 

Show that there exist positive measures p r e M (r = 1, 2, • • • ) and p e M 
such that </> r = (l t (r = 1, 2, •••),<£ = /2 and lim r _> ^ p r = p weakly in M (see 
12.3.9). 

(2) State and prove an analogue of (1) for the case in which Z is replaced 
by T. 

Remarks. The analogue of (1) for the case in which Z is replaced by R 
is Levy’s so-called continuity theorem. Positive definite functions on R have 
close connections with probability theory. 

A hounded (Radon) measure on R may be defined as a continuous linear 
functional on the Banach space C 0 (R) composed of the continuous functions 
on R which tend to zero at infinity, the norm on C 0 (i?) being defined by 

ll/ll = sup{|/(x)| :xeR}; 

see 12.2.9 and the remarks following 12.13.3. Such a measure, p, is said to 
be positive if and only if p(f) ^ 0 whenever / e C 0 (R) is real and nonnegative- 
valued. 

A bounded positive Radon measure p on R such that p(l) = 1 is termed a 
probability measure on R. The Fourier transform of fx, namely, the function 

(l: i->p(e-^ x ) (£eR), 

is in probability theory usually termed the characteristic function of the 
probability distribution defined by p. 

As has been stated in Section 9.4, there is a version of the Bochner theorem 
valid for positive definite functions / on R: it asserts that the continuous 
positive definite functions /on R satisfying /(0) = 1 are precisely the Fourier 
transforms (that is, characteristic functions) of probability measures on R. 

12.35. A distribution F (on T) is said to be positive definite if and 
only if 

F(u * u*) ^ 0 

for each u e C 00 (compare 9.2.1). Show that this is so if and only if P ^ 0, 
and deduce that F is positive definite if and only if 

F = 2 C rfi inX > 

neZ 

where (c n ) neZ is a nonnegative tempered sequence. 

Remarks. We have mentioned in Section 9.4 some of the many ex- 
tensions of Bochner’s theorem 9.2.8; the present exercise falls into this 
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category. If it in turn is generalized to distributions on the group R m , a great 
profusion of possibilities arise. The interested reader should consult [GV], 
Chapter II, where diverse modifications of the concept of positive definiteness 
are also discussed. 

12.36. The Riesz-Markov-Kakutani theorem mentioned in 12.2.3 has as 
corollaries the following three statements. 

(1) To each measure fie M corresponds a positive measure |/x| e M such 
that \fx(f)\ ^ M(|/|) for each bounded complex- valued Borel-measurable 
function /. 

(2) If / and f n (n = 1,2,**-) are complex-valued Borel-measurable 
functions such that 

sup i/n(*)| <oo, lim /„ = f pointwise , 

n,x n-»oo 

then 

lim /*(/„) = M/) 

n-» oo 

for each measure fie M. 

(3) The set of points x for which |fi|(y {;r} ) > 0 is countable, fi denoting a 
given measure and y (x} denoting the characteristic function of {x}. 

Making use of these results, show that, if <f> is a complex-valued function 
on Z which is a Fourier- Stieltjes transform, and if 

Sn.p( x ) = N- 1 2 <j>(n)e inx 

p <n^p + N 

for N = 1, 2, • • • and p real, then 

lim sup |S WiP (a:)| = 0 (4) 

N-*oo peR 

for all real values of x save perhaps those belonging to a countable set. 

Show that (4) remains true whenever </> is the limit, uniformly on Z, of 
Fourier- Stieltjes transforms. 

12.37. Let F be a real- valued function defined on some real interval 
(a, oo ) and having the following properties: 

(1) the set E of real numbers x, such that F -1 ({#}) is unbounded above, is 
uncountable; 

(2) for any c > 0, 

sup I F(t) - F(T)\ = o(I) as T — s* oo . 

By using the preceding exercise, show that any function <f> on Z, such that 

< f>(n ) = exp {inF(n)} 

for ne Z and n > a, is not the limit, uniformly on Z , of Fourier- Stieltjes 
transforms. 
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12 . 38 . Suppose that E is a closed subset of T, that 0 < a < 1 , and 
that c a (E) > 0. Prove that there exists a unique positive measure y such 
that fi{ 1) = 1, supp fi a E, and 



c a {E) = 



1 

EM 



Remarks. This measure y is termed the equilibrium measure on (or for) 
E, mainly because of the physical significance of potential theory in the 
Newtonian case. Equilibrium measures play an essential role in the proof of 
the nontrivial assertion in 12.12.4; see Exercise 12.42. 

Hints: Verify that 

(1) E a (Y 2 (A + B)) < Yi m a{A) + Y 2 E a (B) for any two distinct distribu- 
tions A and B having finite a-energy; 

(2) E a {A) ^ lim inf^oo E a (A k ) whenever A k -> A in D. 

Then use 12.3.9. 

12.39. Suppose that E and a are as in the preceding exercise. Denote by 
$ the set of measures having finite a-energy, by $ E the set of measures in $ 
supported by E, and by <f + and <o E the set of positive measures in $ and in 
S Ei respectively. In $ define the inner (or scalar) product 

(H") = 2 ^M(j-(n)v(n) 

neZ 

and associated norm \\/jl\\ = E a (fx) 1/2 . 

Which (if any) of S, $ E , <? + , S E is complete for the above norm? 

Can the projection method, explained for the case of L 2 in Exercise 8.14, 
be adapted to establish the conclusion of the preceding exercise? If so, give 
the details. 

Note: In the following three exercises it is necessary to assume the 

integration theory associated with a Radon measure; compare the remarks 
in 12.2.3; [E], Chapter 4; and [HS], Chapter III. Moreover, 0 < a < 1, E is 
a closed subset of T, K = K a , c(E) = c a {E ), fi E is the equilibrium measure 
on E (see Exercise 12.38) ; and in general we drop the suffix “ a ”. 

12.40. If A and B are distributions having finite energy, we define the 
inner product 

(A\B) = 2 K(n)A(n)J(n) , 

neZ 

the corresponding norm being ||^4|| = (^4|^4) 1//2 , the square root of the energy 
of A ; compare Exercise 12.39. 

Prove that if \x and v are positive measures having finite energy, then 

(n\v) = J U“dv, 

where U li (x) = J K(x — y) djx(y) is a Borel-measurable function belonging 
to L 1 which generates the distribution K * ft. 
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Remark. U u is termed the (a-) potential of /x; it can. be defined as a 
nonnegative extended real- valued function by the above integral for any 
positive measure /x and is easily seen then to be lower semi continuous. 

Hint: See [KS], p. 35, Proposition 3. 

12.41. Suppose that c{E) > 0 and that fi E is defined as in Exercise 12.38. 
Prove that 



U 11 e(x) 



1 

c(E) 



at almost all points x of E. 

Hint: See [KS], pp. 36-37, where more refined results are established. 

12.42. Suppose that c(E) > 0. Prove that 



IW * «!) 

for any distribution A such that supp A cz E and J[(0) = 1. 

What can be said if c(E) = 0? 

Hints : Let E n denote the set of points of T at distance at most l/n 

(with respect to the metric introduced in the hints to Exercise 12.30) from 
E; put fi n = \x En . Show that 



0 h\A) = lim (/x„ | A *v N ), 

N-* 00 



where the v N are as in Exercise 12.5, and use the preceding exercise to deduce 
that (y n \A) = |1 /x n || 2 and so that ||x4|| ^ ||/x n ||. Using 12.3.9, extract a sub- 
sequence (y Uk ) converging weakly in M to a positive measure y! such that 
y/( 1) = 1 and supp y! c E; apply (2) of the hints to Exercise 12.38. 

For the second part, show that c{E n ) —> 0 if c(E) = 0. 

12.43. Let (y k )k = i be a sequence of measures such that 

sup IK 111 < 00 

k 

and 

4> = lim (t k 

k~* oo 

exists pointwise on Z. Show that there exists a measure y, such that 
lim^ oo y k = fi weakly in M and /x = <£. 

Formulate and prove an analogous assertion applying when M is replaced 
throughout by L p where 1 < p ^ oo. 

12.44. Consider Cantor's ternary set E, formed as follows: from, [0, 2 tt] 

delete the open middle third, leaving the set E x \ from each component 
interval of E x delete the open middle third, leaving E 2 m , and so on indefinitely; 
define E = Verify that m(E) = 0. (It is not difficult to show that 

E is uncountable, perfect, and nowhere dense.) 
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Construct Lebesgue’s singular function t as follows: define 4 so that 
4(0) = o, 4(2*7) = i, and £ k increases linearly by amount 2 k on each 
component interval of E k . The function i k is increasing and absolutely con- 
tinuous. The functions £ k converge uniformly as Jc -> oo to a continuous 
increasing function / such that /( 0) = 0, /(27 t) = 1. (It can be shown that 
£\x) = 0 a.e.) 

Let X k be the measure defined by 

f>2n 

X k (u) = J u{x)£ k (x) dx (ue€>). 

Using the preceding exercise, show that lim te _> X k = A weakly in M, where 
A is a positive measure for which 



%(n) = exp ( — inn) FT cos (n e Z) 

i=i 6 

and supp A <= E. Verify in particular that X( ± 3 k ) is equal to a nonzero 
number independent of k = 1, 2, 3, * • • , so that ^ o(l) as \n\ — > oo. (The 
associated set-function measure m A is easily seen to be continuous, in the 
sense that m K (J) -> 0 as m(J) -> 0 for subintervals J of [0, 27 r].) 

Finally, define f(x) = 2tt^{x) — x for 0 ^ x ^ 277 and by periodicity else- 
where. Show that / is continuous and of bounded variation, and that 
f(n ) i=- o(l/|n|) as \n\ —> oo (compare the Remarks following 2.3.6). 

12.45. Consider M as a Banach algebra (see 11.4.1). 

Prove that any ideal in M is a translation- invariant subspace of M. 

Let V be the closed translation- invariant subspace of M generated by the 
Dirac measure e. Show that V is not an ideal in M. (See 11.1.3(2).) 

12.46. Let ^ # 0 be an idempotent element of M satisfying ||/x|| x ^ 1. 
Show that H/xlli = 1 and that /2 = y s , where 8 is a coset modulo some sub- 
group of Z (see 12.7.4(3)). 

Hints: Show first that || || 2 = 1. Choose n 0 e Z such that A = e no p 

satisfies A(0) = 1. Show that A > 0. Put S 0 = {n e Z : X{n) = 1} = supp %. 
Verify the inequality 

|A(ra) - ^)| 2 ^ 2^(0) • Re (X[0) - %(m - n)} (m, neZ) 

and deduce that S 0 is a subgroup of Z. 

12.47. Let fx be an idempotent element of M satisfying ||/x || x > 1. Prove 

that ||p Hi ^ V 2 V 5 . 

Remark. It is apparently unknown whether %V5 = 1.118 • • • is the 
best-possible constant in the above statement. 

Hints: The proof of the preceding exercise shows that 



8 = {ne Z : jl(n) = 1} = supp jl 
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is not a coset. Show that this entails the existence of n l , n 2 , n 3 e S such that 
n i + n 2 — n 3 $ S- To estimate ||/x | 1? consider p(f), where 

f 2e_ ni (l + e ni _ n3 ) + C _ n 2 ( 1 ^713 - ri! ) 

= 2e _ ni + 2e _ n3 4- e _ n2 — e _ (ni + n2 _ n3 ) . 

12.48. Any periodic subset P of Z is expressible in the form 

P = A + kZ = {a + kn : n e Z, a e A} 
where k is a positive integer and A is a (possibly void) subset of 

{ 0 , 1 , • • • , & — 1 }. 

Use this remark to write down an explicit closed expression for the measure 
whose Fourier transform is the characteristic function of P. (Compare 
12.7.4(3) and see 16.8.4(2).) 

12.49. Let E denote L p (1 < p ^ oo) or M, and let T be a homomorphism 
of L 1 into E (each being regarded as a convolution algebra). Using the 
arguments of 4.2.2, show that there exists a map a of Z into Zu{oo} such that 
( Tf p = f o a for/e L 1 , and deduce that T is continuous from L 1 into E. 

Show that T can be extended into a homomorphism T' of M into E such 
that (T'/x) = (jl o a for /xeM, jl(co) being interpreted to be 0, and | T’ || ^ || T|| . 

Hence (or otherwise) determine all the homomorphisms of L 1 into L p , 
where 1 < p ^ oo. See also Subsection 15.3.6. 

Remark. The extension T f of T plays a useful role in the study of 
homomorphisms as set out in Chapter 4 of [R]. 

Hints: Use the closed graph theorem (I, B.3.3) to establish contin- 

uity. For the rest, use Exercise 12.43. A different type of proof for the 
case E = M appears on p. 83 of [R]. 

12.50. Let ^ be a complex- valued function on Z, and let m be a non- 
negative real number. Prove that the following assertions are equivalent: 

(1) |2 c r <£(?i r )| ^ m||2 c r e nr | oo for all trigonometric polynomials 2 c r e n r 5 

(2) </> = /! for some p e M satisfying \\p\h < m. 

Remarks. There is an analogue of this assertion valid for general groups 
and due to Eberlein; see [R], Theorem 1.9.1 and the references cited there. 
The special case applying to the case in which T and Z interchange their 
roles reads as follows: a continuous complex-valued function f on T 
belongs to A and satisfies \\f\\ A ^ m, if and only if 

l2 c r f(x r ) I s; w sup \y C r e ix ' n \ 

neZ 

for all finite sequences (c r ) and (x r ) of complex numbers c r and points x r of 
T. See also MR 36 # 3065. 
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Hints: Consider the linear functional y defined on the normed linear sub- 

space T of C by the formula y(t) = 2nez <f>(n)i(n). Recall 12.2.9. 

12.51. Denote by Q the set of all measures peM expressible in the form 

CO 

m = 2 Ck€a >c + /= s + /, (i) 

k= 1 

where/ e L 1 , (a k )j*L x is a sequence of distinct points of T, and ( c k )^ =1 is a 
sequence of complex numbers satisfying ]T£° =1 | c k \ < oo, each off, (a k )™ =1 
and (c k )k = i possibly depending upon p. (Q is in fact the closed subalgebra 
of M generated by {e a : a e T) u L 1 .) Measures of the form 3 are termed 
discrete (or sometimes atomic or purely discontinuous ) ; we will denote by 
M d the set of discrete measures. 

Verify that Q, regarded as a subalgebra of M, is a Banach algebra of the 
type described in 11.4.1, and that 

IMi = 2 M + ll/lli 

fc= 1 

whenever /*eQ is given by (1). 

Show that each y e T(Q) (see 11.4.9) takes one of two forms, namely: 

(a) y(p) = §(y) = 2k = i c kX( a k)> where y is a bounded (but not necessarily 
continuous) character of T ; 

(b) y(p) = y n {y) = fi(n), where n e Z. 

By using the general version of Kronecker’s theorem (see the Remarks 
following Exercise 2.2), deduce that the measure y given by (1) is inversible 
in Q provided 

inf |S(n)| > 0, jl{n) ^ 0 (ne Z). (2) 

neZ 

Remarks. Q does not exhaust M, comprising in fact precisely those 
measures whose continuous singular part vanishes; see [HS], Section 19, 
especially p. 337. The continuous singular measures are the ones that present 
all the difficulty in studying complex homomorphisms of M; see 12.7.4. 

In view of the almost periodicity of § on Z (see Subsection 2.5.4), it turns 
out that (2) is actually equivalent to 

inf \jl(n)\ >0. (3) 

neZ 

Since it is trivial that (3) is necessary in order that p be inversible in M, 
either of (2) or (3) is necessary and sufficient in order that p be inversible 
in Q or in M. 

Hints: In discussing a given y e T(Q), define the function % on T by 

X(a) = y(e- a ). Discuss separately the cases in which y | L 1 =0 and y | L l 
0, using 4.1.2 in the later case. 

12.52. Let E be a closed subset of T whose frontier F contains no 
non void perfect set. Prove that E is a spectral synthesis set. 
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Hints: Suppose that S e ¥(E) and that / e A vanishes on E; it has to be 

shown that fS = 0. Putting S x = fS, use Exercise 12.31 to show first that 
E x = supp S x is a subset of F. Assuming that S x #= 0, E x must have at least 
one isolated point, say a. Without loss of generality, assume that a = 0. 
Consider the functions u e constructed in Exercise 10.26 and show that 
II^AIIp — >■ 0 with e. Verify that, on the other hand, u e 8 1 is independent of e 
if e is small enough, and show that this leads to a contradiction of the relation 

0 eE x = supp 8 X . 

12 . 53 . This exercise provides a general basis for one half of the 
Malliavin-Kahane-Rudin non-synthesis theorem mentioned in 11.2.3 in 
connection with the algebra L 1 (i? m ) and again in 12.11.4 for the algebra 
A = A (T); see [Kz], pp. 231-232; [HR], (42.15); [Kah 2 ], pp. 63-64, 68. 
The other half of the programme consists of proving the existence of / and 
a as prescribed below for certain algebras B. This is in itself fairly 
complicated; see [R], Section 7.6.4; [Kz], pp. 233-235; [HR], 

(42.16)-(42.19) ; [Kah 2 ], pp. 68-72 ; MR, 39 #4611. 

In what follows, B denotes a commutative Banach algebra with unit e 
(as in 11.4.1). If I is an ideal in B, the zero-set or hull of I is defined to be 
th© set 

Z(I) = {y e T(B): y{f) = 0 for all /el}; 

the notation is a natural extension of that used in 11.4.3. For every ideal 

1 in B, Z( I) is a closed subset of T(B) (see 11.4.18). 

If E is a subset of T(B), the kernel of E is defined to be the set 

1(E) = {/eB: y(f) = 0 for all y e E}; 

this is always a closed ideal in B. For regular algebras B (see [Kz], 
p. 223), Z(l(E)) = E for every closed subset E of T(B). 

A closed subset E of r(B) is said to be a spectral synthesis set (or 
spectral set ) for B, if and only if 1(E) is the unique closed ideal I in B such 
that Z( I) = E. 

One says that spectral synthesis holds in B, if and only if every closed 
subset E of T(B) is a spectral set for B ; this is so, if and only if 

I = I(Z(I)) 

for every closed ideal I in B. 

Denote by B' the topological dual of B, the duality being indicated by 

< , >• 

Assume that / e B, a e B' and a /= 0. Define for all t e R, 

C(t) = ||exp (itf) • <t|| b , (1) 

and assume further that N e {1,2, ...}is such that 

f 1 1 1 N C(t) dt < oo. 



Ir 



( 2 ) 
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For every a 0 e R, define / 0 = a 0 e + /; and, for every natural number n, 
define I„ to be the closed ideal in B generated by f n 0 . Prove that there 
exists a 0 e R such that I j l k for all k e {1, . . . , N 4- 1} such that j /= k. 
(Since Z(I n ) = Z(I 1 ) = E, say, for all positive natural numbers n, it 
follows that E is not a spectral set for B.) 

Hints : Proceed in the following stages. 

(a) For all h e B and all cr e B', define h • o e B' by 

<gr, h • cr) = (Jig, cr) for all g e B. 

Verify that 

11^ * ^IIb' ^ Pile ■ Hulls'- 



(b) For all / e B and all t e R, define = exp ( itf ) e B by 

00 

k — 0 

Prove that the function t—> e t is uniformly continuous from R into B (cf. 
[HR], (42.14)). Conclude from (2) that 

lim \t\ N C(t) = 0. (3) 

Ul -»oo 



Prove also that, for all t e R, 

~e,= lim d~ 1 (e t+s -e,) = ife t . (4) 

dt < 5 -* 0 ,< 5*0 

(c) One may assume that cr) /= 0. (If not, replace cr by h • a, where 
h is suitably chosen in B, and use (a).) 

(d) Define <J>(£) = e t • cr) for all t e R. Prove that <I> is continuous on 
R and 



| <!>(£) | ^ C(t) for all t e R. 

Since <I>(0) = cr) /= 0 (see (c)), the Fourier transform 



6(s) = 



4>(<)e 

R 



dt 



( 5 ) 



is non-vanishing for some real s, say for s = —a 0 . On replacing / by 
/o = a 0 4- /, one may assume that 

$( 0 )^ 0 ; 

that is, 



e t - o) dt =f= 0. 



( 6 ) 
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(e) Suppose p e {0, 1, N}. Using (2) and (b), prove that there 

exists t_ 6 B' such that 



<9, O = 



(it) p ■ <g, e, ■ cr> dt for all g e B. 



(f) Assume that q g {0, 1, 2, . . .} and g e B. Define 



J„ 



<gf 9 , O 



(it) p ■ < gf q , e, ■ a > dt. 



Use (3) and (4) and partial integration to prove that 



j _ f— V - Jp-i.q-i for all p e {1, 2, N} and all q e {1, 2, . . .} 
F ' q { 0 for p = 0 and all q e {1, 2, . . (7) 



(g) Deduce from (7) that, if p e {0, 1, . . . , N), then J p , p+i = 0 for all 
greB; hence that x p annihilates I p+1 . On the other hand, taking 
p — q s {0, 1, . . . , N} and g = e, deduce that 



<f p , O = J p 



(-1 ) p p\ 



<e, e, ■ cr> dt ^ 0, 
Ir 



the last step by (6). Conclude that/ p does not belong to I p+i 

12 . 54 . Prove that, if m is a positive integer, S a distribution, and 
DS 6 D m , then 8 g D m Deduce that, if F is a distribution and F g 
D m \D m_1 , then DF e D m + 1 \D m . 

Remark. This result was suggested to me by Dr Jo Ward. 

Hints: Look again at 12.4.3(2) and 12.4.6. 




CHAPTER 13 



Interpolation Theorems 



This chapter is devoted to the proofs and some of the applications of the 
theorems of Riesz-Thorin and of Marcinkie wicz , each of which is concerned 
with operators T defined on subsets of Lebesgue spaces (constructed over 
fairly general measure spaces) and taking values in similar such spaces. 
Only relatively simple versions of the theorems are treated. Even so, some of 
the proofs are fairly complex and one aim has been to present all the 
important details. 

Section 13.1 collects some preliminaries concerning measure spaces. The 
treatment of the Riesz-Thorin theorem and its applications occupies Sections 
13.2-13.6, while Sections 13.7-13.11 deal with Marcinkie wicz’ theorem and 
its applications. Among the latter is to be found the promised alternative 
approach to the study of the conjugate operator / -> H *f = f (see Sections 
12.8 and 12.9). 

Suggestions for reading on further developments will be found in 13.4.2 
and 13.8.2. 

Any reader who is perturbed by the introduction of general measure spaces 
is advised to concentrate on the two concrete instances described in 13.1.3 
and interpret all the general definitions and concepts in these special cases, 
which suffice for all the important applications made in this book. See also 
the remarks in 13.2.3(5). 



13.1 Measure Spaces 

13.1.1. Some Definitions. By a measure space is meant a triplet (X, Jt , p) 
in which X denotes a set, Jt a cr-algebra of subsets of X (see [HS], p. 4), and 
p a function on Jt with values in [0, oo] such that 

p(0) = 0 

and 

= 2 v(M n ) 

n = 1 

whenever M is the countable disjoint union of sets M n e Jt (n = 1, 2, • • • ). 
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In connection with the second equation, a sum composed of nonnegative 
terms, at least one of which is co, is interpreted to be oo; and the sum of a 
divergent series of nonnegative numbers is likewise interpreted to be oo. 

A subset M of X is said to be p -finite if M e Jt and p(M) < oo. The measure 
space is (X, M , p) is termed a -finite if X can be expressed as the union of a 
countable sequence of p- finite sets. All the measure spaces we shall need to 
consider are o -finite, and we shall therefore make this a standing hypothesis. 
(The requirement of a- finiteness is not essential at all points; especially is this 
the case when one considers the measure spaces associated with Radon 
measures, which is the situation prevailing in harmonic analysis.) 

Nor will anything be lost by assuming, as we shall henceforth, that all 
measure spaces (X, Jt , p) are complete : this means (compare [HS], p. 155) 
that, if M is a p-null set (that is, if M e Jt and p(Af) = 0), then so too is 
any subset of M. 



13.1.2. The Spaces L P (X, Jt , p). As is indicated in Chapter 6 of [W], or 
in greater detail in Sections 12 and 13 of [HS], and in 3.4 and 3.5 of [AB], 
one can associate with any measure space (X, Jt, p) a Lebesgue-like integra- 
tion theory. In particular, there is an associated concept of measurable 
function (the members of Jt playing the role of measurable sets); and one 
can construct the associated Lebesgue spaces L p (p) = h p (X, Jt , p) for 
0 < p ^ oo. (The reader will notice that the space here denoted by L p is 
symbolized 2 P in [HS].) 

If / is a given function on X, the p- equivalence class of / is the set of all 
functions on X that agree p-a.e. with /, that is, which agree with / save 
perhaps on a p-null subset of X. 

For an arbitrary measurable function / on X we define the symbol 
WfWiSix.jr.rt or, more briefly, ||/|| PiH to mean 



and 




if 0 < p < oo 



ess sup |/| if p = oo. 

Then (compare Exercise 8.17 and Section 13.7) ||/|| p , tf may be oo. h p {X, Jt , p) 
consists precisely of those complex-valued measurable functions f on X for 
which ||/|| p , tf < oo. If we identify functions belonging to any one p-equiva- 
lence class, then (/ l5 / 2 ) -> ||/i - / 2 |U* (or ||/i - / 2 ||*U if 0 < p < 1) appears 
as a metric on L P {X, Jt, p) and makes the latter into a complete metric 
space. If also 1 ^ p ^ oo, then || * || p M is a norm on L P (X, Jt , p) and makes 
the latter into a Banach space. For details, see [W], pp. 68-72 and [HS], 
Section 13. 



13.1.3. Examples of Measure Spaces. For the applications we have in 
mind there are essentially only two types of measure space required, namely: 
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(1) The case in which X is a real interval, Ji is the set of Lebesgue measur- 
able subsets of X and /z is a multiple of the restriction of Lebesgue measure 
to Ji . The standard case for future reference is that in which X is the interval 
[ — 77, 77- ) (or indeed any chosen interval of length 2n) and /z is (Zn)' 1 times 
the restriction of Lebesgue measure to the Lebesgue-measurable subsets of 
the chosen interval, the associated Lebesgue space being what in this book 
has been, and will continue to be, denoted by L p . 

(2) The case in which X is Z, J( comprises all subsets of Z and p is the 
so-called counting measure : p(M) = the cardinal number of M whenever M 
is finite, p(M) = oo whenever M is infinite. A slightly more general situation 
is that in which X and M retain the same meaning while /x is defined by 

P(M) = 2 c n) (13.1.1) 

neM 

where (c n ) neZ is a fixed nonnegative real-valued sequence defined on Z . Here, 
as in a similar context in 13.1.1, it is to be understood that p(M) = oo 
whenever M is infinite and such that the series on the right-hand side of 
(13.1.1) is divergent. The aforesaid counting measure arises when c n = 1 for 
all ne Z. 

In case /z is specified by (13.1.1), L P (X, Jt , /x) comprises exactly those 
complex-valued functions <f> on Z such that 

2 C n \<f>{ n )\ V < 00 

neZ 

if p < oo, or such that 

sup {\<f>(n)\ : n e Z, c n > 0} < oo 

neZ 

Up = oo, two functions being identified if they agree at all points ns Z 
for which c n > 0. In particular, if /z is the counting measure, L P (X, Jt , /z) 
is just £ P (Z) (as defined in 2.2.5). 

Occasionally [Example 13.2.3(2) provides an instance], it is necessary to 
speak of counting measures on sets other than Z. Accordingly, it should be 
observed that the preceding remarks about counting measures and measures 
of the type (13.1.1) apply equally when Z is replaced by any subset thereof, 
or by any countable set whatsoever. In fact, similar considerations $pply 
when Z is replaced by an absolutely arbitrary set S, except that the counting 
measure on S will be a-finite (see 13.1.1) if and only if 8 is countable. 

13.1.4. Simple Functions. Given a measure space ( X , Jt, /z), a complex- 
valued function / on X is termed ( X , Ji , p)-simple (or just simple , if the 
measure space is understood from the context) if it is expressible in the form 

n 

/ = 2 C{c ^ M k ’ 

1 



(13.1.2) 
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where the c k are complex numbers, the M k are ^.-finite subsets of X, and 
is used to denote the characteristic function of the subset M of X. 

It is easy to see that a simple / may always be represented in the form 
(13.1.2) wherein, furthermore, the M k are disjoint. 

A simple function / belongs to L p (p) for every p satisfying 0 < p < oo. 
Moreover, the set of simple functions is everywhere dense in L P (p,), provided 
either that p < oo or, if p = oo, that X is p-finite. (See [W], p. 93 and [HS], 
p. 187.) 

13.1.5. Another Converse of Holder’s Inequality. For the proof of the 
Riesz-Thorin theorem we shall need the following variant of the converse of 
Holder’s inequality (compare Exercise 3.6). 

Suppose that (X, Jt , p) is a measure space and that /is a complex- valued, 
measurable function on X which is known to be integrable over each /^-finite 
subset of X, that is, that 

f l/l = f I/Ixm dfj. < c o 
Jm Jx 

for each ^.-finite subset M of X. Then, if 1 ^ p ^ oo, we have 

ll/IU.u = sup \j^fgd(i\, (13.1.3) 

the supremum being taken with respect to all simple functions g satisfying 
|| <7 Up* tll < 1. (As usual, p' is defined by the relation l/p + l/p' = 1, together 
with the convention that p' = oo if p = 1 and p' = 1 if p = oo.) Our 
hypotheses on / ensure that fg is integrable for every simple function g. 

It is to be remarked that, if / is assumed a priori to belong to 

L*V) = LP(X,J?,p), 

the assertion is contained in Theorem (15.1) of [HS]. It is essential that we 
dispense with this assumption, and additional argument is needed. 

Proof. The cases p = oo and p = 1 are especially simple and demand 
no further explanation. Assume therefore that 1 < p < oo. 

Let m denote the supremum appearing in (13.1.3). If ||/|| P , M is finite, 
Holder’s inequality shows that 



m < ll/lk*; 

the same is vacuously true if 1/| P>M is infinite. It thus suffices to show that 

II /L* < m. (13.1.4) 

Now if g is measurable, vanishes outside a ^.-finite set M, and ||^|| P ' tP < 1, 
then g can be expressed as the pointwise limit of a sequence g k (k = 1, 2, • • • ) 
of simple functions vanishing outside M and satisfying ||gr fc || p / ttf ^ 1. It then 
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follows from Lebesgue’s convergence theorem that m, be it finite or infinite, 
is unaltered if in its definition we allow g to range over all measurable 
functions vanishing outside a /z- finite set and subject to ||g|| p ^ M ^ 1. Then, on 
replacing g by g • sgn /, where 



r ft*) 

(sgn f)(x) = J | f(x)\ 



if /(*) # 0 



we infer that 



.0 otherwise , 



m ^ sup 




(13.1.5) 



where now g ranges over all nonnegative measurable functions vanishing 
outside some /x - finite set and satisfying ||g||p <y ^ 1. The monotone conver- 
gence theorem, together with the assumed a- finiteness of the measure space 
(X, fx) , shows next that the inequality (13.1.5) remains undisturbed if 

the competing g’s are freed from the demand that they vanish outside some 
/z- finite set. 

This being so, let f r = inf (|/|, ry Mr ) for r = 1, 2, • • • , where M r e Jt , 
M r c: M r + 1 , jx(M r ) < oo, and {J™ =1 M r = X. Then f r e L p (fx) and it is clear 
from the final version of (13.1.5) that 



f r gdfx ^ m 
Jx 

for any nonnegative measurable function g satisfying ^ 1. So, by 

Theorem (15.1) of [HS], 

\fr || p,u < W. (13.1.6) 

Since f r f |/| as r f oo, the monotone convergence theorem combines with 
(13.1.6) to yield (13.1.4) and so completes the proof. 



13.2 Operators of Type ( p , q) 

13.2.1. The Concept of Type. Let (X, jx) and ( Y, jV', v) be measure 
spaces as described in 13.1.1, and let % denote a linear subspace of 

L*V) = L P (X, Jt , fx). 

We shall in this section be concerned with a linear operator T defined on % 
and taking values in the space of complex-valued ^-measurable functions on 
Y which are v-integrable over v- finite sets (or in the set of ^-equivalence 
classes of such functions). 

Given two exponents p and q from the range [1, oo], T is said to be of type 
(P> g) [° r > more precisely, of strong type ( p , q )] if and only if there exists a 
number m ^ 0 such that 

mi,* ** m i/L.« 



(13.2.1) 
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for f e The norms appearing in (13.2.1) are to be interpreted in the fashion 
explained in 13.1.2. The least admissible value of m in (13.2.1) is denoted by 
||T|| P>Q or ||T|| P tV and is termed the {strong) (p, q)~norm of T. If T is not 
of type (p, q) we shall write ||T|| P q = oo. These definitions apply even if T 
is not linear (see Section 13.7) but we shall in this section consider only the 
case in which T is linear. They apply also when p > 0, q > 0; but, unless 
the contrary is explicitly stated, we assume that p ^ 1 and q ^ 1. 

From 13.1.5 it follows that in all cases 

\\T\\v, q = sup ij Tf-gdv\, (13.2.2) 

the supremum being taken with respect to those / e $ satisfying ||/|| p>p ^ 1 
and those {Y,jV',v )- simple functions g satisfying ||gr || a ^ v ^ 1- Because of 
linearity of T, one may replace the inequality signs in the preceding sentence 
by equality signs. It is also true that 

||r|| M = 8up||T/||,. v , (13.2.3) 

the supremum being taken relative to those f e % satisfying ||/|| p u < 1 (or 

ll/IU = !)■__ 

These remarks make it plain that T is of type (p, q) if and only if it maps the 
normed linear subspace $ of L v {g) into the Banach space h Q (v) = L 9 ( Y, Jf , v) 
in a continuous fashion. 

In applications it often arises that the heuristic form of T is given in 
advance and that there is a considerable freedom of choice in %: T may, for 
example, be initially defined on L 2 (p), in which case % might be selected to 
be L 2 (/z) itself, or to be the space of (X, Ji , p,)-simple functions. However we 
will show that if, as is usually the case, % is everywhere dense in L p (/x), then 
the type classification of Tis largely independent of this ambiguity, depending 
in fact solely on the possibility or otherwise of extending T into a continuous 
linear operator from the whole of L p {/jl) into h q {v). 

13.2.2. Extension Theorem. Suppose that T and % are as in 13.2.1 and 
that T is of type (p, q). Suppose also that % is everywhere dense in L p (/x). 
Then T can be uniquely extended into a continuous linear map of L p (/x) 
into L Q (v) which satisfies 

r/kv < Ill’ll,., - \\f\U (13.2.4) 

for all/e L p (fi). 

Proof. If such an extension exists, it is unique on account of its continuity 
and the assumed denseness of % in L P {p). 

An extension of the desired type is obtainable in the following way. Given 
/ e L p (/x), chose a sequence (f n )n = i of elements of $ such that 
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Taking any finite value of m not less than ||T|| P g , (13.2.1) gives 

\\Tfn - Tl/n-Lv < m ||/„ -/ n .|| PtB 

for all n and n', so that (13.2.5) indicates that the sequence (T/ n )® =1 is 
Cauchy in L Q (v). Furthermore, (13.2.1) entails that the limit of ( Tf n )%= i 
is independent of which sequence ( f n )n = i is chosen, provided only that it is 
subject to (13.2.5). Denote the limit by T x f. It is then clear from the preceding 
sentence that T x maps L p (p) linearly into L 9 (v), and that the restriction of T x 
to % is none other than T. Finally, by (13.2.1) and (13.2.5), the definition of 
T x f shows that 

||7V|| q , v = lim || T/X.v 

n-+ oo 

^ lim inf m ||/ n || p , a 

n~* oo 

= m II/IIp,« • (13-2.6) 

Since m is arbitrary save for the restriction 

m > n r iip.?> 

(13.2.4) follows from (13.2.6). 

13.2.3. Some Examples. (1) The Fourier transformation . Take (X, J( , p) 
as in 13.1.3(1), and (Y, Jf , v) as in 13.1.3(2) with v the counting measure 
on Y = Z. The operator T is taken to be the Fourier transformation: 

Tf=J 

for /eL 1 (^t) = L 1 . It is evident that T maps L 1 into L 0O (/x) = £ co (Z). 
Moreover, since the v-finite sets are just the finite sets, the hypotheses of 
13.2.1 are fulfilled. 

That T is of type (1, oo) is the content of 2.3.2. 

On the other hand (8.2.2) says exactly that T|L 2 (/x) is of type (2, 2). 

In particular, therefore, the restriction of T to the /z- simple functions is 
simultaneously of types (1, oo) and (2, 2). This, combined with the Riesz- 
Thorin theorem, will permit us to make further type-statements about T\ 
see Section 13.4. 

(2) The moment operator. Here we take X = [0, 1], jft the set of 
Lebesgue -measurable subsets of X , p, the restriction of Lebesgue measure to jft, 
Y — {0, 1, 2, • • •}, vAT the set of all subsets of Y, and v the counting measure 
on Y . Let S be the so-called moment operator defined on L 1 (^z) by Sf = /#, 
where 

f#(n) = f(x)x n dx (n = 0, 1, 2, • • • ) . 

Once again the hypotheses of 13.2.1 are satisfied. 

It is not difficult to show (see Exercise 13.7) that S is a one-to-one linear 
map of L 1 ^) into e 0 (F) c L 00 ^), and that S is of type (1, oo). (The definition 
of c 0 (F) is exactly analogous to that of c 0 (Z) given in 2.2.5.) 
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It is also true, but not trivial, that S L 2 (p) is of type (2, 2): this is in fact the 
content of a famous inequality due to Hilbert (see [HLP], pp. 212 and 226). 

Once more., an application of the Riesz-Thorin theorem leads to further 
information about S; see Exercise 13.8. 

(3) The conjugate function operator. Take (X, , p) = ( Y, jV', v) as 

in 13.1.3(1), so that L p (/x) = L p (v) = L p . Consider the transformation 
T:f—>f = H *f defined in Section 12.8. We know that Tf is defined dis- 
tributionally whenever /e L 1 . M. Riesz 5 theorem 12.9.1 asserts that T\L P is 
of type (p, p) whenever 1 < p < oo. On the other hand, from 12.8.4 it 
appears that T is not of type (1,1) nor of type (oo, oo). More about the nature 
of T acting on L 1 will appear in Section 13.9 in connection with the concept 
of “weak type” of operators. 

(4) Further examples appear in Section 13.6 and Exercises 13.5 and 13.6. 

(5) This is a convenient point at which to interject some remarks addressed 
to the reader who chooses to limit the general Theorems 13.4.1 and 13.8.1 to 
versions possessing a degree of abstraction just adequate to cover the 
essential applications made in this book. 

As has been said in the introductory material to this chapter, it is for this 
purpose enough to be prepared to meet cases in which each of (X, , p) 

and (Y, Jf , v) is one of the measure spaces described in 13.1.3. 

The operators which are likewise essential to subsequent applications are 
all expressible (or reducible without loss of essential scope) to one of two 
forms. Those to which Theorem 13.4.1 will be applied are of the form 

Tf{y) = lim T N f(y), (13.2.7) 

N-+ oo 

while Theorem 13.8.1 will be applied also to certain operators of the form 

Tf(y) — sup \T N f(y)\; (13.2.8) 

NZ 1 

the domain of T may without loss be taken to a subset of L X (X, , p) and 
to be such that earlier results in this book guarantee that (13.2.7) holds 
point wise v-a.e. and in mean with various exponents. In either case one can 
choose the T N (N = 1, 2, • • • ) to be of the form 

T N f(y) =• J K n (x, y)f(x) dy.(x) , (13.2.9) 

where K N is bounded, measurable in the pair (x, y) (see [HS], p. 379), and 
such that 

\K„(x, y)\ v dy[x) < oo 

for 0 < p < oo. (Different choices of the T N can, of course, lead to the same 
T ; we do not always indicate explicitly an admissible choice of the T N 
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satisfying all these conditions.) It is then very simple to show that T N f is a 
bounded v-measurable function on Y whenever / belongs to h Q (X, p) for 
some q satisfying 1 < q ^ oo. 

For operators of the form (13.2.8), however, we shall not be able to 
guarantee a priori that Tf is finite- valued (everywhere or even v-a.e.). The 
opening remarks in Section 13.7 will refer specifically to this state of affairs. 

13.2.4. Preamble to the Riesz-Thorin Theorem. In terms of the 
“type” language, it is very simple to state roughly the aims of the Riesz- 
Thorin theorem. This theorem asserts that if an operator T is simultaneously 
of types ( p 0 , q 0 ) and (p x , q x ), where 1 ^ p p ^ oo for j = 0, 1, then T is 
also of type (p, q) for certain “intermediate” pairs (p, q) and that for such 
pairs, || T\\ Ptq can be majorized in a certain way. This explains why the 
theorem is often described as an interpolation theorem. 

Before we can embark on the proof of the Riesz-Thorin theorem one more 
auxiliary is required, this time from complex variable theory. 

13.3 The Three Lines Theorem 

The three lines theorem, a simple result in complex variable theory, is the 
major tool used in the proof we give of the Riesz-Thorin theorem. 

Throughout this section V denotes the vertical strip in the complex £-plane 
defined by 

J = £ + tg, 0<£<1, tjgR. (13.3.1) 

We are concerned with a function F defined, bounded, and continuous on 
the strip V and analytic interior to V. The crucial result is as follows. 

13.3.1. With the above notations and assumptions, put 

if* = sup {| F(( + irj ) I :rjeR} (0 < £ < 1). (13.3.2) 

Then, for 0 < £ ^ 1, 

M' ^ (13.3.3) 

Proof. Since it is plainly enough to show that (13.3.3) holds when M& and 
M x are replaced by arbitrary fixed numbers exceeding M 0 and M X) respec- 
tively, we may assume that M 0 and M x are positive. 

Then, by considering the function F(£)/JfJ“ c Jf 1 c in place of F, it is seen 
to be enough to deal with the case in which M 0 = M x ^ 1. In other words, 
we wish to show that from the assumptions 

\F(ir))\ ^ 1, |F(1 + vq) I ^1 (yjeR) (13.3.4) 

it follows that 



|F(£ + Vq) I ^1 (0 ^ £ < hyeS). 



(13.3.5) 
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To this end we consider first the case in which 

lim F(£ + irj) = 0 (13.3.6) 

W-* CO 

holds uniformly for 0 < £ < 1. In this case the desired conclusion (13.3.5) 
follows directly on applying the maximum principle to a rectangle 0 ^ ^ 1, 

1 7) | < y, where y is chosen so large that 

1^(1 ± iy) I < i 

for 0 ^ f ^ 1, the choice of such a number y being possible by virtue of 
(13.3.6) holding uniformly for 0 ^ < 1. 

In general, we apply the special case just established to each of the 
functions 

F n (0 *= F(Q • exp n-^ - 1) (n = 1, 2, • • • ) . 

Each F n satisfies the condition (13.3.6) previously and temporarily imposed 
upon F and 

\F n (£ + in ) I 1 

for £ = 0 or 1 by virtue of (13.3.4). Accordingly, (13.3.5) holds with F n in 
place in F, and (13.3.5) itself follows thence on letting n -> oo. 

13.3.2. Remark. Almost any textbook on complex function theory will 
contain a discussion of many extensions and generalizations of 13.3.1, which 
we leave in the simple and unadorned version directly useful in Section 13.4. 

13.4 The Riesz-Thorin Theorem 

13.4.1. (Riesz-Thorin) Let (X, Jt , p) and ( T, v) be measure spaces, as 
in 13.1.1, and let T be a linear operator defined for all p,-simple functions and 
taking values in the set of functions on Y which are v-integrable over each 
v - finite set 1 . Suppose that T is simultaneously of types (p j} q/j ( j = 0, 1) 
where 1 ^ p j9 ^ oo. Then, for any exponent pair ( p , q) of the form 

1 1 - t t 1 1 ~ t t f\ ^ J. ^ t 

— _ -j- — > — = -j- — ■> 0 ^ t ^ 1, 

P Po Pi 2 Qo <h 

T is of type (p, q) and 

imk, < (13-4.1) 

In particular, if p < oo, or if X is /x-finite, T can be extended so as to map 
L P (p) continuously into h q (v). 

Remarks. (1) The preceding result may be expressed in the 
following way: the function log ||T|| 1/a 1//? on the rectangle 0 ^ a, p ^ 1 is 
convex on any segment joining two points at which it is finite. This 



1 Or in the set of v - equivalence classes of such functions. 
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explains why the Riesz-Thorin theorem is often described as a convexity 
theorem. 

(2) If pj < oo for j e { 0, 1}, and if X is a locally compact Hausdorff 
space and y a positive Radon measure on X, one may replace p-simple 
functions by linear combinations of characteristic functions of relatively 
compact ^-measurable subsets of X. 

Proof. Once (13.4.1) is established, the final sentence will follow at once 
from 13.2.2. 

To handle (13.4.1) we write a ; = 1 jp p fij = l/g ; for j = 0, 1 and a = 1/p, 
ft = 1 jq, making the conventions that 1/0 = oo and l/oo = 0. Define also 

«(£) = (1 - £)«o + £«1, m = (l - Qp 0 + % 

for all complex £. Thus a (j) = a j and fi(j) = pj for j = 0, 1 and a(t) = a 
and p(t) = ft. 

Let / be a p-simple function. By 13.1.5, 

l! T /L.v = sup |J^ Tf ■ g dv\, (13.4.2) 

the supremum being taken with respect to all v-simple functions g satisfying 

IblU-.v = i- 

In order to establish (13.4.1), it will thus suffice to choose and fix a /^-simple 
function / satisfying \\f\\ PtU = 1, say 

/ = 2 a ^k 5 

k 

the A k being pairwise disjoint, and a v-simple function g satisfying \\g\\ q , >v = 1, 
say 

9 = 2 bhXB h > 

h 

the B h being pairwise disjoint and show that the integral 

J = jTf-gdv 

satisfies the inequality 

M (13.4.3) 

In the above expressions for / and g , each A k is a /x-finite set, each B h is a 
v-finite set, the sums are finite, and we may assume that a k ^ 0 and b h / 0. 
In proving (13.4.3) we write 

/=l/|e i “, g = W iv , 

where u and v are real- valued and /x- measurable and v- measurable, respec- 
tively. At this point we consider two cases in turn. 
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(1) Suppose first that a > 0 and < 1. In this case we introduce the 
functions / c and g c defined by 

/ c = \f\*™«e iu , g c = \ g \u-wmi-n e iv . (13.4.4) 

Define further 

F(Q = j Tf ( -g t d v , (13.4.5) 

in terms of which 

/ = F(t). (13.4.6) 

The linearity of T leads to the formula 

m = T |a fc | tt<o,0f |6 fc | €1 f Tx Ak -X Bh z i(u + v) dv, 

k.h Jy 

which makes it plain that F is an entire analytic function which is bounded 
on the strip V. We aim to apply 13.3.1. 

If £ = Re £ = 0, then Re «(£) = a 0 and Holder’s inequality gives from 
(13.4.5) and the assumptions about T 

i*wi < 11% II il0 o ,v ' \\9in II l/(l -0 o ),v 

^ || T\\n aotl i 0o m \\firj || iicc Q 11^177 II 1/(1 -0 O ),V (13.4.7) 

Rut from (13.4.4) it follows by direct calculation that 

\\f in I l/a 0 ,u = \\mtu = 1 

and that 

\\ n II — \\ n \\a- 00)1(1-0) — 1 

\Win\\iKl-0o),v — \\y\\ii a -0) tV — 1 > 

since 1/a = p and 1/(1 — p) = q' and 

II fWt.u = IbL-.v = i- 

Consequently (13.4.7) shows that 

M 0 s sup{|J(^)| : v eR} < ||r|| 1/0o . 1/flo = ||T||, 0 ., 0 . (13.4.8) 

An exactly similar argument shows that 

M, = sup {| J(1 + i v ) | : v e R} ^ |[^l| Pl , qi . (13.4.9) 

On applying 13.3.1, equations (13.4.6), (13.4.8), and (13.4.9) lead to (13.4.3), 
and the proof is complete in this case. 

(2) Of the excluded cases, that in which a = 0 and /J = 1 leaves nothing 
to be proved. 

If p = 1, in which case /3 0 = p ± = 1, and a > 0,/ c is defined as in (13.4.4) 
while < 7 C is defined to be g. The proof then proceeds as before. 

An entirely similar modification applies if a = 0, in which case a 0 = a x = 0, 
and < 1. 
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13.4.2. Comments on the Riesz-Thorin Theorem. (1) In its original 
form, as given by M. Riesz in 1926, the measure spaces involved had finite 
sets X and Y and counting measures /x and v, the functions (finite sequences) 
allowed were real- valued, and convexity was asserted only for exponent pairs 
(p, q) subject to the additional restriction 1 ^ p < q ^ oo. Moreover, the 
result was expressed in terms of bilinear functionals rather than linear 
operators. (This corresponds to the introduction of the integral Tf • g dv 
in the preceding proof and represents a standard possible variation in form of 
the theorem.) See [HLP], pp. 214-220, where complex-valued sequences are 
admitted but the proof really uses only real- variable methods, and the con- 
clusion is again the restricted form of convexity. This restricted version is, 
however, adequate for several important applications. 

Thorin’s major contribution was the use of complex -variable methods, 
together with some simplifications in the proof, leading to unrestricted 
convexity (as formulated in 13.4.1); see Thorin [1], [2]. 

The proof given here is based on that appearing in [Z 2 ], pp. 95-96. It 
plainly depends crucially on using complex -valued functions. For a somewhat 
more general discussion, see [DS X ], pp. 520-526. 



(2) Various important extensions of the theorem are now known. 

Some of these apply to spaces L p with 0 < p < oo and some to the Hardy 
spaces H p for the same range of values of p (see Exercise 3.9); for the details 
see [Z 2 ], Chapter XII, where convexity theorems for multilinear operators are 
also considered. (An application of such a convexity theorem will be mentioned 
briefly at the end of 16.4.9.) Other types of extension are given by O’Niel [2], 
Campanato and Murthy [1]. 

We also direct the reader’s attention to extensions given by Stein and Weiss 
[2] in which the measures n and v, as well as the exponents p and q, are 
allowed to vary in a certain way. In this treatment 13.4.1 is formulated for 
operators T which are not necessarily linear but merely “ sublinear.” Stronger 
versions of 13.4.1 are also proved; cf. [Moz], Chapter 1. 



(3) As we shall see in 13.8.3, (13.4.1) does not express all that is known to 
follow from hypotheses like those in 13.4.1. Moreover, a conclusion similar 
to, but a little weaker than, (13.4.1) derives from weaker hypotheses; see 
Theorem 13.8.1. 



(4) Elaborate studies of interpolation problems and techniques, which are 
in some senses abstract versions of the Riesz-Thorin theorem, have been made. 
See, for example, Calderon [1] and the references cited there, Stampacchia [1] ; 
Stein [2] ; Schechter [1] ; Peetre [1], [2], [3] ; Coifmann, Cwikel, Rochberg, 
Sagher and Weiss [1]. See also MR 37 # 1951. 
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13.5 The Theorem of Hausdorff- Young 

As a first application of the Riesz-Thorin theorem, we derive a result that 
constitutes a partial extension of Parseval’s formula (8.2.2) and the Riesz- 
Fischer theorem 8.3.1. The result we obtain appears in two mutually dual 
assertions. 



13.5.1. (Hausdorff-Young) Suppose that 1 ^ p ^ 2. 

(1) If/G L p then 

\\}\\p- < II/L- 

(2) If <f> g f p (Z), then the series 



2 ^ n y nx 

neZ 



converges in L p ' to a function <£ such that 



11^ Up' < Mil 



Proof. (1) This will follow from applying 13.4.1 and 1£.2.2 to the situation 
described in 13.2.3(1). With the notation used there, 2.3.2 and (8.2.2) show 
that, if we restrict T to the simple functions, then 

llZIk- <1. l^lla.a = 1- (13.5.1) 

So, by 13.4.1, 

mi,., < i 

whenever 

1 _ 1 - t t 1 _ 1 - t t_ 

p 1 + 2’ q oo^2 

for some t satisfying 0 ^ t ^ 1. These requirements signify that 1 ^ p ^ 2 
and q = p'. To derive (1), it now suffices to apply 13.2.2. 

(2) Here we interchange the roles of the measure spaces (X, Jt , p) and 
(Y, Jf , v ) used in the proof of (1). The ^-simple functions (f> are precisely 
those with finite supports. For such </> we define 

T<f> = 2 <f>(n)e n , 

neZ 

a trigonometric polynomial. It is evident that T is of type (1, oo) and of 
type (2, 2), and that (13.5.1) holds. [The assertion concerning ||T|| 2f 2 follows 
from Exercise 1.7(1).] By 13.4.1 and 13.2.2 it follows, as in (1), that T can 
be continuously extended so as to map L p (v) = t p (Z) into L p '(fi) = L p ' 
whenever 1 ^ p ^ 2, and that 



m 



p,p' 



< i. 



The continuity of this extension of T shows at once that, for any <j> g £ p (Z ), 
the series appearing in (2) converges in L p ' in accordance with the relation 
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T<f> = lim^^oo T<f> N in L p ', where 

, (<f>(n) if M < N, 

N U \o otherwise , 

so that lim^^oo <f> N = <f> in £ P (Z). 

13.5.2. Remarks. The theorem was proved by W. H. Young in 1912-1913 
for the special values of p of the form 2k/(2k — 1), where k is a positive 
integer. For general values of p in the interval [1, 2], the result is due origin- 
ally to Hausdorff (1923). F. Riesz showed that the result was true for 
expansions in terms of a general orthonormal system of functions u n satisfying 
\u n \ < 1 a.e.; this result also dates from 1923; see [Z 2 ], p. 102. 

The idea of deriving 13.5.1 and F. Riesz ’s extension thereof from the 
convexity theorem is itself due to M. Riesz (1926). 

The Hausdorff- Young theorem, like the L 2 -theory of Chapter 8, can be 
extended to Hausdorff locally compact Abelian groups in general. (That the 
measure spaces involved are no longer a- finite in general leads to no insuper- 
able difficulties.) See [R], Chapter 1; [E], Sections 10.3 and 10.4; [We], 
Chapitre VI; [HR], (31.22). See also 13.6.3 below. 

For other cases of inequalities of the type \\f\\ q < oo, see Prohorenko [1]. 

For further results, see Edwards [14] ; Williams [1] ; Fournier [1] ; MR 
49 # 9518; 51 # 1243; 52 # 8788; 55 # # 8689a, b; 56 # 953; 57 # 
10366. 

13.5.3. Best-possible Nature of the Hausdorff-Young Theorem. 

There are various senses in which 13.5.1 is the best possible of its type. 

(1) In 13.5.1(1), the exponent p’ cannot be replaced by anything smaller; 
that is, if q < p' is given, there exist functions / e L p such that f $ £ q (Z). 

Indeed, as has been noted in 8.3.2, the breakdown is rather dramatic when 
p = 2. For general values of p e [1, oo) we observe that Exercise 7.8 shows 
that, for any 8 > 0, there exists a function / e L p such that f(n) = \n\ ~ illp ' + d) 
for n 0. Since q < p', 8 can be chosen so small that q(l/p' + 8) < 1, in 
which case it is evident that f $ £ q (Z). 

For the same purpose one might use the periodic function / for which f(x) 
is |a;| a-1 or 0 according as \x\ ^ 1 or 1 < \x\ ^ i r, where 0 < a < 1; for this 
function it is easily verified that lim| /1 |_> 00 \n\ a f(n) exists and is nonzero, 
so that / el/ if and only if (1 — oc)p < 1 and / e £ q (Z) if and only if 
aq > 1. 

This last example serves to show also that, in 13.5.1(2), the exponent p ' 
cannot be replaced by anything larger. 

See also Brown [1] ; Hewitt and Ritter [1] ; Edwards, Hewitt and 
Ritter [1]. 
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(2) Both 13.5.1(1) and 13.5.1(2) become false when p > 2: this will be 
established in two ways in Sections 14.4 and 15.4, respectively. 

(3) If 1 ^ p < 2, 3F\P = {/ :/e L p } is a proper subset of £ P '(Z) (whereas 
the two sets are identical when p = 2); compare the next paragraph and see 
also Section 15.4. 

From (2) immediately above it follows that, dually, ^£ p = {<$>: <f> e £ P (Z)} 
is a proper subset of L p ', whenever 1 ^ p < 2. (For otherwise it would 
appear that g e £ P (Z) whenever g e L p ', which is contrary to (2) since p' > 2.) 

13.5.4. Gases of Equality in 13.5.1 It is possible (see [Z 2 ], p. 105) to show 
that equahty occurs in 13.5.1(1) if and only if f(x) = const e inx for some n e Z, 
and in 13.5.1(2) if and only if <f> vanishes for all but at most one element of Z. 

In each case the “if” assertion is trivial, but the “only if” assertion is not 
so. The result is due to Hardy and Littlewood (1926). 

A discussion applying to general groups (compare 13.5.2) is due to Hewitt 
and Hirsehman [1]. 

13.5.5. An Application. The Hausdorff- Young theorem will in this sub- 
section be employed to prove a result stated in Subsection 12.11.4 in connection 
with equalities of the type fS = 0, where / e A and S e P. 

Throughout the present subsection it will be supposed that 1 ^ q < oo; 
that S is a pseudomeasure of the form S = where <f> e £ q (Z) (so that, if 
q = co, S may be an arbitrary pseudomeasure); that E denotes a closed subset 
of T containing supp 8; and that fe A, so that/= i j) for some i p e £ X (Z). It 
will be assumed furthermore that / vanishes on E and that, for some sequence 
(Sj)jL t of positive numbers tending to zero, 

f(x) = 0(e$ 1/2) “ (1 '<>) (13.5.2) 

uniformly for x at periodic distance (see Exercise 12.30) at most from E. 
Our aim is to show that under these conditions 

fS = 0. (13.5.3) 

Before commencing the proof we observe that if 1 ^ q ^ 2, the condition 

(13.5.2) becomes void and may be dropped entirely; in this case, too, the proof 
presents no trouble since, by 13.5.1, & is a function in L 9 '. In case q = oo, l/q is 
to be interpreted as zero: this case covers the statement made in Subsection 
12.11.4. 

As a final preliminary, it is to be observed that, by (12.11.3), the equation 

(13.5.3) is equivalent to 

= 0, (13.5.4) 

which is what we shall in fact establish. 

Proof of (13.5.3). For brevity we shall write c in place of y 2 — l/q, and we 
shall make a legitimate change of stance by regarding E as a closed periodic 
set of real numbers. In view of the preliminary remarks, we may and will 
assume that 2 < q ^ go. Throughout the computations, B will denote various 
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numbers depending at most upon q and S; the value denoted by B is not 
necessarily the same at each appearance. 

Let A] and Uj denote the periodic sets 

( ~ V 2 £ j) (mod 27 r) and ( — sj) (mod 27 r), 

respectively, so that (13.5.2) holds for x e E 4- Uj. Define further the functions 

, _ (; Xa i * xa,) 

1 (e^rr ) 2 



and Kj — hp and note that kj e £ l (Z). It is very simple to verify that 0 ^ kj 
^ Bef 1 , and that k j vanishes outside Uj. Consequently, 

1^11, ^ Be} 18 ” 1 (1 < « < oo). 



In particular, taking s = 2 q/(q — 2) > 2, 13.5.1 can be applied to yield 

IMs ^ Hulls' ^ Bsf c . (13.5.5) 



Now the kj form an approximate identity in L 1 , so that lim^oo Kj — 1 
boundedly on Z, and therefore ip * <p = lim^ ^ ip * ( Kj<f> ) pointwise on Z. This 
may also be written: 



ip * (p{n) = lim f e 
j~* 00 27 T J 



iX f(x)Sj(x) dx 



(13.5.6) 



for n e Z, where Sj = (Kj(p)^ = kj * S. Since Sj is easily verified to vanish 
outside E 4* U jt and since / = 0 on E, (13.5.6) and (13.5.2) combine to yield 
the majorizations 



\ip * <p(n ) | < lim inf f \fSj\ dx 
j-* oo Itt J Dj 

^ lim inf 0(e/) * -L f \Sj\ dx , 

i-»oo ZlT J D i 



(13.5.7) 



where we have written Dj for the intersection of (E + Uj)\E with (0, 27 t). 
Now the Cauchy-Schwarz inequality gives 



i- J |S,| dx (27t) _ 1,2 m(£)y) 1,2 ||(S^|| 2 , (13.5.8) 

where m(D } ) denotes the Lebesgue measure of Dj. Furthermore, by Parse val’s 
formula, Holder’s inequality for sums, and (13.5.5), 

11-5,11* = WM \MU-UU 

*£ B Ej - c ■ (13.5.9) 

Accordingly, (13.5.7), (13.5.8), and (13.5.9) together show that 
| ip * <p(n) | ^ lim inf 0(e/) • m{Dj) 112 • BeJ c 

j~*co 

= lim inf 0[m(Dj) 112 ]. 



(13.5.10) 
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Since E is closed, the intersection of the D s is void; so countable additivity 
of Lebesgue measure guarantees that m(D j ) 0 as j — > oo, and (13.5.4) follows 
from (13.5.10). 

Remarks. (1) If one assumes E to be such that m(Dj) — > 0 as j — > oo with 
some preassigned degree of rapidity, one may correspondingly relax the 
condition (13.5.2). 

In any case, in place of (13.5.2) one might assume that 

{[ |/| 2 dx} 112 = o(e}'*-i/«), (13.5.11) 

* Dj 

which in turn is satisfied if 

{f \f\ p dx} llp = 0(ej l2 - llq ) (13.5.12) 

" D] 

for some p > 2. 

(2) Somewhat similar procedures can be applied to general groups; see Herz 
[2], p. 210. See also MR 35 # 7081. 

(3) In case q = oo, the resulting exponent \ is (13.5.2) is best possible; see 
MR 40 # 629. 



13.6 An Inequality of W. H. Young 

We shall now apply 13.4.1 to the proof of a result about convolutions 
forecast in Remark (2) following 3.1.6. 



13.6.1. (W. H. Young) Suppose that 



1 ^ p ^ oo, 



1 ^ q ^ oo. 



1 

r 



1 1 

= - + -- 1 ^ 0 . 

V < 1 



(13.6.1) 



Then f * g el/ and 

\\f*g\\r< ll/llp* llffll, (13.6.2) 

whenever / e 1/ and g e IA 

Proof. We take (X, Jl , p) = (Y, Jf , v) as in 13.1.3(1). Fix / e 1/ and 
let T be the linear operator defined for all simple functions g by 
Tg =/* g. By 3.1.6, T is of type (1, p) and 

liriii.p < ||/||p. 

By 3.1.4, T is of type (p\ oo) and 

ll/llp- 

An application of 13.4.1 shows that 



ii/ii. 
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whenever there exists a number t in [0, 1] such that 

1 1 - 1 1 l-t J__ 

q 1 p' ’ r p oo 

and these requirements are equivalent to (13.6.1). 

The simple functions are everywhere dense in U and 13.2.2 shows that 
T can be continuously extended so as to map h q into U in such a way 
that 

l|T/llr<ll/llp- IMI,- 

Consequently it remains only to make sure that, for any g e L q , the 
extension of T is such that Tg and f * g agree almost everywhere. 
However, if we take a sequence (g n )„ = i of simple functions converging to 
g in L q , then Tg = lim,,.^ Tg n in U and Tg n =f * g n by the initial 
definition of T. On the other hand, (3.1.2) shows that lim,,^^ f * g n =f * 
g in L 1 . The desired identification follows at once and the proof is 
complete. 

13.6.2. There are more general results of a similar sort ; see, for example, [E], 
Theorem 9.5.1, where a proof quite independent of the convexity theorem is 
given. The inequality extends to convolutions over quite general groups ; for 
the case of the group Z, see Exercise 13.4. For extensions in a somewhat 
different direction, see O’Niel [1]. 

13.6.3. Best possible constants. Both 13.5.1(1) and 13.6.1 have 
analogues for the groups R n . It was for long unknown what were the best 
possible values of the constants C p and (7 p q% r in the inequalities 

\\f\\ P ^C p \\f\\ p 

\\f*g\\r<C P ' q J\f\\ p -\\g\\ q 

in the case of R n . The answer was provided by Beckner (see MR 52 # # 
6316, 6317), namely 

c P = (P llp ti>r llp, r 12 

c„, q , r = c p -c q -c r ,. 

Regarding a similar question in relation to (13.6.2), see MR 57 # 1021. 
See also MR 57 # # 10358, 10366. 

13.7 Operators of Weak Type 

The remainder of this chapter is concerned with the proof and applications 
of the second of the two interpolation theorems on our program, namely, the 
theorem of Marcinkiewicz. The present section sets out some definitions and 
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concepts in terms of which Marcinkiewiez’s theorem is customarily expressed, 
together with some simple preliminary results and some examples. 

Some of the operators of weak type we shall wish to consider (the majorant 
operators a* and 5* are examples) are such that it is not a priori obvious that 
they transform finite-valued functions into functions which are either finite- 
valued or finite-valued almost everywhere. As a result of this, it is convenient 
to allow into the discussion extended real- valued functions. (The introduction 
of such functions is a convenience only and could be avoided in various ways 
and at the expense of enough circumlocution; on balance, it seems a good 
deal simpler to introduce them.) We begin by recalling very rapidly a few 
basic facts and conventions concerning such functions. 

By definition (compare [HS], pp. 54-55), the extended real number system 
is the set R# = Ru{ —go, go}, obtained by adjoining to R two new elements 
— oo and oo, and endowed with that linear order which extends the usual 
order on R and which makes — oo and oo the least and greatest elements, 
respectively, of Rfi. The supremum (respectively, infimum) of any subset of 
R which is unbounded above (respectively, below) relative to the usual order 
of R will thus be oo (respectively, — oo). An extended real-valued function on a 
set X is simply a function on X with values in R#. 

The manipulation of extended real numbers and extended real- valued 
functions will be governed by the following rules, in which a denotes an 
arbitrary real number: 



oo + a = a + oo = oo, — oo + a = a + (— oo) = a — oo = — oo, 
oo + oo = oo, (—oo) + (—oo) = —oo, 

— (oo) = —oo, — (— oo) = oo, 

oo • a = a • oo = oo, (— oo) * a = a * (— oo) = — oo ifa>0, 

oo • a = a • oo = — oo, (— oo) • a = a • (— oo) = oo if a < 0 , 

00*00 = 00 , oo*0 = 0*oo = (— oo) • 0 = 0 • ( — oo) = 0, 

| oo | = | — oo| = oo, co a = oo if a > 0 . 

We do not define the expressions oo + ( — oo), (— oo) + oo, oo * ( — oo), 
(—oo) * oo, (— oo) • (—oo). 

In many cases where extended real- valued functions have to be handled, 
they are nonnegative- valued; in such cases the above conventions appear 
more intuitive than in the general situation. 

Concerning the definition and properties of j x f dfi for extended real- and 
complex- valued ^-measurable functions / on X, see again [HS], Section 12. 
In particular, if / is an extended real- valued /x-measurable function on a 
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measure space (X, Ji , /i) (see [HS], p. 149), we define J x |/| dfi to be 
sup 2 inf f(M k )yL(M k ), 

k = l 

the supremum being taken with respect to all partitions (M k ) k = 1 of X in 
which M k e Ji for all he {1, 2, • • * , n ) ; see [HS], Section 12 for details. 
In terms of this convention, || is defined to be 

ij x \f\ p W p 

whenever 0 < p < oo. The definition of ||/||oo,/i remains almost the same as 
when / is finite -valued: it is the smallest (extended real) number m such that 
\f(x)\ ^ m is true /x-almost everywhere on X. 

It is also convenient to modify the definition of L P (X, Ji , /x) given in 
13.1.2 so as to include in L P (X, M , /x) those /x-measurable extended real- 
valued functions /for which ||/|| Pitf < oo. This enlargement is in reality rather 
trifling insofar as the relation ||/|| p>/i < oo entails that \f(x)\ < oo for /x-almost 
all x g X (compare [HS], pp. 154, 169-170) and, as far as integration with 
respect to /x is concerned, / can therefore be replaced by a function which is 
everywhere finite- valued. 

We now turn from generalities to particularities. In what follows the term 
“function” means “extended real- or complex- valued function.” 



13.7.1. Truncation of Functions. Suppose that / is a function on a set 
X and that a > 0 is a real number. The a-truncation f la of / is the function 
on X defined by the specification: 

f = if\f(x)\Ha, 

1 ’ a \ a f( x ) l\fi x )\ otherwise ; 
here we make the special convention that + 00/00 = ± 1 . Thus 



We define further 



l/i.ai = “in (|/|, a). 

Si.a — f ~ /l,a ■ 



Notice that/ l a is always finite- valued, and that the relation 



is universally valid. 



/ = fl,a + f2,a 



13.7.2. Distribution Functions. Suppose that (X, Jt, /x) is a measure 
space and that / is a /x-measurable function on X. The distribution function 
D f or D/ is the nonnegative extended real- valued function on (0, 00 ) 
defined as follows: 



Z>/(<) = nifreX : |/(*)| > f}). 



(13.7.1) 
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(This use of the term “distribution” has nothing whatsoever to do with that 
in Chapter 12.) The reader will observe that D/ = D m u , that D f u depends 
only on the /x-equivalence class of/, and that D f u {t) < fx(X). 

We shall often write 

E f (t) = {xeX : \f(x)\ > t}, 

so that 

D f u (t) = /*W)). 

It is not difficult to see that D f u is decreasing (in the wide sense) and 
continuous on the right, that is, 

D f u (t) = D f u (t + 0) = lim D f u (t') 

t'it 

for 0 < t < oo. Monotonicity ensures that D f u is Lebesgue- measurable on 
(0, co). 

If / is a /x-measurable function on X and a > 0, the following relations 
hold: 



D^Jt) = D%t) 

Dnjt) = 0 

D“ f2 Jt) = D* f (t + a) 
The verification is left to the reader. 



if 0 < t < a," 
if t ^ a, > 
if t > 0. 



(13.7.2) 



13.7.3. Integrals in Terms of Distribution Functions. For us the 

main significance of the distribution function stems from the fact that it 
enables us to express the integral of a nonnegative (extended real- valued) 
^.-measurable function on X in terms of a Lebesgue integral over (0, oo). The 
appropriate formula reads 

f f*d(i= f°° pP-'DfMdt, (13.7.3) 

Jx Jo 

where 0 < p < oo, it being understood that oo p = oo. For a proof in the 
case where / is real-valued, see [HS], Corollary (21.72), where (13.7.3) is 
shown to be an almost immediate consequence of an appropriate form of the 
Fubini theorem. The general case may be deduced from this by considering 
the real- valued functions f n = inf (/, n), noting that D fn u (t) f !>/($), and 
using the theorem on termwise integration of monotone- increasing sequences 
of measurable functions [[HS], Theorem (12.22)]. 

The remarks in 13.7.2 show that (13.7.3) holds with \f\ p in place of f p 
whenever / is any (complex- or extended real- valued) ^-measurable function 
/on X. 

We remark in passing that (13.7.3) could be used quite effectively to 
define integrals with respect to /z. 
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13.7.4. Quasilinear Operators. Suppose that (X, Jt , y) and (Y, JT, v) 
are measure spaces. Suppose further that T is an operator whose domain % 
is a set of /x-measurable complex-valued functions on X. The range of T is 
assumed to lie in the set of immeasurable complex -valued functions on Y, or 
in the set of immeasurable nonnegative extended real- valued functions on Y, 
or in the corresponding sets of v-equivalence classes of functions (see 13.1.2 
and 13.2.1). (Quite often the operators T we need to consider can be assigned 
a domain whose elements are ^-equivalence classes of functions, but to 
assume this is an unnecessary luxury.) 

The operator T is said to be quasilinear (with constant k) if f x + f 2 e % 
and 

\T(h + /„) I < «(\Th\ + \Tf 2 \) (13.7.4) 

for v-almost all points of Y whenever f x , f 2 e (In case Tf x and Tf 2 are 
^-equivalence classes, | Tf x \ + | Tf 2 \ is of course the ^-equivalence class of 
any function g x -f g 2 where g k (k = 1,2) is a function chosen from the 
equivalence class | Tf k \ ; and (13.7.4) is then understood to signify that the 
same inequality holds at imalmost all points between functions chosen from 
the appropriate ^-equivalence classes.) 

For example, any linear operator T whose domain and range are as 
specified above is quasilinear with a constant k ^ 1. 

Again, if (X, Jt , y) = (Y, jV', v) are as in Example 13.1.3(1), the majorant 
operators cr* and s* defined in (6.4.10) and (6.4.14), respectively, have domain 
L 1 = L 1 (A, Jt, y) and range in the set of nonnegative extended real- valued 
immeasurable functions on Y. It is very simple to verify that they are each 
quasilinear with constant k ^ 1. They are not linear operators. 

Other illustrations appear in Example 13.7.6(2). 

13.7.5. Operators of Weak Type. Suppose again that {X, Jt, y) and 
( Y, JT , v ) are measure spaces and that p and q are exponents chosen from 
the interval [1, oo]. Suppose also that T is an operator whose domain % and 
range are as described in 13.7.4; T may or may not be quasilinear, however. 

If q < oo, the operator T is said to be of weak type (p, q) on % if there 
exists a number A ^ 0 such that 

v(E Tf (t)) ^ ( J| ^ lp ' < y (13.7.5) 

for all f g % and all t > 0, where (compare 13.7.2) 

E T ,{t) = {ye Y:\Tf (y)\ > t}. 

To cover the excluded case in which q = oo, it is agreed that T will be 
said to be of weak type (p, oo) on % if and only if it satisfies a (strong) type 
(p, oo) inequality (see Section 13.2) on its domain of definition, that is, if 
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and only if there exists a number A ^ 0 such that 

ll^/lkv < A\\f\\ v , u (13.7.6) 

for all fe%. 

In (13.7.5) and (13.7.6), ||/|| p is defined as in 13.1.2, so that ||/|| p may be 
oo ; in this tjase oo a = oo for any a > 0. (See the conventions listed at the 
beginning of this section.) 

In either case the smallest admissible value of A is termed the weak 
(p, q)-norm of T, despite the fact that (apart from the case in which q = oo 
and all due precautions are taken over the addition of operators) the function 
of T so defined has not the properties of a norm (see I, B.1.2). This abuse 
of the term “norm” appears to be customary in this connection. 

The inequality (13.7.5) may be written 

D Tf v (t) < (13.7.7) 

Most frequently the hypothesis that T is of weak type (p, q) (q < oo) is 
brought into play by employing (13.7.7) in conjunction with (13.7.3) applied 
with (Tf, q , v) in place of (/, p, /*); see the proof of 13.8.1. 

It is clear that the above definitions of the concept of weak type (p, q) 
can be formulated if either or both of p and q lie in the interval (0, 1), but 
this extension appears to be of relatively little interest. 



13.7.6. Examples of Operators of Weak Type. (1) If T is of type 
(p, q) on a domain $, then it is of weak type (p, q) on 

This is a matter of definition if q = oo. If q < oo, one has by hypothesis 
for each f e 

r/lkv s \Tf\'dv}™ < ||T|U|/|| P>|I , 



confirming that for any t > 0 

{<* • D T /(t)} iiq < imui/iu 

and therefore 

D Tf v (t) ^ 



which shows that T is of weak type (p, q) on $ and that the weak (p, g)-norm 
of T does not exceed the (p, g)-norm \\T\\ P q . 

Thus every operator of type (p, q) is ipso facto an example of an operator 
of weak type (p,q)\ see 13.2.1, Section 13.6, and Exercises 13.5 and 13.6. 
The converse is false, even for operators defined and linear on certain sub- 
spaces of L p (fju) and having ranges in L Q (v) ; but see Exercise 13.16. 

We shall in Sections 13.9 and 13.10 see that the conjugate function operator 
/— >J and the majorant operator /-> a*f are of weak type (1, 1) on suitably 
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chosen domains, even though they are not of type (1, 1) on those domains. 
Another such example will appear in Section 13.11. The theorem of Kolmo- 
gorov cited in 10.3.4 shows that the majorant operator /->«*/ is not of 
weak type (1, q) on L 1 for any q > 0. 

In view of Carleson’s result cited in 10.4.5(3), together with Stein’s theorem 
16.2.8, the operator s* is of weak type (2, 2) on L 2 . 

(2) The Hardy- Littlewood maximal operator. This operator is perhaps the 
forerunner of all others as an example of an operator of weak type (1, 1). 

Here we suppose that (X, jft , y) = ( Y, jV ' , v ), X denoting the real axis R, 
the set of Lebesgue-measurable subsets of R, and p the Lebesgue measure 
on R. 

For any measurable function / that is integrable over ( — a, a) for every 
a > 0, define 

f r (x) = sup s" 1 f \f(y)\dy, 

f(x) = sups- 1 f |/(y) I dy. 

s > 0 J x - s 

It can be shown ([HS], Lemma (21.75)) that if we write for j = f , r and t > 0 
E t j = {x e R : f j (x) > t } , 

then 

«) ^ t-i f |/| dfi. (13.7.8) 

JE t 3 

The maximal operator M j : f f j is clearly quasilinear, and (13.7.8) evidently 
entails that M j is of weak type (1, 1) on L 1 ^). 

However, consideration of the function 

fa: _1 (log x)~ 2 for 0 < x < y 2 

/w - \o .l«wh.r., 

for which /^(x) ^ x~ 1 |log x\ ~ 1 for small x > 0, shows that J f is not of 
type (1, 1) on L x (jLt). Similarly, / — > f r is not of type (1, 1) on L^/z). 

Similar statements apply to the maximal operator 

s sup (/,/’■). 

It is shown in [HS], Theorem (21.76) that M j (j = /, r, A) is of type (p, p) 
on L p (/jl) for 1 < p < oo. This, together with certain other inequalities estab- 
lished in [HS], Theorem (21.80), will follow, on the basis of Marcinkiewicz’s 
theorem 13.8.1 and the results in 13.8.3, from the statement that each of these 
operators is of weak type (1, 1) on L 1 ^) and (what is quite evident) that each 
is also of type (oo, oo) on L*(/x). The proofs in [HS] are, on the contrary, direct 
and lead to specific estimates for the constants involved in the inequalities. See 
also [Kz], pp. 74-76. 

The keystone in all these results is the assertion that M j is of weak type (1,1) 
on L 1 (p,). It is therefore interesting to note that this is itself a consequence of 
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the general theorem of Stein recorded in 16.2.8 and the Lebesgue theorem on 
the differentiability almost everywhere of an indefinite integral which is quoted 
in 6.4.2; see Exercise 16.14. 

The Hardy -Little wood maximal operators have been defined and studied in 
connection with more general measure spaces; see, for example, Smith [1], 
Shimogaki [1], Rauch [1] and MR 35 # 6788. There will be no place in this 
book for these extensions; but see also 13.10.3 below. 

13.7.7. Remark. There is an analogue of 13.2.2 applying to linear opera- 
tors of weak type (p, q), but which appears to be of somewhat peripheral 
interest; see Exercise 13.19. 



13.8 The Marcinkiewicz Interpolation Theorem 

In the Riesz-Thorin convexity theorem 13.4.1, we have already en- 
countered one result that enables us to “interpolate” properties of a func- 
tional operator T on the basis of given “extreme ” properties of T. There, 
continuity of type (p, q) of T was deduced, for certain pairs (p, q) inter- 
mediate to two pairs (p ; , g y ) (j = 0, 1), from continuity of types (p ; , q s ) 
(j = 0, 1) of T. It is now time to prove another famous interpolation 
theorem, which asserts that the same conclusion applies to somewhat 
different intermediate pairs on the basis of weak-type continuity for the 
pairs (pj, g y ), the latter being subject to special relations that are not needed 
in the Riesz-Thorin theorem but which are essential for this second theorem 
(compare 13.8.1 and 13.4.1, where no such conditions appear). 



13.8.1. Marcinkiewicz’ Interpolation Theorem. Suppose that (X, M, p) 
and (YyjV'yv) are measure spaces and that (p 0 , q 0 ) and (p x , q x ) are two 
exponent pairs having the following properties: 



1 < Pj ^ ^ °o (j = 0, 1),' 

q Q ¥> qi- 



(13.8.1) 



Let T be a quasilinear operator [with constant k; see (13.7.4)], whose domain 
% is a iinear subspace of L p o(X, My /x) n h p i(X, My fi) which is closed under 
the formation of truncations (see 13.7.1), and whose range is as described in 
13.7.4. Suppose further that T is simultaneously of weak types ( p 0 , q 0 ) and 
(p X y q x ) with weak norms A 0 and A x , respectively. Suppose finally that 



1 t [ (1 - *) I t | (1 - t) 

p Po Pi ’ q q Q qi 



o < t < 1. 



(13.8.2) 



The conclusion is that T is of (strong) type (p, q) on $, that is, that there 
exists a number A = A{t, p 0 , q 0 , p ly q x , A 0 , A x ) such that 



WTfh.v < A \\fL 



for / e $. 



(13.8.3) 
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Proof. There are several cases to be considered separately. Throughout 
the proof the symbols A 2 , A 3 , A 4 , • • • are used to denote nonnegative 
numbers depending at most on T, /x, v, t, p 0 , q Q , p x , q x , A 0 , and A x . 

(1) We shall begin with the case in which q Q and q x are finite. Of this there 
is one subcase which can be dismissed rather quickly, namely, the case in 
which p 0 = p x = p. 

In this subcase we may suppose without loss of generality that q 0 < 
q < q x . If a > 0, (13.7.3) gives for f e T> 

II Tf || 2. . = q // b q ~ 1 D T / v (b) db 




}• 



In the first integral we majorize D Tf v (b) by using (13.7.5) with p and q 
replaced by p 0 and q 0 , respectively; the second integral is treated likewise, 
using p x and q x in place of p and q. As a result it appears that 



\\Tf\\l v *£ const {a q ~ Q °\\f ||J° B + , 

since q 0 < q < q x by hypothesis. If \\f\\ PtU > 0, and if we choose a = ||/|| Pt/i , 
the desired result (13.8.3) appears; and if \\f\\ PtU = 0, Tf is null and (13.8.3) 
is trivial. 

Having disposed of this subcase, we suppose henceforth that p 0 ^ p x and 
that in fact p 0 < p < p x . (The proof to follow breaks down if p 0 = p x , so 
the subcase just examined demands separate treatment.) Assume also to 
begin with that q 0 < q x . 

Suppose that /el The substance of 13.7.1 and (13.7.4), coupled with the 
hypotheses in 13.8.1, show that for any b > 0 



E Tf {b) E Tfl a (y 2 K x 6) u E Tf2 a 

and therefore 

2V(&) < + DbzJ'Ax-'b)- (13.8.4) 

It must be stressed that in (13.8.4) one is at liberty to choose a and b as 
positive-valued functions each of the other. This freedom will play a vital 
role in the subsequent proof. 

Since T is of weak types (p Q , q 0 ) and (p x , g x ), (13.8.4) shows that 

IV(&) ^ ^ a (6-*‘||/i..ll? 1 . < , + &-'°ll/ a . a |l2!> 

The reader should experience no trouble in verifying that, if a be chosen to 
be a positive monotone function a(b) of be (0, oo), then ||/ fcfa || p , (j = 0, 1; 
k = 1, 2) is a monotone, and therefore measurable, function of b e (0, oo). 
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So an application of (13.7.2) and (13.7.3) leads to 
\Tf\\l v = q ^ b«-'D Tf '(b)db 

< qA 2 f” {& , - 9 i- 1 !|/ 1 , a(W ||£i >B + ^-’o-i||/ 2 , a(W ||’o >B }d6 

J 0 

/* ao /*a(b) 

< A 3 { b q ~ q i~ 1 [ D f u (c)c p i~ l dc] q i /p i db 

Jo Jo 

+ f 6 Q-9 o- 1 [f D f u (c)(c — a) p o~ x dc] q o lp o db} 
jo J a(b) 

= A 3 (I X + i 2 ). (13.8.5) 

The crucial step is to choose a as a function a(b) of be (0, go) with properties 
to be described as we go along. From this point on, it is to be assumed that 
a(b) is a positive strictly monotone function of b e (0, oo), the inverse of 
which is denoted by b = b(a). 

We proceed to estimate I x and I 2 , taking first the case in which q 0 < q x 
and assuming that a(b) is strictly increasing. 

In considering I x , it will be convenient to introduce the measure A on 
R + = (0, oo) defined by 

A (E) = J bv-oi-'db 

for Lebesgue-measurable subsets E of R + . Then if i /g i is the h q i lp i(R + , A)- 
norm of the function 

fa(d) 

b — > j D/(c)e p i “ 1 dc , 

which is A-integrable over every A-finite measurable set; recall that q x !Pi > 1. 
So, in view of 13.1.5, I\ i /Q i is equal to 

oo f*a(b ) 

sup | b q ~ q i~ 1 g(b){\ D/(c)c p i -1 dc) db\ = sup |J|, 

Jo Jo 

the supremum being taken relative to all A-simple functions g satisfying 



J” |g f (fe)| <<, i /p i > '6 <,_a i “ 1 db ^ l. 1 



(13.8.6) 



It is moreover clear that in this case it suffices to take the supremum relative 
to those functions g of the prescribed type which are nonnegative, for which 
functions g it is evident that J > 0. 

Now 



/* oo /• oo 

J (J 

Jo Jo 



b q Ql 1 g(b)X(o,a(b)){ c )Df tl (c)c Pi 1 dc} db 



1 We assume that qilPx > 1 ; otherwise, (13.8.6) and the following derivation of (13.8.7) 
need slight and obvious modifications. 
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and the Fubini theorem (in the form in which it appears in [HS], Theorem 
(21.12)), together with the fact that a(b) is strictly increasing, shows that 

J = f ” { r°° b*- 1 '- 1 g(b)x Wc) ,^(b)D f u (c)c*i-i db} dc 
Jo Jo 

= f°° C”i - l Z)/(c){f" b«-‘>i- 1 g{b)db}dc 
Jo J 6(c) 

< ) c p i- 1 Z)/(c){[f b q - q i- 1 d6]' , i'«i[f°° g{bY q i lp i y b q - q i- 1 db] 1Kq i lp i y } dc 

Jo Jft(c) Jft(c) 

f°° c^i- 1 D/(c){r” ^-“i-^db^i'^dc, (13.8.7) 

Jo J fe(c) 

the penultimate step being an application of Holder’s inequality for integrals 

with respect to the measure A restricted to (6(c), oo), and the last step using 
(13.8.6). Since q 0 < q x , q < q x and 

/• oo 

{ b q ~ q i~ 1 db} p i lq i = b(c) iq ~ q i )p i lq i(q 1 — q)~ p i^i. 

J b(c) 

Thus (13.8.7) and the relation /fi /q i = sup J show that 

/• 00 

/j ^ A^j c p i ~ 1 D f “{c)b(cY q ~ "i )p i lq i dc} q i lp i . (13.8.8) 

Turning to the consideration of i 2 , it is to be observed first that, since 
(c — a) p o ~ 1 ^ c p o -1 , 



1 2 = 



f* 00 /» 00 

2 = 6 Q-<? o- 1 { c p o~ 1 D f u (c) dc} q o lp o db . 

Jo Ja(b ) 



The method used above to majorize /5i /g i can now be adapted so as to 
majorize I' 2 p o !q o ? which, by 13.1.5, is equal to 

/» oo r* oo 

sup 6 Q_£? o -1 6(6){ c p o~ 1 D f u (c) dc} db, 

Jo J a(6) 

the supremum being taken relative to a suitable set of nonnegative measur- 
able functions h on (0, oo) satisfying (compare the footnote to page 159) 

J h(b) (q o lp o y b q ~ q o ~ 1 db ^ 1. 

In the course of the argument, use is made of the fact that 

X(a(b), oo)( c ) = X(0,b(c))(b) 

and of the relation q > q 0 . The outcome of this procedure is the estimate 



/* 00 

,{J C p 0 - 1 Z> / «(c)&(c) <,) “ 5 ° )p o / lo dc} q 0 ,p 0 . 



(13.8.9) 
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From (13.8.5), (13.8.8), and (13.8.9) it follows that 

||T/||? jV ^ c p i' 1 D/(c)6(c) (,I -‘ ! i )p i /< 'x dcY^i 

JO 

+ {J c p o~ 1 D f u (c)b(c) iq ~ q o )p o lc *o dc} q o lp o]. (13.8.10) 

The aim being to obtain integrands on the right-hand side of (13.8.10) 
which (compare (13.7.3)) are each of the form const c p-1 D/(c), we write 
tentatively 

6(a) = (K~ 1 a ) p , 

where it is hoped to choose K > 0 and p > 0 so as to achieve this aim. The 
restrictions K > 0 and p > 0 will ensure that 6(a) is a positive and strictly 
monotone function of a, as has been deposed earlier. 

If success is to be achieved at all, the only possible choice of p is already 
discernible on looking at the first integrand in (13.8.10) and is that for which 
p x — 1 4- p(q — qi)Pi/qi = p — 1, that is, that for which 

/>(?/?! - 1) = PlPi - 1- (13.8.11) 

Since q/q x < 1 and p/p t < 1, this choice renders p > 0. Direct calculations, 
using (13.8.2), show that this choice of p arranges that 

p 0 - i + p(q - qo)Po/q 0 = p - 1 . 

thereby taking care of the second integrand in (13.8.10). Consequently, 
(13.8.10) becomes 

l|r/ll!. v < Ml?* 1 *! 



+ K Q o (p o -mpo ||/||^ p/p o] . (13.8.12) 

The quantity K is now to be chosen so as to achieve the desired gth power 
of WfWp'U on the right-hand side of (13.8.12). Assuming, as we may, that 
\\f\\p,u > object is achieved by taking 

K= \\fU, u , 

where is determined by the relation 



(i - p/p,) p = i 

q\ 



JL. 

Pi 



Then, indeed, straightforward calculations show that (13.8.12) reduces to 



II 2*/ »S, 



2^7||/|| 



Q 

P,ll > 



and our goal is achieved provided q 0 < q x . 

Let us now consider what happens when q 0 > q 1 . A careful examination of 
the preceding proof shows that it is only in the step from (13.8.7) to (13.8.8), 
and at the corresponding point in the estimate of J 2 , that the assumption 
q 0 < q t is essential. To counter this difficulty we observe that if, when 
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q 0 > q lt we assume that a(b) is strictly decreasing (instead of increasing), 
then the integral in (13.8.7) must (providentially) be replaced by j^ (c) . 
As a consequence, (13.8.8) remains intact. A similar escape takes place at 
the corresponding point in the estimation of I 2 . Thus (13.8.10) stands un- 
blemished. The proof then closes much as before: this time we require that 
p < 0, and this is ensured by (13.8.11) since now qjq x > 1 and pjp x < 1. 
The reader is urged strongly to write out the details of what has just been 
sketched in brief; see Exercise 13.10. 

This completes the proof in case (1). 

(2) The case in which p 0 = p x = p, q 0 < oo, q ± = oo: for this, see Exercise 

13.11. 

(3) The case in which 1 ^ p 0 ^ q Q < oo, p x = q x = oo: for this, see 
Exercise 13.12. 

(4) The case in which 1 < p 0 < qo < oo, Po < Pi < oo, q ± = oo. 
Applying (13.8.4) and making a change of variable, we shall have, if 

a = a(b) is any positive and strictly monotone function of b e (0, oo), 

mi* < A *{ r bCM (6) db+ r b q ~ 1 Dx f2 am (b) db}, (13.8.13) 

Jo Jo 

On the other hand, by the weak type hypotheses on T , 

1 i t a(b) co, v ^ ||/l, a(b) II ,ii • 

In view of (13.7.2), (13.7.3), and the fact that p 1 > p, we have 

pa(b) 

IWi.rfwIU.v < -4i{J o PiPi-iDfMdt} 1 '*!. 

< A g a(b) 1 ~ plp i{j pt p - 1 D f u (t)dt} ll ’’i. 

So, by (13.7.3) once again, 

< AMbV-^Wfl^ (13.8.14) 

Our hope is to choose a and b as positive and strictly monotone functions 
each of the other in such a way that 

A Q a{bf-^i\\f\\l[li ^ b. (13.8.15) 

For, if this is possible, (13.8.14) shows that D v Tfl a(b) (b) will vanish for all 
b > 0 and the first term on the right-hand side of (13.8.13) will also vanish. 

If, at the same time as satisfying (13.8.15), we can choose a(b) to be strictly 
increasing, the estimate of / 2 in (1) (for the case in which p 0 ^ p x ) will proceed 
exactly as before and will yield, in place of (13.8.10), the inequality 

1 Tf 1 ^ A 10 {J c p o~ 1 D f li {c)b(c) iq ~ q o )p o ! % dc} q o lp o . (13.8.16) 
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Since, as before, we wish to obtain an integrand of the form const c p 1 D/(c) , 
we again choose tentatively 

6(a) = (K-'a)*, 

and hope to dispose of K > 0 and p > 0 advantageously. 

The only possible successful choice of p is given by 



that is, by 



Po — 1 + 



p(g ~ go)ffo 

go 



= P ~ 



1 , 



p(g/g o - 1) = P/Po - 1 > 



which, in view of (13.8.2) and the supposition that q x = oo, gives 

P = 1 “ PlPi 

This choice of p does indeed make p > 0; and direct calculations show that 
it leads from (13.8.16) to 

||r/||8. v ^ AuK^o-pKoiPo ||/|| J0P/P0. (13.8.17) 

In order to satisfy (13.8.15) and to obtain ||/||8 ttf on the right-hand side of 
(13.8.17), we write K = K 1 K 2 , where 

= 1 / 15 ., 

and p is to be chosen to obtain ||/||J fM on the right-hand side of (13.8.17), 
and where K 2 > 0 is to be chosen (if possible) so as to accommodate (13.8.15). 
For the only possible choice is such that 

P(Po - P)<lo , go P _ „ 

i J 

Po Po 



which signifies that p(l — ft) = 1. Then, since p = 1 — p\p x and/Sp = — plp x , 
(13.8.15) is seen to be accommodated by choosing K 2 > 0 so that 

a 9 ^ 



a choice that is possible since pjp x — 1 ^ 0. 

This completes the discussion of case (4). 

(5) The final case, in which 1 ^ Pi ^ gi < oo, p Q < p x < oo and q 0 = cx>, 
is left for the reader’s attention in Exercise 13.13. 

13.8.2. Remarks. (1) It will be clear to the reader that the restrictions 
Pi ^ g; (j = 0, 1), q 0 7^ q x are necessary in the preceding proof of 13.8.1; it 
will further be apparent that one cannot by modifying the proof dispose of 
the condition q 0 ^ q x (since otherwise the case p 0 = p lf g 0 = q% of 13.8.1 
would imply that any quasilinear operator of weak type (p, q) is also of 
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strong type (p, q), which is shown to be false in Example 13.7.6(2), and also 
by 12.8.3(2) in conjunction with 13.9.1). 

A more important question is whether one can suppose that > q 5 
(j = 0, 1) and still obtain a valid theorem. That the answer is negative has 
been shown by Richard A. Hunt [1]. 

(2) An outline of a proof of 13.8.1 for the case in which q Q and q x are 
finite has been given by Hunt and Weiss [2]. Calderon (lecture notes) and 
Hunt [1] have also extended the theorem to the case of an operator T acting 
between pairs of Lorentz spaces (which generalize the L p -spaces). See also 
Oklander [1] and Stampacchia [1]. 

(3) In the preceding proof, which is essentially an expanded and annotated 
version of that appearing on pp. 112-115 of [Z 2 ], no attention has been paid 
to the precise form of the functional dependence of A on the p’s, g’s, A 0 , A x , 
and t. There is no great difficulty in gaining some precision, though the 
question of maximum precision is another matter. The interested reader may 
seek an estimate as an exercise, and also refer to [Z 2 ], p. 114, where it is 
shown that, if p 0 ^ p x and q 0 and q x are finite, then 



where 



KA' 0 A\- 



K q = (2k)\ 



(PoIp) Q o!p ° (Pi/p) QllPl \ # 

I0 - tfo I \q - 0i I J 



It is important to note that, if T is a quasilinear operator of strong types 
(Pj, 0y) (i = 0, 1), such estimates of A = ||jP|| Pf g as do result from a simple- 
minded examination of the preceding proof of 13.8.1 do , in some cases, tend 
to infinity as t | 0 or as t f 1. The appropriate version of 13.4.1 shows, 
however, that the best estimate of || jP || remains bounded. This shows that 
simple-mindedness is not enough, and that 13.8.1 is not a complete substitute 
for 13.4.1. For further comments in this vein, see [Z 2 ], pp. 115-116. 

(4) Although some applications of the Marcinkiewicz theorem to harmonic 
analyis appear later in this chapter, the reader may wish to consult also 
G. Weiss’ article [1]. Concerning the role of the same theorem in the study of 
singular integral equations, see Calderon [2]. 

A more restricted version of the Marcinkiewicz theorem, together with 
some of its applications, appear on pp. 1166-1184 of [DS 2 ]. (However, the 
proof of the theorem itself presented by Dunford and Schwartz contains 
several errors.) See also [EG], Appendix A. 

(5) For generalised versions of the Marcinkiewicz theorem, see MR 37 
# 4601. Multilinear versions of the theorem are given in MR 38 # 6346. 
Vector- valued versions are dealt with in MR 52 # 1162. 

(6) A stronger form of the theorem has been given by Stein and Weiss 
[2] (see also [Moz], Chapter 1), the essential differences being that one 
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assumes that 1 ^ Pj ^ q } < go ; that p 0 p x and q 0 =£ q x ; and” that in 
place of weak type conditions one assumes restricted weak type 
conditions ; the conclusion being that T is of type (p, q) whenever (13.8.2) 
holds. To say that T is of restricted weak type (p, q), signifies that (13.7.5) 
holds for all / which are characteristic functions of /i-finite subsets of X. 

13.8.3. Further Inequalities. Partly for their own interest, and partly 
for subsequent application in Sections 13.9 and 13.10, we propose to establish 
some inequalities subsidiary to those implied in Marcinkiewicz ’s theorem 
13.8.1. 

It will be assumed that is quasilinear and has as domain a 

linear subspace % of L 1 (X, Jt , p) n L a {X , J( , p); which is stable under 
multiplication by characteristic functions of p- measurable sets and under 
truncation. The range of T is to lie in the space of immeasurable functions 
(or in the space of equivalence classes thereof). It is further assumed that 
v( Y) < oo. 

The major hypotheses are that T is of weak types (1, 1) and (a, a) on %, 
where 1 < a ^ oo, that is, that 

D}#(t) = v(E*{t)) < (13.8.18) 

and either 

D}i(t) = v(E#(t)) ^ (13.8.19) 

if a < oo, or 

||/*lkv < £|/Ik, (13.8.20) 

if a = oo, in each case for / e % and t > 0. In these inequalities we have 
written 

E#{t)=E#(t)={ysY-.\f#(y)\ > «}, 

just as subsequently we shall write 

E(t) = E f (t) = {xeX : \f(x)\ > <}■ 

The conclusions are that 

ll^lli.v < A' + B' J|/|log + \f\dr ifpiXXco, (13.8.21) 

and that 

ll/ # |p.v < ^Il/Ili.„ if 0 < p < 1 , (13.8.22) 

in each case for f e %; A' and B' denote numbers that may depend on T and 
the measure spaces involved, A p a number that may depend on these things 
and on p as well, but A', B', and A p are independent of/. These remarks 
apply also to A" and B”, which appear shortly. 
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Details of the proofs will be given for the ease in which 1 < a < oo. If 
a = oo one can either make simple modifications in the proof exhibited 
(compare the modifications in the proof of 13.8.1 to handle the case 
p x = q x = oo), or one can use Theorem 13.8.1 so as to reduce oneself to the 
case in which a < oo. 



Proof of (13.8.21). We denote by a = a(t) a positive- valued function of 
t > 0 to be specified later and write 

f(x) if \f(x)\ > a, 



g(x) = 

10 otherwise , 

so that g e % whenever f e %. Accordingly 

/ = g + h, 

where he % satisfies \k\ < a. By quasilinearity of T (compare (13.7.4)), 

\f*\ < x(\g#\ + \h*\) 

and so 



By (13.8.18) and (13.8.19), therefore, 

du » « »:,(£) + i>i#(a) 



^2 K A\\g\\ Uu (2 

* t + ¥ 



Hence 



Now 



= 2/cAr 1 f |/| dp + (2 K) a Bt~ a f \f\ a dp. 

J E(.a) JX\E(a ) 

D}#(t) < 2 KAt- 1 f |/| dp + (2K) a Ba a -H-*\\f\\ ltU . (13.8.23) 

J E(a) 

n/ # i!i,v = f it*i r Dw)dt= r + r 

Jy Jo Jo J i 

^ v( Y) + j D}§(t) dt , 



so that it will suffice to show that J* D}#(t) dt is majorized by an expression 
of the type appearing on the right-hand side of (13.8.21). 

To this end we choose any r satisfying 0 < r < 1 and take a — t r , so that 
a a ~i t~ a = t ~ s , where s > 1. Then (13.8.23) yields 

DUt) < 2kAI~' f |/| dp + (2/c) a Br s ||/|| 1>tf . 

J E(t r ) 



(13.8.24) 
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To j™ D}#(t) dt the second term on the right-hand side of (13.8.24) contributes 
a term majorized by 

(2K) a -B||/|| 1-(I • /° t~ s dt = B'\\f\\ liU . 

Inasmuch as u ^ C + C'u log + u for u ^ 0, while f. i(X) < oo, this last 
term is majorized by an expression of the type appearing on the right-hand 
side of (13.8.21). The remaining problem is therefore to verify that 

P t- x { f \m\ dp(x)} dt ^ A" + B" f |/| log + |/| dp. (13.8.25) 
J 1 J E(t r ) JX 

However, it is a simple matter to show that the function 

(*,<)-> x«i r > (*) 1/0*0 1 

is measurable in the pair (x, t), as a consequence of which the theorems of 
Fubini and Tonelli show that the left-hand member of (13.8.25) is equal to 

/ 1/0*0 1 {J 1 XEa r )( x ) dt s d ^ x ) . 

in which the inner integral has the value 

log + {\f(x)\^} 

owing to the fact that XE(t r )( x ) is 1 or 0 according as t r < \f(x)\ or t r ^ |/(#)|. 
Since log + {u c } = c * log + u for u > 0, c > 0, we see that the left-hand 
member of (13.8.25) is in fact equal to 

(1) / I/I !°g + I/I 

so that (13.8.25) is certainly valid. 

Proof of (13.8.22). We have in this case to show that 

!I/ # !Ip.v = J o “ pt’-'Djm dt ^ A p \\f\\l u , (13.8.26) 

provided 0 < p < 1. 

Let e > 0. Then 



J pt p 1 D}#(t) dt ^ v(Y)e p . 



(13.8.27) 




176 



INTERPOLATION THEOREMS 



Also, taking a(t) = t in (13.8.23), it appears that 

f pt p ~ 1 dt ^ 2 k Ap f t p ~ 2 {( \f(x)\ djx{x)} dt 

Je Je Jeu ) 

+ (2K) a Bp\\f\\ liU J" dt. (13.8.28) 

Since p < 1, the second term on the right of (13.8.28) is equal to 

(2k)^p1|/h 1> ^- 1 

1 - p 

By the theorems of Fubini and Tonelli, the first term is equal to 



1 j x l/(*)|{J XEm ( x ) tP ~ 2 dt} dfi(x) , 



the inner integral in which is easily seen to equal 
max {0, e p ~ 1 — \f(x)\ p ~ 1 } 



1 - p 



1 - P 



because Xeu)( x ) is 1 or 0 according as t < \f(x)\ or t ^ |/(x)|. Thus (13.8.28) 
and (13.8.27) lead to 



mi* < ayw + 



(2 kA + 2 a K a B)ps p ~ 1 \\f \\ lfU 
1 ~P 



from which (13.8.26) follows on letting e | ||/||i, tf * 



13.8.4. Remarks. (1) Arguments very similar to those appearing in 
13.8.3 will show that, if T is of weak types (1, 1) and (oo, oo) on %, then it is 
of type (p, p) on $ for 1 < p < oo. (This is, of course, a special case of 
Theorem 13.8.1.) The details, written out for the case of the Hardy- Little wood 
maximal operator (see Example 13.7.6(2)) but really quite general in scope, 
appear in the proof of Theorem (21.76) in [HS]. 

Numerous further inequalities of the same general type appear in Exercise 
13.22; see also [Z 2 ], pp. 116-121. 

(2) A significant class of operators T satisfying the conditions mentioned in 
Remark (1) immediately above has been exhibited by Dunford and Schwartz 
(see [DSi], pp. 668-684) in connection with ergodic theory. 

They begin with a linear operator S with domain L X (X, jf{ , fi) n L°°(A, Jt , jj,) 
and range in the space of ^-measurable functions (or in the space of equivalence 
classes of such functions), S being assumed to be of types (1,1) and (oo, oo) 
and to have associated norms 



1-Sli.i < 1. 



I-SIU,. < l; 
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such operators have since been christened Dunford- Schwartz operators. From S 
one constructs its iterates S n ( n = 0, 1, 2, • • • ; S° = I , the identity operator), 
their arithmetic means 

An = 

n = 0 

and finally the majorant operator A* defined by 

A*f(x) = sup \A N f(x)\ . 

N 

It is clear that A* is sublinear and of type (oo, oo). Dunford and Schwartz 
show (what is by no means obvious) that A* is of weak type (1, 1), so that the 
inequalities (13.8.21) and (13.8.22) hold with A*f in place of /#. (They prove 
these inequalities directly and with specific estimates of the constants A B', 
and A p .) 

It is also shown that the sequence (A N f)^ =1 converges pointwise almost 
everywhere if /eL p (l, Jt, p) and 1 ^ p < oo, and that it converges in 
L P (X, ^,p) if/eL p (X, */#, p) and 1 < p < oo. These statements constitute 
the so-called pointwise and mean ergodic theorems, respectively (see [DSJ, 
loc. cit.). 

13.9 Application to Conjugate Functions 

It is now time to redeem the promise, made in 12.9.9, to provide an 
alternative approach to the proofs of the inequalities (12.9.1), (12.9.9), and 
(12.9.10). This is to be done by applying Marcinkiewicz’s theorem 13.8.1 and 
the results in 13.8.3 to the conjugate function operator T:/->/ = H*f 
introduced in Section 12.8. As will become clear in 13.9.2, the crucial step in 
this program is the proof that T, regarded as an operator with domain and 
range in L 2 , is of weak type (1, 1). The required proof is quite troublesome 
and occupies the major portion of the present section. 

Before embarking on this task, a comment is in order. The reader may at 
first be puzzled why we do not regard T as an operator with domain L 1 and 
prove that it is of weak type (1, 1) on this domain. The reason why we cannot 
follow this course is a consequence of our divergence from the traditional 
treatment, discussed in 12.8.2. The traditional account works with the 
operator T':f-^*f c with domain L 1 and includes a proof of the fact that T' 
is of weak type (1. 1); see [Z-J, p. 134 and [Ba 2 ], p. 113. Now/ c is the point- 
wise limit almost everywhere of H e * /, whereas our / is the distributional 
limit of H e * /, in each case as e j 0. As we have seen in 12.8.2(2), f c and / 
may be identified if (for example) / e L 2 . The identification is not, however, 
possible for a general f e L 1 . Indeed, it was seen in 12.8.3 that, for a general 
feh 1 , the distribution / is not (generated by) a function at all. Thus we 
cannot even hope to prove that T is of weak type (1, 1) on the domain L 1 . 
Instead, we must of necessity restrict its domain to a set of functions / for 
which we can be sure that/ is (generated by and identifiable with) a function, 
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and which is still large enough for us to derive the inequalities (12.9.1), 
(12.9.9), and (12.9.10). The domain L 2 is amply large enough to fit the bill and 
is, moreover, convenient in other respects. (Smaller domains, such as L°°, 
would in fact suffice.) 

After this preamble we proceed to state and prove the key result of this 
section. 



13.9.1. The Main Inequality. There exists an absolute constant A > 0 
such that, for all / e L 2 and all A > 0, 

m({x e[ — 7t,7t) : \f(x)\ > A}) ^ AX~ 1 T |/(*)| dt, (13.9.1) 

J -71 

where m denotes Lebesgue measure. That is to say, the operator /->/, with 
domain L 2 and range in L 2 , is of weak type (1, 1). 

Proof. This will be broken into several steps, in the course of which it 
will sometimes be convenient to write \E\ in place of m(E). The symbols 
A , A\ A 0 , A lf • • • will be used to denote positive absolute constants. 

Since the operator in question is linear, a little thought will convince the 
reader that it is enough to prove (13.9.1) for nonnegative functions / e L 2 
satisfying 

f \fM\dt=l, 

J - n 



which restrictions will be assumed henceforth. 

(1) We begin by transforming the problem. By 12.8.2(2),/ = lim e _ 0 H e *f 
in L 2 , and also/ = lim n ^ 00 H En * / point wise almost everywhere for a suitable 
(possibly /-dependent) sequence of positive numbers e n tending to 0. Write 
fn = H Sn */, so that 

/»(*) = J- f /(* - y) cot y 2 ydy 

L7T Je n ^\y\^n 



i/r _ *“ + r i /(*) dt 

2^ U_„ ) x + eJ tan y 2 (t - x ) 



(13.9.2) 



As x and t range separately over [ — 7r, tt) , t — x ranges over ( — 2tt, 2tt). The 
function cot y 2 {t — x) has singularities to concern us at t — x = —2 tt, 0 and 
2tt, and these plainly present the potentially important features in (13.9.2). 
Accordingly, we examine, in place of the functions / n , the functions h n 
defined on [ — tt, n) as follows: 




f(t){(t - x - 2rr)- 1 + (t - x + 277)" 1 } dt (13.9.3) 

- n 





(13.9.4) 
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A little manipulation shows that 

-2irf n (x) = 2h n (x) +j n {x), (13.9.5) 

where 

jn(%) = { f " + f }f(t]g(V2(t ~ X)) dt 

J - 71 J X + E n 

- f x+s n fmmt -x)~ tt ]- 1 + [i/ 2 (< - *) + n]-'}dt, 

Jx~£ n 

the function g being defined on [ — n, tt) by continuous extension of the 
formula 

g(u) = COt U — U~ X — (u — tt ) -1 — (u + 7r) _1 (0 < \u\ < it) 

and being bounded and continuous, say |gr| ^ A 0 . It is evident that each j n is 
continuous. 

Defining the function j by the formula 

j(x) = f f(t)g(Yi(t - x)) dt, 

J -71 

it is easily shown that j n — >j uniformly and so, a fortiori, in L 2 ( — 7 t, n). 
Therefore, since / n ->/ n pointwise almost everywhere, equation (13.9.5) 
shows that the sequence (h n ) converges in L 2 ( — n, tt) and pointwise almost 



everywhere on [ — 7 r, tt) to a limit which we denote by h. 
It is clear that 




\j{x)\ < A 0 f \f(t)\dt = A 0 . 

J -71 


(13.9.6) 


Moreover, (13.9.5) shows that 




-2t tJ(x) = 2 h(x) + j(x) 


(13.9.7) 



for almost all x e [ — w, n). 

By altering the functions concerned on null sets, we may and will assume 
it arranged that J n ->/, h n — > h, and j n pointwise everywhere on [ — 77 , tt), 
so that (13.9.7) also holds at all points x e [ — tt, tt). Such changes alter no 
distribution functions and no integrals. 

(2) Let us next justify the transference of attention from/ to h by showing 
that, in order to prove 13.9.1, it suffices to show that there exist absolute 
constants A' > 0 and A 0 > 0 such that 

m({x e[~7T, 7r ) : |&(#)| > A}) < A '/ A 
for all A > A 0 and all nonnegative / e L 2 satisfying 

r i/(oi dt = 1. 

J -71 



(13.9.8) 
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To see this, write c = A 0 /(2tt), so that 

K^'H * c - 

If A > A x = max (A 0 , 2c), the relation \J{x)\ > A combines with (13.9.7) to 
entail that 



W*)j = k{/(z) + > ”-(A - C) > ^7tA > A. 

For any such A, the assumed inequality (13.9.8) yields 

: \f(x)\ > A}) < A'/ A. 

On the other hand, if 0 < A < A x , we have trivially 

m{{xe[-TT,ir) : \j(x)\ > A}) < 2tt < 

Thus (13.9.1) will hold for all A > 0, provided A is replaced by 

max (A\ 27tX 1 ) , 

which is another absolute constant. 

(3) For subsequent use in the proof of (13.9.8), we record the inequality 

mu ^ A.WfU, (13.9.9) 

which follows from (13.9.6), (13.9.7), and (12.8.10). 

(4) The proof of (13.9.8) may now begin. Let A and p, be positive numbers; 
fi will later be chosen depending upon A. 

Define functions (f> and r as follows: 

... r/(*) if o </(*)< ix, 

<f>(x) - ^ 

\o if/(a;) > fi, 

and r = / — <f> ^0. These are periodic functions. It is clear that 



<t>(x) = 



J -n 



r(t ) < 1 . 



Introduce also the functions ifj and 6 defined by 



= f 

J -71 



0(x) = t/j(x) — %/x(# + 7r) 



for x e [ — 7 T, 7 T ) and by periodicity for other values of x. Then ip( — 7 r) = 6( — n) 
= 0 and ip{7T — 0) = a ^ 1. Moreover, 6{tt — 0) = — 0) — yar. From 

here on it is to be supposed that /x > i r -1 , so that 6 ( 77 — 0) < 0. 

This being so, 6 has a largest zero, say x 0 , in [ — 7 r, tt). Consider the set of 
points £ e ( x 0 , 7 t) for which d(£) < sup ?<3 . <;i 0(x); since 6 is continuous, this 
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set is open. The union of this set with ( — tt, x q ) is an open set Q c: ( — 7 r, 7r). 
We assume that/(x) > fx on a set of positive measure, thus ensuring that the 
pointwise derivative 6'(x) is positive on a set of positive measure so that 
Q. is nonvoid. (In the contrary case we should have $ = / a.e. and, in the 
notation of stages (5)-(8) below, h will agree with h (1) ; (13.9.26) will follow 
directly from (13.9.15) and will suffice to yield (13.9.8) with A' = A 3 .) 

Let Q = U Q* be the expression of Q as the union of a countable family 
of non void disjoint open intervals Q* = (a t , 6*). It is easy to see (Exercise 
13.14) that d(a i ) = 0(6* — 0) for all i. (We write 0(6* — 0) rather than 0(6*), 
since the relation 6* = tt may obtain and 0 is not necessarily continuous at w.) 
From this it follows that 



<fs(b t - 0) - Yzfiibi + tt) = ^(«i) - + tt), 

and hence that 

r b i 

r(t) dt = ijj(b i 

Jdi 

and 

I r(t) dt 
Jn 

From the definitions of r and 0, it is easily seen that almost all points 
t e [ — n , 77 ■) for which r(t) > 0 belong to Q (since at almost all such points the 
derivative 6'(t) exists and is positive). Because of this, 



- 0) - #**) = y 2H .\£ M, (13.9.10) 

= %/*2|0.|- (13.9.11) 



and 



a = f r(t) dt — f r(t) dt 
J -k Ja 

I r(t) dt = 0 . 



(13.9.12) 



From (13.9.11) and (13.9.12) we deduce that 

|Q| = 2 |£2(| = j < ~ (13.9.13) 

It is necessary to introduce one further auxiliary function, namely the 
function <1> defined on [ — tt, tt) to equal % and defined elsewhere so as to 
be periodic. For this function (13.9.10) gives 

P <D (t)dt = y 2 ^i\ = P r(t)dt. (13.9.14) 

J a- i J at 

(5) The intervals Q* are now to be enlarged into open intervals O- having 
the following properties: 

(a) QJ is concentric with O*; 

(b) z|n;| 
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(c) |Q;| > 510,1; 

(d) lim^ j^j = co. 

The condition (d) is to be regarded as void if the decomposition 0 = 1^0, 
is finite; and in the contrary case it is supposed that the index i ranges over 
all positive integers. The intervals O [ may, of course, fail to be disjoint, and 
some of them may project beyond [ — n, tt). It is left to the reader to verify 
that it is possible to choose the intervals O J so as to fulfill the above conditions. 
We write 



S iik = Q i + 2kn, S’ Uk = QJ + 2kn, S = {J itk S lJC , 

where k ranges over Z. 

By (13.9.4) we have for x e [ — tt, tt) : 



K(x) 





S' = 



= h.n( X ) + K,ni X ) + h 3,n( x ) 

say, where h 1 n , h 2tn , and h 3 n are related to (f>, O, and r — <D, respectively, 
exactly as h n is related to /. For instance, 



K,n( x ) 




+ 




</>(t) dt 
t — x 



To the reader is bequeathed the task (see Exercise 13.15) of showing that 
there exist functions h U) e L 2 ( — tt , tt) such that 



lim \\h (f) - h Un || 2 = 0 



for j = 1, 2, 3. By extracting subsequences and renaming, if necessary, we 
may and will suppose that in addition 

lim h j n (x) = h U) {x) 

n-* oo 

for almost all x e [ — tt, tt). 

Since 0 < <f> < fi, it follows on replacing / by <f> in (13.9.9) that 



ii* 



( 1)11 2 



A , 2 f <f> 2 {t) dt s; r dt 

J -31 J -31 

< Aj 2 ^ f f(t) dt = A^fi. 

J - 71 



(13.9.15) 



From the same source, taken in conjunction with (13.9.13), it appears that 

Mi <^1 2 f ® 2 (t)dt = A 1 2 (y 2 fJ ,) 2 \n\ 

J -71 



(13.9.16) 
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A suitable majorization of h m is more troublesome and will occupy the 
next two stages of the proof. 

(6) As a first step towards the majorization of h m we will show that, for 
almost all x e [ — w, 7r)\S f , 

*»<*> = M m {rf “VT* 

n ~* 00 l Js itk i — x 

+ 2' l (18.9.17) 

where 2' indicates a summation over those pairs (i, k) such that 

#i.fc C [““3? T,Xr- e n ] 

and 2* a summation over those pairs (i, k) such that S i k c - [x + e n , 3i r]. 

Suppose indeed that x e [ — w, it)\S'. Since r(t) and <$(t) vanish for almost 
all t outside S , it is clear that 



h 3.n( X ) 



-[£ 



+ 






J 

Jlx + 



[x + e n ,3n]nS. 



.{ r(t ) — $(£)} dt 

t — X 



Directing attention to the first integral on the right-hand side, a little further 
thought will show that, owing to the periodic structure of S, 



f {r(t) - dt = y + r {r(t) - <&(t)}dt 

J[-3n,x- £ n ]r\S t — X J[ - 3n,x - e n 1 n Si 0 ,k 0 t — X 

(13.9.18) 

where ( i 0 , k 0 ) = (i 0 (n), k 0 (n)) is that index pair, if any such exists, such that 
S t Qtk Q contains x — e n . It is almost obvious that, for sufficiently large n , k 0 is 
independent of n. 

To estimate the integral J appearing on the right-hand side of (13.9.18) 
we use the fact that, since r and <1> are nonnegative, there exist points t x and 
t 2 of for which, if we write E for the range of integration, 



and 



Consequently; 



(h -* )_i j/w* 
j E J^V = {k ~ *) _l J s 



\J\ ^ 1$! — :r| 1 f r(t) dt + \h — x \~ x f Q>(t) dt 

J S i Q.fco *' S i0. fc 0 



= V-itAh - x \ N^fol + V2v\h - x \ 'PiJ. 
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the last step following by use of (13.9.14) together with periodicity. Since 
1^ - x \ > 1 / 2 (|^; 0 ! - | O io | ) for ,s = 1, 2, and therefore 



W < 2,(151 - l) 



(13.9.19) 



Consider what happens as n — > oo. If, for sufficiently large n, there exist 
no intervals S Uk containing x — e n , J vanishes for all sufficiently large n. 
In the contrary case, the decomposition Q = [J O t must be infinite and i 
ranges over all positive integers. In this case, let (n ; ) be the sequence of 
values of n for which x — e nf e S ioinjhko(nj) for some pair of indices i 0 (nj), 
k 0 (Uj). For sufficiently large j, k 0 (rij) is constantly 0 or — 1, while i 0 (nj) -> oo 
as j -> oo. Thus (13.9.19) and property (d) in (5) show that J is zero, if n is 
distinct from all the n p or is majorized by a quantity tending to zero as n 
ranges through the values rij. In either case, therefore, 

J 0 as n — > oo . 



A similar argument can be applied to the integrals involving right-hand 
intervals [x + e n , 37r], and (13.9.17) follows on combining the two arguments. 
(7) Having established (13.9.17), we proceed to estimate the integrals 

•/„<.) - r {m ~ 

Js t ' k 1 — X 

for x e [ — 7r, tt)\S' and any pair (i, k) such that S Uk c: [ — Sir, Sn]. An 
appraisal of 

\JiA x )\ dx 

follows and leads finally to a crucial majorization of 

|fc( 3 )(x)| dx. 

Repeating an argument used in (6), we find that there exist points and 
t 2 of S ifk for which 



JiA x ) = {(fi — x ) 1 - (t 2 - x) • Vz^i.kl ; 

as before, (13.9.14) is being called into play here. If we denote by c itk the 
midpoint of S itk , and recall that x $ S f itk and that \S' itk \ > 5|/8 itfc |, we obtain 

\J Uk (x)\ < A 2H .\S iyk \ 2 (c itk - x)-\ (13.9.20) 
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On the other hand, 



/ 

J [ - n,n)\S' 



\8 t J 2 dx 
(c ijfc - x ) 2 



K*| 2 ( . (c,., 

J R\Si t )c 



x) 2 dx 



< 









< IS, 



i,k I 



where the last step depends upon (c) in (5). Thus (13.9.20) leads to 

Ii,k = f \J i,k( x )\ dx ^ A 2 fJ,\S ik .\ . (13.9.21) 

Jl-n,Ji)\S' 

By Fatou’s lemma and (13.9.17) it follows directly that 

|^(3)( a 0| dx < lin > inf {T' I Uk + V" I Uk }. 

Jl-n,n)\S' n-» oo 

Now, in the sum 2’ the index k must be either — 1 or 0, and in 2* if must be 
either 0 or 1. Therefore (13.9.21) yields 

f 1^(3)001 dx < -42/* 2 (l^i.-il + K°l + Kil) 

J[-n,n)\S' i 

= 3A 2t M ^ |^i| < ®A 2 , 

i 

where the last step makes use of (13.9.13) and the fact that S itk is a translate 
of Oi. Thus 



j I ^( 3 > (•*')! dx ^ 6A 2 . 

J [- n,Ji)\S' 



(13.9.22) 



(8) For this final stage of the proof, the number A > 0 is supposed given. 
Denote by E q (q = 1,2,3) the set of points xe[ — tt,7t) for which | h (q) (x) | > A/3, 
and by E the set of points x e[ — tt, n) for which \h(x)\ > A. The obvious 
relation h — h a) + h {2) + h m a.e. entails that \E\ < \E X \ + \E 2 \ + \E 3 \. 

If E 3 = E 3 n ([ — 7T, t t)\S'), (13.9.22) yields 

I |^(3)(*^)| dx ^ QA 2 , 

Je' 3 

m(E' 3 ) ^ 18AJX. (13.9.23) 



whence it follows that 



On the other hand, 



m(E 3 ) < m{E 3 ) + m([ — n, i r) D S'). 



(13.9.24) 
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It has already been supposed (see (4)) that p > 77 1 : we now suppose that 
p > 247i“ h Then (13.9.13) and property (b) in (5) show that 

12 1 

2|Q;| s: 62 10*1 ^ -< 2- 

The relation |Q'| < %7r shows that the only S' Uk which make a nonzero 
contribution to m([ — 77 , 77 ) n S') are to be found among those for which 
k = — 1 , 0 or 1 . Therefore 

m([-7T, 7 r) n S') ^ 3 2 |0;| ^ 18 2 Pi | 36//x 

and so, by (13.9.23) and (13.9.24), 

m(E 3 ) ^ ISA 2 /A + 36/p,, (13.9.25) 

provided p > 2477“ h 

Concerning E x , (13.9.15) yields 

so that 

m(^) ^ (13.9.26) 

Similarly, (13.9.16) entails that 

m(E 2 ) ^ (13.9.27) 

On combining (13.9.25), (13.9.26), and (13.9.27), and taking p = A > 2477“ S 
we obtain 

m(E) ^ ~ 

Thus (13.9.8) is established for A > 2477 -1 and the proof is complete. 

Remarks. (1) It is perhaps worthwhile to comment on the 
introduction of the functions \j/ and 9 and the set 0. The reader should 
observe that 6 is absolutely continuous on [ — rc, n) with a derivative 
existing almost everywhere and equal to r — jji. We know that r(x) = 0 or 
r(x) > p for all x. Roughly speaking, r(x) > p if and only if 6 is increasing 
at the point x ; the set Q is an open set consisting of those points where 9 
is increasing, together with a subset, say F, of the set of points in [ — n, n) 
where 9 is nonincreasing. It turns out that the set F is of negligible 
importance when p is sufficiently large. 

(2) The preceding proof of (13.9.1) is bare-handed and entirely “real 
variable ” in nature. A good deal of economy can be achieved by using 
the elements of complex variable theory, in particular the basic 
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properties of harmonic functions. We sketch a proof based on such 
principles ; see [Kz], p. 66. 

Since T : f —> / is linear and continuous on L 2 (see 12.8.3(1)), reference to 
Exercise 13.18 shows that it is enough to establish (13.9.1) in case / is a 
strictly positive- valued trigonometric polynomial satisfying \\f\h = 1. 
Taking principal branches of arg and log, consider the function H x 
defined for all complex z satisfying Re z > 0 by 

H x (z) = 1 + 7C _1 * arg ((z — iX)(z -f iX)~ x ) 

= 1 + n~ x • Im (log ((z — iX)(z + iX)~ 1 )). 

The function H x is clearly harmonic and nonnegative on the halfplane 
defined by Re z > 0 ; moreover, 

(i) H x (z) ^ j for all z such that |z| ^ X and Re z > 0. 

Extend / and / from the unit circumference to the complex plane by 
defining 

f(re ie ) = X r^f{n)e M , 

neZ 

f {re 10 ) = —i Y, (sgn n)r^f (n)e in0 

ne Z 

for all real r ^ 0 and all real 6 . Then 

f(re ie ) + if (re w ) = £ r'"'(l + sgn n)f(n)e M 

ne Z 

= /( 0) + 2 X r^f(n)e M 

U^l 

is an entire function of z = re 10 . Also, the extended / is harmonic and (by 
the Maximum Principle for harmonic functions) is strictly positive 
throughout a neighbourhood of the closed unit disc D in the complex 
plane. It follows that the function z— ► H x (f(z) + if (z)) is harmonic on 
this neighbourhood. By the mean value theorem for harmonic functions it 
follows that 



*271 



(ii) (2n)~ 



H,(f(e u ) + z/V)) dt = H x (f(0)) = H x ( 1) 



= 1 — 2n 1 tan 1 X < 2n l X 1 . 

From (i) and (ii) it is easily deduced that the measure of the set of all 
t € [0, 27r] such that | f(e lt ) | > X is at most SX~ x , as required. 



13.9.2. Proof of the Results in Section 12.9. Knowing from Theorem 
13.9.1 that = H*f is of weak type (1, l)onL®, say, together with 

the (much more evident) property that T is of type (2, 2) on L 2 [see 12.8.2(2)], 
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the major results of Section 12.9 can now be derived by applying what has 
been learned in Section 13.8. 

(1) To begin with, Marcinkiewicz’s interpolation theorem 13.8.1 affirms 
that T is of type (p, p) on L°° whenever 1 < p ^ 2, so that a number k p 
exists for which 

\\ H *f\\v < KWfh d 2 - 9 - 1 ) 

holds for 1 < p ^ 2 and f e L 00 . The extension to general f e L p follows from 
12.9.4(1); and, exactly as in 12.9.6, it is seen that the inequality remains true 
for 2 ^ p < co. Thus we obtain M. Riesz’s theorem 12.9.1. 

Furthermore, an appeal to the results in 13.8.3 now yields the inequalities 

\\H*f\\ p < KWfWi for 0 < p < l (12.9.9) 

and 

\\H */||x Yn J\ f \ l0g+ 1/1 dX+ B (12 - 9 - 10) 



for / 6 L 00 . Then, as has been seen in 12.9.9, the first of these inequalities 
continues to hold whenever f e L 1 and H *f is replaced by f c (and in its 
given form whenever/ log + |/| e L 1 ), and the second whenever/ log + |/| e L 1 . 

(2) We turn next to the proof of (12.9.14) and (12.9.15). For this purpose 
we need to estimate || T \\ PtP for large values of p. 

For p e ( 1,2) the result stated in 13.8.2(3) shows, on taking k = 1, p 0 = 
q 0 = 2, p x = q x = 1, A 0 = 1 [see (12.8.10)] and A x = A (as in 13.9.1), that 



< W 2 + _ L_V 

P,P P \JP(2 - P) + P(P ~ 1)J 



jp2 - p)/p . 



To infer a corresponding estimate for values of p greater than 2, we use 
12.9.6 (or 16.4.1). In this way it appears that there exists an absolute constant 
B such that 



ll/L < BpifL (P > 2)- ( 13 - 9 - 28 ) 



For some remarks concerning this type of estimate, see [Ba 2 ], p. 107. 
Suppose now that fe L 00 and ||/||ao ^ 1. Then, for A > 0, 



i- Jexp [A|/|] dx = f ■ (13.9.29) 



Using the relations ||/'|| x ^ ||/|| 2 < ||/|U and |j/|| p < ||/|U < 1, together 
with (13.9.28), it is easily seen that the series on the right-hand side of 
(13.9.29) converges to a finite sum, provided A < (eJ5) " 1 . This proves (12.9.14) 
with A 0 = (eB)~ x . 

(3) It should be added at this point that the complex variable proof of 
(12.9.14) given in [Z x ], p. 257, shows that it is possible to take A 0 = %7r. 
That this is the best-possible value of A 0 follows at once on considering the 
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function/ defined by (12.8.14), whose conjugate/ satisfies (12.8.15) for almost 
all small positive values of x. 

(4) As for (12.9.15), suppose that / e C and e > 0 are given. Choose a 
trigonometric polynomial g such that ||/ — g \ ^ s (see 2.4.4). Then 

(12.9.14) and the linearity of T show that 

A Jexp[A|/- g\\dx < oo 

provided eA < A 0 . Now g is also a trigonometric polynomial, and 
exp [A|/|] ^ exp [A|<?|] • exp [A|/ - g \\ . 

Therefore 

A Jexp[A|/|]dx < oo, 

again provided eA < A 0 . Since A 0 > 0 and e may be chosen arbitrarily small, 

(12.9.15) follows. 

Remark . From (12.9.15) it follows easily that 

II/IIp = 0 (p) as p co (13.9.30) 

for each / e C. Of course, this does not in itself imply the existence of a 
function e p — > 0 as p -> oo such that for p > 2 

ll/L P e p\\f\\p (13.9.31) 

for each / e C, e p being independent off. Indeed, no relation (13.9.31) can 
hold (with an /- independent e p — > 0 as p — > oo) for each /eC: if it did, the 
same would continue to hold for each /e L°°, which would entail that exp 
[A|/|] would be integrable for any f e L® and any A. The discussion in (3) 
immediately above has shown this to be false. 

As a consequence of this, the relation 

ll^llp.p # °{{p - l)' 1 } as p -> 1 + 0 

is easily seen to follow. 

See also Koizumi [2]. 



13.9.3. Remark on the Hilbert Transform. If one replaces the group 
T by R, the analogue of the mapping /— >/ is the so-called Hilbert 
transform 



f 



(X X ) */ 



/: 



f(y) dy 

x - y ’ 



the integral being interpreted as a principal value. This, together with similar 
operators involving singular integrals and functions of several real variables, 
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have been the object of an enormous amount of study by, among others, 
Titchmarsh, Kober, Koizumi, and Calderon and Zygmund. Many of the 
developments are extremely closely linked with the ideas of type and of 
weak type of operators. See Calderon and Zygmund [1], [2], Calderon [2], 
Cordes [1], Koizumi [1] and the references cited there, O’Neil and Weiss 
[1]; [EG], Section 6.7 ; Coifman and Weiss [1]; Coifman, Rochberg and 
Weiss [1] ; MR 56 # 16143. 

13.10 Concerning a*/ and s*f 

We return to the topics mentioned in 6.4.7 and utilize the results estab- 
lished in Section 13.8 in order to establish the inequalities 

II a *f II p < A p \\f\\ p if/e L”, 1 < p < oo, (6.4.11) 

Ik*/ U p < A,Mh if /e L1 > 0 < p < 1, (6.4.12) 

Ik*/ lit < ^ J I/I log* |/| dx+B if/ log- |/| eL 1 . (6.4.13) 
The reasoning proceeds as follows. 

13.10.1. The Nature of <7*. The operator a* is sublinear and, by (6.4.9), 

cr* is of type ( 00 , 00 ) on L 00 . (13.10.1) 

The statement 

a* is of weak type (1, 1) on L°° (13.10.2) 

can be established in several ways. (If < 7 * were linear, (13.10.1) would imply 
that a* is of type (1, 1), and nothing would remain in doubt 1 ; but a* is not 
linear and in fact a* is not of type (1, 1).) 

One way of proving (13.10.2) is to ’use the properties of the Hardy- Little- 
wood maximal operator mentioned in Example 13.7.6(2) in conjunction with 
some additional arguments of an elementary nature; see Exercise 13.17. 

Alternatively, one can make appeal to 6.4.4 in combination with a powerful 
and general theorem of Stein cited in 16.2.8.; compare Exercise 16.14. 

13.10.2. Deduction of (6.4.11) to (6.4.13), (10.4.9), and (10.4.10). 
Knowing that (13.10.1) and (13.10.2) hold, the Marcinkiewicz theorem 13.8.1 
yields (6.4.11) for/e L°°. On the other hand, (6.4.12) and (6.4.13) appear as 
special cases of (13.8.22) and (13.8.21), again provided / e L®. The extension 
to the more general functions / specified is quite simple. 

Since it is evident that <7*/ ^ cr*|/|, we may assume that / is real and 
nonnegative. For any such /, if we take any sequence of nonnegative func- 
tions f n (n = 1, 2, • • • ) such that f n ^ / n + 1 f /, we have (by the monotone 
convergence theorem for integrals) 

1 The necessary argument would be similar to that appearing in 16.4.1. 
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a*/ = sup F n */ 

N 

= sup sup F„ */ n 

N n 

= sup sup F N *f n 

n N 

= sup a*f n ; 

n 

and here cr*/ n < cr*/ n + 1 . Taking f n — inf (/, n) e L 00 , the validity of any one 
of (6.4.11), (6.4.12), or (6.4.13) for each of the bounded functions f n leads (by 
the monotone convergence theorem for integrals once again) to the same 
inequality for /. These inequalities are thus seen to be valid for the specified 
classes of functions /. 

Using 16.2.8 again, if one grants the convergence almost everywhere of the 
Fourier series of each / e L p for some fixed p satisfying 1 < p ^ 2 [see 
10.4.5(3) for the case p = 2], one could derive the inequalities (10.4.9) and 
(10.4.10). In this connection, see Exercise 13.16. 

13.10.3. Other Maximal Operators; Singular Integrals. The operators a* and 
M j ( j = r. A) [see Example 13.7.6(2) and cf. Exercise 14.23] are instances of 

what one might term “ maximal ” or “ majorant ” operators of the type 

r> 1 

where (K r )^ =1 is a sequence of well-behaved functions. As has been mentioned 
earlier (see 6.4.7 and Section 6.6), the study of such maximal operators has 
been made in the context of general (Hausdorff locally compact) groups in 
Edwards and Hewitt [1] and, with special success for compact groups, by 
Stein [1]; see also the closing remarks in Example 13.7.6(2). The results obtained 
in this way assert that, under suitable conditions on the K r , K* will enjoy the 
properties asserted of ct* in (6.4.11) to (6.4.13); see Exercise 13.17. 

It would nevertheless be a mistake to infer that this automatically disposes 
of all problems associated with the pointwise summability of Fourier series on 
more general groups, the fact being that the summability methods one may 
wish to study do not always satisfy the required hypotheses placed on the 
corresponding functions K r . This happens as soon as one passes from T to its 
powers T m , that is, as soon as one passes to the consideration of multiple 
Fourier series of periodic functions of several real variables. In particular, the 
(unrestricted) Cesaro summability of such series does not behave in quite the 
expected way. For the details, see [ Z 2 ], Chapter XVII. It is shown there that 
the correct analogue of (6.4.12) requires the replacement of || / 1| t by 

(i)"7 l/l(log+ l/l r-'dx, 

and that of (6.4.13) requires the replacement of 

^ J l/l lo g + I/I dx 
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by 



where we have written 



(i)”7 l/|{l0g+ \f\) m dx, 




• • • dx 



to denote the invariant integral on the group T m . The difference can be traced 
back to necessary changes in the form of the Hardy-Littlewood maximal 
theorem in m dimensions, and this in turn is due at least in part to the 
topological properties of the underlying group. 

One motivation for expending effort on attempts to prove that maximal 
operators K* satisfy strong- or weak -type inequalities on certain domains is 
the assistance deriving from any such conclusion toward proving the existence 
and finiteness almost everywhere of the pointwise limit of the sequence 
(K r *f)pL i*, see Exercise 13.26. Limits of such sequences are usually rather 
loosely described as “singular integrals.” 

As an example, consider the convolution operators introduced in 12.8.2, 
namely, 

1 r 1 

H e *f(x) = 5- f{x - y) cot ~ydy, 

Z7r 1 y| L 



where 0 < e < tt. The proof of 13.9.1 can be elaborated so as to yield the 
conclusion that the associated maximal operator H*: /— > sup 0<e<n \H e *f\ 
is of weak type (1, 1) on L 1 (compare Koizumi [1], I, p. 171; [Kz], p. 76). 
Since, as has been seen in 12.8.2, the pointwise limit f c (x) = lim £ _> 0 H e * / (x) 
exists finitely for all x whenever f e C 00 (say), it can be inferred from Exercise 
13.26 that the limit f c (x) exists finitely for almost all x whenever fe L 1 , a 
result due originally to Lusin and Privalov (see the end of 12.8.2). (The fact 
that we have in this case a continuous parameter s — > 0 in place of an integer 
parameter r— » oo causes no trouble whatsoever.) 

Statements about mean convergence as £ — ► 0 of the transforms H E * f also 
follow quite easily from the above property of H* ; see Exercise 13.27. 

For further reading relating to maximal operators and singular integrals, see 
[EG]; [HR], Section 44; [St]; [Kz], pp. 66 ff.; Gilbert [3]; MR 35 # 6788; 
37 ## 5731, 6144, 6704, 6687 ; 38 # # 575, 576, 2268, 3466; 39 # # 4709, 
4711 ; 40 # 799; 50 # 10670 ; 52 # 1162; 53 # 1143 ; 54 # # 844, 3290, 5720, 
5721, 5736, 8133a, b,c, 8155, 13452; 55 # 3670, 6096; 56 # # 959, 960, 6259, 
6260, 6261, 6266 ; 57 # 10340. 



13.11 Theorems of Hardy and Littlewood, Marcinkiewicz and 
Zygmund 

Section 13.5 has produced one sort of valid extension of the Parse val 
formula (8.2.2) and the Riesz-Fischer theorem 8.3.1. This section is devoted 
to some more results of the same type. 
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13.11.1. ( Hardy- Little wood) (1) If 1 < p ^ 2 and/e L p , then 

{2 (1 + M)’- a |/(»)|’} 1 " ^ AM- (13.11.1) 

neZ 

(2) If 2 < q < oo and (f> is a function on Z satisfying 

2(1 + \n\)«- 2 \<l>(n)\ I > < oo, (13.11.2) 

neZ 

then the trigonometric polynomials 

4n( x ) = 2 ^( n ) einx (13.11.3) 

\n\ZN 

converge in L a as N -* oo to a function / satisfying / = <f> and 

ll/ll, ^ A „,{ 2 (1 + M) ^ - a M»)|T , . (13.11.4) 

neZ 

Remark . The function / appearing in statement (2) plainly provides a 
sensible interpretation of q>; see 2.5.1 and 8.3.3. 

Proof. We derive (1) from an application of the Marcinkiewicz inter- 
polation theorem in a suitable setting, and deduce (2) from (1). 

(1) Here we take (X, Ji , fi) as in Example 13.1.3(1), and (F, Jf, v) as in 
Example 13.1.3(2) with 

c„ = (i + M)' 2 - 

Furthermore, take T to be defined by the formula 

Tf(n) = nj(n) 



for, say, ^i-simple functions /. 

Parseval’s formula (8.2.2) shows at once that T is of type (2, 2). We will 
show that T is of weak type (1, 1). Indeed, if/# = Tf and t > 0, then 

mm = v({\s#(n)\ > «}) = 2 (i + nr 2 

summed over those integers n for which \nf(n)\ > t. This last inequality 
implies that \n\ > VII/ Hi, so that 

D}#(t) < 2 (! + M)' 2 < ^7^’ 

|n| > t/!l/tl i C 

which shows that T is of weak type (1, 1). [It should be noticed that Exercise 
3.14 shows that T is not of type (1, 1).] 

Appeal to the Marcinkiewicz interpolation theorem 13.8.1 shows that T 
is of type (p,p) whenever 1 < p < 2; as we have noted, the same is true 
for p = 2. This leads to the inequality (13.11.1) for ^.-simple/. The extension 
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to a general / e L p is carried out in a routine manner by approximating / in 
L p by a sequence of /x-simple functions; see 13.2.2. 

(2) Write p = q', so that 1 < p ^ 2. For brevity write w n in place of 
(1 + \n\) q ~ 2 \<f){ri)\ q . Suppose that g e L p and that N < N' are positive 
integers. On applying Holder’s inequality and (1) it is seen that 



_ 1 1 



<j>(n)g(-n)\ 



= I 2 (* + I 71 !) 1 2, V( w )‘( 1 + M) 1 ' 2,p £(- w )l 

| nia 

{ 2 W n} 1!Q -{ 2 t 1 + N) P_2 |!7(-«)! P } 1,P 



Similarly, 



< { 2 W’n} 1 ' 5 • ^ P 

|n| < N 



(13.11.5.) 



\iz f - k’)gdx | ^ { 2 ^n} 1,, -^ P l!7l| P - (13.11.6) 

Zt7T J N < Ini s: N' 



On using 13.1.5, the inequalities (13.11.5) and (13.11.6) lead respectively to 
the estimates 

{ 2 w n} llQ ■ A P (13.11.7) 



Un - 4-L < { 2 W nY lQ -Av 



(13.11.8) 



The last inequality combined with (13.11.2) shows that the sequence (4> n )n = i 
is Cauchy and therefore convergent in L Q ; let / be its limit. Then, by mean 
convergence, 

f(n) = lim ( <j> N T{n ), 

N-* oo 

which is easily seen to equal <f>(n). Moreover, the defining relation 

/ = lim <p N in L q 

N-> oo 

and the inequality (13.11.7) show that (13.11.4) holds and so complete the 
proof. 



13.11.2. Remarks. (1) The result 13.11.1 was extended by Paley to 
expansions in terms of orthonormal systems of functions u n which are 
uniformly bounded; see [Z 2 ], p. 121 and compare the remarks in 13.5.2. 
Yet further generality was achieved by Marcinkiewicz and Zygmund [1]. 
In Section 3 of Stein and Weiss [1], it is shown that this generalized version 
can be deduced very neatly from their version of the Riesz-Thorin theorem 
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[mentioned in 13.4.2(2)]. Compare also with Hormander [1], Theorem 
1.10 and Gaudry [5], Theorem 5.1. 

For a variant of the Hardy- Li ttle wood- Paley theorem involving re- 
arrangements of Fourier coefficients, see [Z 2 ], p. 123. 

(2) A more general version of 13.11.1 appears in Exercise 13.9. See also 
Exercises 13.1, 13.9, 13.21, 13.23, Askey and Wainger [1] and Izumi [2]. 



13.11.3. The Dual Version of 13.11.1. It is possible to dualize 13.11.1, 
that is, to formulate versions in which T and Z interchange their roles. 
Before making any statement of this sort, we remark that in 13.11.1 the 
expression (1 + \n \ ) might everywhere be replaced by a number of other 
positive functions co on Z subject to the condition 

2 (s > 0), 

{co(n)>s} s 

which would be used to ensure that the operator T: /-> cof is of weak type 

(M). 

This suggests a formulation of the dual result in terms of a measurable 
function co on T such that 

<a(x) > 0 a.e., if co (x)- 2 dx^- (s > 0). (13.11.9) 

" 7r J (CJ(x) > S) S 

We shall regard co as a function on R having period 2n, and make use of the 
measure space ( Y, Jf , v ) in which Y is the interval [ — n, tt), Jf is the collec- 
tion of Lebesgue measurable subsets of F, and v is the measure defined by 

V (E) = J- f c o(x)~ 2 dx (EejV). 

J E 



It is easily verified that 




for any nonnegative Lebesgue measurable periodic function h on R. 



13.11.4. (Marcinkiewiez-Zygmund) Let co be as explained in 13.11.3. 
(1) If 1 < p < 2 and cj> e i p (Z ), then 



{ ^j wP ~ 2 \t\ P dx} llp ^ A P UL 



(13.11.10) 
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(2) If 2 ^ q < oo and / is measurable and J w q 2 \f\ q dx< oo, then / 6 L 1 
and 

ll/L < jw'- a \f\ 9 **} llq - (13.11.11) 

Proof. This is very similar to that of 13.11.1 and we shall be brief. 

(1) We aim to apply the Marcinkiewicz interpolation theorem 13.8.1, 
taking (X, M , /x) as in Example 13.1.3(2) with /x the counting measure on Z, 
(F, Jf , v) as described in 13.11.3, and the operator T defined by 

Tc/>(x) — w{x)<j>(x) 

for fx - simple functions </> on Z. 

Parse val’s formula shows that T is of type (2, 2). The condition (13.11.9) 
ensures that T is of weak type (1, 1), since the set E t of points x at which 
\T(f>{x)\ > t is contained in the set at which w(x) > £/||<£||i, and so 

v(E t ) = -Lf co~ 2 dx ^ f c o{x)~ 2 dx 

^ 7r JEt ^ 7T J{co(x) >tim\i > 

It follows, via Marcinkiewicz’s theorem 13.8.1, that T is of type (p, p) 
whenever 1 < p ^ 2, which leads at once to (13.11.10) for /x-simple <f> . 
The extension to arbitrary (f> e t p (Z) is routine and is left to the reader. 

(2) Write p = q'. If/e L 1 and 

J EE j o) q ~ 2 \f\ q dx } 119 < 00, 

we have from Holder’s inequality and (1) 

|L jfjdx | = |L J a> i- a /y. w i-*/p^*.| 

This shows that the assignment 

is a continuous linear functional on i p (Z). From the discrete analogue of 
I, C.l [see [E], Exercise 1.2 and Theorem' 4.16.1; [HS], Theorem (15.12)] 
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it follows that there exists a function ip e £ P '(Z) = £ q (Z) such that 

i- J# dx = 2 #»)*(-») (13.11.12) 

for all <f> g / P (Z) and 

||0||p ^ (13.11.13) 

From (13.11.12) it follows that / = i/j, so that (13.11.13) yields (13.11.11). 

Thus (13.11.11) holds whenever / e L 1 and J < oo. Supposing now that / 
is nonnegative and measurable and that J < oo, an application of (13.11.11) 
to/ r = inf (/, r) e L 1 , followed by a limiting process as r -> oo, shows that 

II/, 111 = |/r(0)| < ll/rll, 

and therefore that / e L l . On replacing / by |/|, we see that / e L 1 whenever 
J < oo. The proof is therefore complete. 

13.11.5. Remarks. In 13.11.4 one may take 

w(x) = |;r| a for |ar| ^ tt 

whenever a ^ 1. The case a = 1 is due to Marcinkiewicz and Zygmund [1] 
and is treated otherwise in Theorems (3.8) and (3.9) of Stein and Weiss [1]. 



EXERCISES 

13.1. Show that 2 n *o \f( n )l n \ < 00 whenever / e L p for some p > 1. 
Remarks. Since (see Exercise 7.7) 2?= 2 oosnx/logn is the Fourier 

series of an integrable function, it follows that 2n*o f( n )l\ n \ diverges for 
suitably chosen/ e L 1 . 

The stated result should be compared with Exercises 7.9, 13.21, and 13.23. 

13.2. Assume that / is absolutely continuous and that Df e L p , where 
1 < p < 2. Show that (with the notation introduced in 10.6.1) /e A and 
that 

11/ 11 a < i/w 1 + mp)Y ,p wu 

where £(s) = 2n = 1 n ~ s for Re s > 1 . 

Remark. There are analogous results applying when / is assumed merely 
to be a distribution (in the sense of Chapter 12) and Df is replaced by D m f 
(m a positive integer). These are simple periodic versions of results, named 
collectively Sobolev's lemma, which apply to (not necessarily periodic) 
distributions defined on domains in a Euclidean space R n . 
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13.3. Assume that 0 < a < tt and that / is defined and absolutely 
continuous on [ — a, a], that 1 < p ^ 2, and that 

/ = f° \DJ\’dxyi>, M = sup |/(*)|. 

J — a I 3 -! ^ a 

Show that there exists a function g e A (see 10.6.1) such that g(x) = f(x) 
for \x\ ^ a and 

Ma ^ + Ppl > 

where a p and f} p are nonnegative numbers depending only on p. 

Remarks . Estimates of the stated type are often useful in approximation 
theory; see, for example, Domar [2]. The given estimate can be varied by 
ringing changes on the construction of g. 

Hint: Define g as a suitable periodic extension of / and use Exercise 13.2. 

13.4. State and prove an analogue of 13.6.1 for functions on Z. 

13.5. Let /x € M and define 

, /l^lli 2 " ,)-1 «All»“ (2,P) if 1 <2><2 

” Wm if 2 < p ^ oo. 

Prove that for 1 ^ p < oo 



ll/WL < B p(ri\\f\\p 

whenever f e IP. 

Hint: Consider first the case 1 < p < 2, using the case p = 1 of 12.7.3, 

the Parse val formula, and the Riesz-Thorin theorem. For the case 2 < p ^ oo, 
appeal to Holder’s inequality and its converse (compare 16.4.1). 

13.6. We revert to the matters discussed in Section 4.2. Let a be a map 
of Z into Zkj{co } such that a _1 ({^}) is finite for each n e Z. Suppose that T 
is the operator defined for trigonometric polynomials / by the formula 

neZ 

compare equation (4.2.5). Suppose further that 1 ^ Pi < P 2 ^ 00 an d that 
there exist numbers m 1 and m 2 such that 

m\k < m i\\f\\p, 

for i = 1, 2 and all trigonometric polynomials /. Prove that, if p satisfies 
Pi ^ P ^ jP 2 > T can be extended into a continuous homomorphism of L p 
into itself. 

Hint: The reader should pay especially close attention to the case in 

which p = p 2 = °° , in which connection 12.3.10(2) will be useful. 
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13.7. The notation is as in 13.2.3(2). Show that $ is a one-to-one linear 
map of L 1 (/x) into e 0 ( Y) which is of type (1, oo). 

13.8. The notation is as in 13.2.3(2). 

(1) Assuming that S\Jj 2 (jjl) is of type (2, 2), prove that it is of type (p, p') 
whenever 1 ^ p ^ 2. 

(2) Show by example that, if p > 2, then $|L p (/z) is not of type (p, p'). 

13.9. (1) Suppose that 1 < p ^ r ^ p' (so that 1 < p ^ 2). Show that 
there exists a number A = A v > 0 such that 

lid + 

for each / e L p . 

(2) Suppose that q < s ^ q < oo (so that 2 ^ q < oo) and that <f> is a 
complex-valued function on Z such that (1 + \n\) 1 ~ llq ~ lls (f> e £ S (Z). Show 
that there exists a function g e L a such that g = <f> and 

hi < ^'11(1 + |n|) 1 ~ 1,I, ' 1,s <j>\\ s . 

Remarks. Results (1) and (2) generalize 13.11.1(1) and 13.11.1(2), 
respectively. Compare with [Z 2 ], p. 126. 

There is an analogue applying in the case in which the group T is 
replaced by R ; see Hormander [1], Corollary 1.6. 

The stated results are of interest and use in connection with multipliers; 
see 16.4.6(3). 

Hints: For (1), use 13.5.1 and 13.11.1. Derive (2) from (1) by mimicking 

the argument used in the text to deduce 13.11.1(2) from 13.11.1(1). 

13.10. Write out the details of the subcase p Q < p < p x , oo > q 0 > q x 
of Theorem 13.8.1 [see the end of stage (1) of the proof given in the text]. 

13.11. Supply the proof of 13.8.1 in case (2) listed in the text. 

Hints: Here p 0 = p x = p, q 0 < oo, q x = oo. Suppose a > 0 and write 

\\Tf\\l, v = q f b«-'D T /(b)db + q f" b q ~' l D T f‘{b) db. 

JO Ja 

Let a | ^iI/IU.b- 

13.12. Supply the proof of 13.8.1 in case (3) listed in the text. 

Hints: Here 1 ^ p 0 ^ q 0 < co, p x = q 1 = oo. Suppose a > 0; then 

II 2"/ II 2. V < const {J o " 6«- 1 2)f /l>a (6) db + J" b^^D^ Jb) db} 

Choose a = a(b) = A{ 1 6, and estimate 

J o bQ ~ 1D h 2 . am (b)db 

as in stage (1) of the proof in the text. 

13.13. Supply the proof of 13.8.1 in case (5) listed in the text. 
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Hint: Modify the proof of case (4) given in the text, using as a guide the 

changes made in (1) to handle the case in which q 0 > q x . 

13.14. Let 8 and Q = (J* O t = (a u b x ) be as in 13.9.1(4). Show that 
8(a i ) = 8(b { — 0) for all i. 

13.15. Verify the assertion made in part (5) of the proof of 13.9.1, namely, 
if h Un are the functions there appearing, then there exist functions 

h U) E L 2 (-tt, t r) 

such that h Un -> h (j) in L 2 ( — tt, tt) for j = 1, 2, 3. 

Hint: Consider, for example, h l n . Observe that h l n bears the same 

relationship to <f> as h n does to /. 

13.16. (1) Let (X, Jt , /jl) be a measure space and / an extended real- or 
complex-valued ^-measurable function on X such that, for some p > 0, 
A > 0 , 

Df(t) ^ (At” 1 )* (t > 0 ). 

Prove that if 0 < q < p, then 

f \f\uin + 

Js P H 

for any /z-finite set S cz X. 

(2) Let (X, , p), ( 7, jV', v) and T:f ->/# be as in 13.7.5, Y being 

v-finite and the domain 2 of T having the property that cf e 2 whenever 
f e 2 and c is a positive number. Suppose that T is of weak type (p, q), 
where 0 < p ^ oo and 0 < q ^ oo, and that \T(cf)\ > c\Tf\ v-a.e. for each 
number c > 0 and each / e 2. Prove that T satisfies a (strong) type (p, r) 
inequality on 2 whenever r < q. 

13.17. Let (K x ) be an arbitrary family of functions in L 00 such that 
\K X \ ^ H x a.e. on ( — tt, tt), where the functions H x are absolutely continuous 
(but not necessarily periodic) and 



Define, for f e L 1 
Show that 



1 C n 

A = sup — H t (x) dx < oo 

i A™ J-n 

1 C 71 ' 

B = sup— \xH\(x)\ dx 
i It t j - n 



< 00 . 



K*f(x) = sup \K { *f(x )\ . 
K*f(x) < (A + 2B)f*(z), 



where / A is defined as in Example 13.7.6(2). 

Show also that the same inequality holds almost everywhere if (K x ) is a 
countable family of functions in L 1 , the other hypotheses remaining as before. 
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Apply this procedure to < 7 */, taking K N = F N for N = 0, 1,2,**- and 
H n (x) =CN( 1 4- N\x\)~ 2 

for \x\ < n, C being a suitable constant, and thus conclude from the results 
stated in Example 13.7.6(2) that a* is of weak type (1, 1) on L 1 . 

13.18. Let ( X , Jt , fi) be a measure space and f n (n = 1,2,***) and / 
extended real- or complex-valued /x-measurable functions on X that are 
finite almost everywhere. Suppose that 

lim /„ = / 

n~* <x> 

in measure, that is, for any t > 0, 

lim D u f - fn (t) = 0. 

n — * 0 

(Notice that / — f n is defined /z-a.e.; its definition may be completed in any 
desired fashion.) Prove that 

D f u (t) ^ inf lim inf D fn u (t — e) 

e > 0 n-* 00 n 

for any t > 0. 

Note that the hypotheses are satisfied if f n —>f in h p (X, Jt , /z) for any 

p > 0. 

13.19. Let (X, Jt , /x) and ( Y, jF, v) be measure spaces. Denote by 
gp — J^( Y, Jf , v) the set of ^-equivalence classes of ^-measurable extended 
real- or complex-valued functions on Y which are finite valued ^-almost 
everywhere. Suppose that Y is expressible as the union of disjoint v- finite 
sets Y k (k = 1,2,---) satisfying v( Y k ) > 0. Verify that IF is a complete 
metric space when the distance is defined by 



<%i. 92) 



V 1 f \9i — 92 1 dv 

fc'MFfc) Jy t 1 + bi - g 2 \' 



(The convergence of a sequence of functions in this metric is the same as 
convergence in measure on each v- finite set; see the preceding exercise.) 

Suppose that T is a linear operator with domain a linear subspace % of 
L P (X, J? , p) and range in F which is of weak type (p, q). Show that T has a 
unique extension to the closure $ of $ in h p (X, jft , fx) which is continuous 
from % into F, and that this extension is also of weak type (p, q). 

Hints: Show that a sequence of functions which converges in measure 

has a subsequence which converges pointwise almost everywhere. Use the 
preceding exercise. 

13.20. Show that L p * L p c= L p/(2_p) if 1 < p < 2, afid that L p * L p c: A 
iip > 2. 

Prove also that 

2 |^(n)| p/(2p_2) < 00 

neZ 
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whenever he L p * L p and 1 < p < 2. 

Remarks. These results show that L p * L p is a proper subset of L p 
whenever p > 1; see 7.5.3, Section 8.4, and 15.3.4. 

13.21. Prove that 

2 (! + M)- 1 |/(»)[ < A + ^ J* |/| log + |/| dx 

whenever the integral appearing on the right is finite, A and B denoting 
suitably chosen positive numbers. Compare with Exercises 13.1 and 13.23. 
Hint: Apply (13.8.21) to a suitably chosen particular case. 

13.22. The notations and assumptions are as in 13.8.3, and we now 
assume also that p(X) < oo, v(Y) < oo, and 1 < a < oo. 

Suppose that T is defined on [0, oo), vanishes on [0, 1], is elsewhere positive 
and increasing, and 

W(2t) = 0(Y(t)) as 2 -> oo . 

Define 

0(2) = t fV 2x F(s)ds (t > 0) 

Jo 

and suppose that 

r oo 

j 0(5) ds/s a + 1 = 0{O(2)/2 a } as t — > oo . 

Prove that there exist (/-independent) numbers A and B such that 
£t(|/#|)^ < A + B 

for each / e $. 

Remarks . One may take W(t) = t for t > 1, in which case 0(2) = t log + t 
and one recovers (13.8.21). One may also take W(t) = 2(log + 2) p_1 for t > 1, 
where p > 0, and then 0(2) = p~H{ log + 2) p . 

Hints: Write c = max (2/c, 1) and show first that 

r ^1 f#\)d V <K + fvA, (i) 

Jy ytl b 

where K denotes an /- independent number (not necessarily the same at each 
a PP earance )> Vi i s the v-measure of the set where |/#| > c2 y , and 

8 y = W(c2 j + 1 ) - Y{c2i). 

For a fixed j, split / into f t + / 2 , where f ± equals /or 0 according as |/| ^ 2 j 
or not. Apply (13.8.18) and (13.8.19) to / 2 and f ± , respectively, in order to 
derive the inequality 

i oo 

n, < K{ 2~ ai ^ 2 ai £j + 2-’ 2 2 ‘ £ i}> 

i = 0 i = i+l 



( 2 ) 
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where e 0 is the /x- measure of the set where |/| < 1 and e i is the /x-measure of 
the set where 2 i_1 < |/| ^ 2* for i = 1,2,**-. Substitute (2) into (1) and 
obtain 

J y Y(|/#| )d v ^K + K(S 1 +S z ), 

where 

Si = 2 2 °‘ e i 2 8 > 2 ~ ai ’ 

i = 0 j — i 

= 2 *«« 2 s * 2- '- 

i= 1 / = 0 

Show that each of and $ 2 is majorized by an expression of the desired 
form. 

For more details, see [Z 2 ], pp. 117-118. 

13.23. Suppose that p > 0. Show that there exist /-independent numbers 
A and B Such that 



2 



|/(w)|{log (2 + I nf(n ) | )} : 
1 + \n\ 



P-1 



^ A -f* 



B_ 

2tt 



/ l/|(log + |/|) 



p dx 



whenever the integral appearing on the right is finite. 

Deduce that 

V !/(w)|{Iog (2 + |w|)} > ’- 1 

i + M 

is majorized by a similar expression under the same hypotheses on/. 
Remark. This result generalizes that in Exercise 13.21. 

Hints: For the first part, apply the preceding exercise to a suitably 

chosen special case. 

Derive the second part from the first by splitting the sum in question into 
two parts according as \n\ " 1/2 < |/(n)| < |?i| 1/2 or not. 

13.24. Suppose that 2 ^ p < oo and that F is a complex-valued function 
of a complex variable that is expressible in the form 

F(z) = az + bz -f \z\ 2lp 'c(z), 

where a and b are complex numbers and the function c is bounded on some 
neighborhood of the origin. 

Show that to each / e L p corresponds g e 1/ such that g = F of. 

Remark. This is the simple half of Rider’s result cited in 10.6.3(2); it 
is due to Rudin. 

13.25. State and prove an analogue of the result asserted in the preceding 
exercise that is applicable when 1 < p ^ 2. 

13.26. Let (X,JP,p) and ( Y ,J r ,v) be measure spaces and K r (r = 
1,2, * • *) bounded and measurable functions on the product measure space 
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(X x Y, Jt x jV', fi x v) (see [HS], p. 379; the condition of boundedness on 
each K r could be relaxed). For each r, T r f is defined by 

TJ{y) = K r (x, y)j(x) dy.(x) 

for /e L 1 (X, Jt, fx) and y e Y. Define also the maximal operator 

T*f{y) = sup \ TJ(y)\ . 

r 

Suppose the two following conditions are fulfilled: 

(1) T* is of weak type (p, q) on Jj p (X, Jt , /x), where 1 < p ^ oo, 
0 < q ^ oo; 

(2) there is an every where-dense subset X of the set of real-valued functions 
in L P (X, Jt, fi) such that lim,.^*, T r f( y) exists finitely for v-almost all y e Y 
whenever f e %. 

Show that lim^oo T r f( y) exists finitely for ^-almost all y e Y whenever 
/ e L P {X, J ( , p). 

Remarks, (i) Special cases of this result appear as partial converses 
of 16.2.8. 

(ii) It may be proved that, if in (2) it is assumed that, for every /e X), 
lim,.^^ T r f (y) = 0 for v-almost all y e Y, then the same is true for every 
/el/. 

Hints: Show that it suffices to handle the case in which the K r and / are 

real-valued. Given e > 0, express any/ e L p (Jf, Jt , /x) in the form / = / x + / 2 , 
where f ± e % and ||/ 2 || Pftf ^ e. Observe that 

|lim sup T r f - lim inf T r f\ ^ 2 T*f 2 . 

r-* oo r-+ ao 

13.27. Assume that the maximal operator H* : /— > sup 0<e<7t | H e * / | 
is of weak type (1, 1) on L 1 (see 13.10.3). Deduce that 

sup \\H e \\ PtP < oo 
0 < £ < 

for 1 < p ^ 2, and then that the same is true for 2 < p < oo (compare 
12.9.6 or 16.4.1). Conclude that 

lim H B *f=Hf = f ini/ 

£ — * 0 

whenever / e L p and 1 < p < oo. 
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Changing Signs of Fourier Coefficients 



In this chapter we shall be concerned with some remarkable facts 
concerning not one Fourier series 

Z f(n)e‘" x , 

ne Z 

but rather “ most 5 5 series 

Z ± /(»)«*“ 

ne Z 

of the family obtained by making random changes of sign in the 
coefficients of the original series. It turns out that the behaviour of 
“most 55 members of such a family depends solely on the convergence or 
divergence of the series 

Z l/( M )l 2 ; 

ne Z 

if this series converges, then “most” members of the family are, in 
particular, Fourier series of functions in 1/ for every p < oo ; while, if this 
series diverges, “most” members of the family fail to be 
Fourier-Lebesgue (or even Fourier-Stieltjes) series at all. We shall 
concentrate principally on the good behaviour resulting from the assumed 
convergence of Sl/Wl 2 ’ results pertaining to the case in which 
| f ( n ) \ 2 = 00 are mentioned only briefly in 14.2.3 and 14.3.5. 

The technique we use for handling such a family, which at the same 
time gives a precise meaning to the term “ most ”, stems from replacing it 

b y 

Z C 0 (n)f(n)e inx , 

ne Z 

where co is any function from Z to { — 1, +1}. This leads us to consider 
the set ^ of all such functions co and we impose upon ^ the natural 
structure of a compact Abelian topological group and the associated 
normalised Haar measure. We interpret “ most ” to mean “ belonging to a 
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set of Haar measure one ”, and carry out some elementary harmonic 
analysis on the group In the presence of the assumption f(n)\ 2 < 
oo we shall be able to perform a quick mental somersault and consider the 
series 

£ co(n)f(n)e inx 

ne Z 

as defining a function belonging to either L 2 {T) or L 2 (^). This will 
provide the results we need to study the above family of Fourier series. 

Thus the first part of this chapter is taken up with establishing 
properties of series which are the counterpart over ^ of Fourier series 
over T, namely, infinite complex linear combinations 

Z 

where denotes the group of characters of ( €. These so-called 

Walsh-Fourier series include the families above as special cases in which 
the coefficients are nonzero only for those £ belonging to a certain 
lacunary (or thin) subset 01 of . These lacunary series 

£<*£ 

are called Rademaeher series and results about them established in this 
chapter provide both an introduction to, and tools for the study of, 
concepts introduced in Chapter 15. 

It should be pointed out that our approach to Rademaeher series was 
not, historically, the first, in which Rademaeher series appear instead as 
series of functions defined on [0, 1]. For a treatment of the classical 
approach we refer the reader to the first edition of this book, and for the 
connection between the two approaches to Exercise 14.16 or to Appendix 
C of [EG] . 

In what follows, Z + will denote the set of nonnegative integers. 
Further, for every set X, l x will denote the constant function with 
domain X and value 1 . 

14.1 Harmonic Analysis on the Cantor Group 

14.1.1. The Cantor Group. We denote by ^ the set of all functions from 
the integers into { — 1, +1}, and write its elements co = (co(n)) neZ . Under 
the operation of pointwise product, ^ is an Abelian group with identity 
the constant function l z , and each element is its own inverse: co 2 = l z , 
for every co e <€ . 

If { — 1, 4-1} is given the discrete topology, it becomes a compact 
Hausdorff space. Endowing ^ = { — 1 ; +1} Z with the product topology, 
Tychonoff’s theorem ensures that ^ too becomes compact and Hausdorff. 
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More precisely, a subbasis for the topology on # consists of all sets of the 
form {co e ^ : co(n) = a}, where a e { — 1, +1} and n e Z. Consequently an 
open set in ^ is a countable union of sets of the form 

{co G # : co(n) = a (n) for all n e 

where <l> is a finite subset of Z and a e { — 1, +1}°. A sequence (co„)® =1 
converges in ^ to l z if and only if for every N e Z + there exists an 
n 0 e Z + such that co n (j) = 1 for all j e Z such that \j | ^ N and all 
n e Z + such that n ^ n 0 . (The reader reluctant to appeal to TychonofF ’s 
theorem may show directly that, with these open sets, ^ is compact and 
HausdorfF.) 

The group operation (co, $) — > co(f> (pointwise product) is continuous 
from the product space x ^ to ^ ; in other words, ^ shares with T the 
property of being a compact Abelian (Hausdorff) topological group. We 
call it the Cantor group. (This name derives from the fact that, being a 
perfect, nowhere dense, totally disconnected metrisable topological space, 
# is homeomorphic to the Cantor ternary set (defined in Exercise 12.44). 
For a construction of such a homeomorphism, see Exercise 14.16. 
Sometimes ^ is termed the Walsh group ; see Fine [1].) 

14.1.2. For every N e Z + , define 

% ?n = {co e co(n) = 1 for all n e Z such that \n\ ^ N}. 

Observe that for every such N, %> N is a subgroup of ^ which has 2 2N+1 
cosets. By definition of the product topology, every is both open and 
closed ; and, for every co e #, the family (po ( € l s )n = o forms a basis for the 
neighbourhoods of co. 

14.1.3. The Dual of %>. We now identify the dual group of ^ (see 
Volume 1, p. 20): it consists of all characters (continuous group 
homomorphisms) from ^ into T. Obvious characters are provided by the 
projection (that is, evaluation) functions. Prompted by tradition, for 
every n e Z, we call the projection p n : ( €— * { — 1, +1} given by p n (co) = 
co(n), the nth Rademacher character , and we write 01 to denote the set 
{ p n : n € Z}. The characters of ^ are describable as follows. 

(1) If ® is a nonvoid finite subset of Z then p n is a character 

of V. 

(2) Conversely, if £ is a character of then there is a unique function a 
from Z to {0, 1} with finite support and satisfying 

C(co) = f] co(n) a(n) for all co e 

ne Z 



(14.1.1) 
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Proof. (1) is an easy exercise. For (2) suppose that £ is a character of 
# and that co e <€ . For every N € Z + denote by co N the truncate of co 
defined by co N (j) = co(j) for all j e Z such that \j\ ^ N and <o N (j) = 1 for 
all other j e Z. Observe that co = lim^^ co N in Hence, by continuity 

off, 

C(co) = lim £(<%). (14.1.2) 

N-> oo 

Now, for all i € Z, we write for the element of # which maps i to <o(i) 
and all other integers to 1 . Then 

co N = £-i v * i-(N-l) ' ’ ' £o " ' €n - i ’ €n 

so that 

£(<%) = * ‘ * C(£o) * ’ ‘ £(£#)• 

But <£* has order 2 hence so does £({*), whence £(£*) e { — 1, +1}, for every 
i Choose a(i) e {0, 1} so that 

£(£*) = for every co e 

Then 

£(<%) = • • • co(0) a(O) * • • co(N) aiN \ 

Since, by (14.1.2), lim^^ £(c%) exists for co e it follows that the a(j) 5 s 
must eventually equal zero. This proves (14.1.1), and uniqueness of the 
function a is clear. 

We write for the group of characters of # under pointwise product, 
and denote its identity 1^. Traditionally, members of are viewed as 
functions on [0, 1]. The Rademacher characters are called Rademacher 
functions and elements of ^ A termed Walsh functions; see Exercise 
14.16. 

The above proof justifies identifying the dual of { — 1, +1} with {0, 1} 
under the exponential map, and identifying the dual of the product { — 1, 
+ 1} Z with the weak direct sum ({0, 1} Z )* (the set of elements of {0, 1} Z 
which have finite supports), under the action (14.1.1). Observe that 
multiplication of characters is the same as addition modulo 2 of their 
corresponding sequences in the weak direct sum. 

The appropriate topology on ^ A is discrete ; so ^ A is again an Abelian 
topological group (see Volume 1, p. 20). 

Property (2) above shows that the set of Rademacher characters 
generates ^ A ; moreover M is an independent set , in the sense that : 

if ® a Z is nonvoid and finite, if a e Z®, and if 



11 P°n n) = then pf n) = 1* for every 

ne® 



(14.1.3) 




[14.1] HARMONIC ANALYSIS ON THE CANTOR GROUP 



209 



For a representation, due essentially to Paley, of as the set Z + , see 
Exercise 14.17. 

14.1 .4. Corresponding to the subgroups of we define 

s/ N = {( € : £(co) = 1 for all co G ^ N }, (14.1.4) 

and note that 

= {£ g ^ A : C(i) = 1 for all j g Z such that |J| > N}. (14.1.5) 

We observe that s/ N is the subgroup of ^ A generated by {pj\ \j\ < N} 
and therefore possesses 2 2iV+1 elements. In general terms (see [HR], 
(23.23)), s/ N is called the annihilator of ^ N . In Exercise 14.3 the reader is 
asked to prove that, as topological groups, 

(^/^ n ) a is isomorphic to stf N , 

and 



is isomorphic to ^ A /j&n- 



14.1.5. For every function /on # and every co e the co-translate off is 
defined to be the function T a f with domain such that 

/ )(<£) =f{o>4>) for a11 ^ e 

(recall that co -1 = a> for all co e %>). 

There is an important operation on <€ which is fundamental to the 
study of measure-preserving transformations on but for which we have 
no need : the left shift a : — > # is defined by 

<j(co)(n) = co(n +1) for all co e and all n g Z. 

All the Rademacher characters are expressible in terms of any chosen 
one, together with iterates of a and <x~ 1 : 

Pn + m(w) = Pn(<r m (w)) for all CO€%. 

14.1.6. Integration on c €. Just as an invariant integral on T was 

crucial to our analysis of functions on T, so we are now greatly aided by 
the use of an invariant integral over # (see 2.2.2). Our idea is to define an 
invariant integral I on the space C(^) of all continuous complex- valued 
functions on by considering the obvious normalised invariant integral 
I N on the finite group and letting N tend to infinity. Indeed if 

/ G C(#) and / is constant on the cosets of ( € N (and so may be regarded as 
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a continuous function on #/##), then the normalised invariance of I N 
forces the equality 

W) = 2- (2 * +1) £/(«), (14.1.6) 

where the sum runs over any subset of # comprising precisely one co from 
each coset of C € N in . If we define 

S(^) = { / G C(<g) : for some N e Z + , f is constant on the cosets of ^ N }, 

(14.1.7) 

then for f e S(^), the sequence (In(/))n = o * s eventually constant and we 
define 1(f) to equal this constant. Aiming to extend this definition of I to 
all of C(^), we first prove that S(^) is uniformly dense in C(^). This is 
easy, if the reader is prepared to tap the depths of the Stone- Weierstrass 
theorem (see [SMA], pp. 30-87); however, since there is an elementary 
proof (and since we shall need the result again in 14.9), we prove it now 
from first principles. 

Proof. Suppose /eC(^) and s > 0. Since for every N e Z + the 
characteristic function of every coset of %> N is continuous, it suffices to 
prove that N e Z + can be chosen so that, on every coset of ^ N , the 
variation of / is, in absolute value, at most s. The existence of such an 
N g Z + now follows from the continuity of/ combined with the facts that 
^ is compact and the form a basis for the neighbourhoods of l z . 

So far we have defined I on S(^), and it is easy to see that / is linear, 
positive, translation invariant and of norm 1 (see 2.2.2). To extend I to 
C(^) it now suffices to observe that whenever (/n)n = o * s a sequence in 
S(^) which is Cauchy with respect to the supremum norm, 

1 1 (-In) ~~ ^(/m) I = l^(/iv ~/m) I ^ II/n /mIIqo 



and hence that there is a complex number 1(f) towards which the 
sequence (I(f N )) NeZ+ converges. 

The resulting invariant integral I is again positive. Since also 7(l c ) = 1, 
/ may justifiably be christened the invariant (or Hoar) integral on <€ . If/ is 
integrable on we shall often denote the number 1(f) by f dX or 
f(co) dX(eo), wherein X is the appropriate measure on . (Integration 
theory over ^ is an instance of general integration theory which may be 
found, for example, in [7J] and/or Observe that, since has2 2iv+1 

cosets in X(x<g N ) = 2 _(2N + 1) . 

We write \Pif€) for the space of equivalence classes (under equality 
A-almost everywhere) of measurable functions/ on ^ such that 



ll/ll, = 



\f\ P dX 



Up 

< 00 . 



(14.1.8) 
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14.1.7. The Orthogonality Relations. These state : 

1* dX = 1 

J<€ 

C dX = 0 for every £ e # A \{1^}, 

h 

and are provable by the general argument appearing in 2.2.3. The reader 
may find it interesting to construct an alternative proof which uses the 
special structure of and I. 



(14.1.9) 

(14.1.10) 



14.1.8. The Walsh-Fourier Transform. For much the same reasons as 
for T (see Chapter 1, especially 1.3.3), we now define the Fourier 
transform over traditionally termed the Walsh-Fourier transform. If 
/e then the complex-valued function / with domain ^ A is 

defined by 

/(C) = L/C dk = fC dX for all £ e ^ A . (14.1.11) 

It is easy to see that : 

(1) The Walsh-Fourier transform /— ►/ is linear and for all / e L 1 ^) 
and C e | /(C) I < IS / II i- Moreover (/) A = (/)* and (/*) A = (/)“ for 
all / e L 1 ^), where the notation is taken from Volume 1, p. 31. 

(2) If/ e L 1 (<«?), f e <<r and co e -if, then 

(^,/) A (0 = £(«>)/ (0- (14.1.12) 

(3) Iff, J7 6^ A ,then 



fl if >7 = 

(0 if »| # C- 



When / e we shall refer to the formal series 



(14.1.13) 



I /( Of 

as the Walsh-Fourier series off, and to / as the Walsh-Fourier transform 

off 



14.1.9. Trigonometric Polynomials on c €. We write T(^) for the 
complex linear span of ^ A , and call its elements trigonometric 'polynomials 
on c €. After the characters themselves, the most important examples are 
the functions P N (for NeZ + ), where P N is called the Nth Paley 
polynomial and is defined by 

Pn= If. 

C e jtfjv 



(14.1.14) 
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The sequence (P iV ) jVGZ+ is termed the Paley kernel. 

It is clear that T(^) is a linear space stable under translation and under 
pointwise products. 

For every N e Z + and every ( e s/ N , C assumes the value 1 at every 
point of %> N . It follows that T(^) c S(^) (see (14.1.7)). The converse 
inclusion also holds, as we now show. 

14.1.10. T(<jP) = 8(V). 

Proof. It remains to prove that S(^) c= T(^). Assume / € S(^) and 
choose N € Z+ such that / is constant on every coset of ^ N . Then / is a 
finite linear combination of characteristic functions of cosets of and, 
by translation invariance, it suffices to prove that the characteristic 
function of belongs to T(^). However, this characteristic function 
equals 

n (1 ^ + Pn) (14.1.15) 

\n\<N 

which is clearly an element of T(^). 

14.1.11. T(^) is uniformly dense in C(^), and || * || p -dense in L P (*J?) for 
1 ^ p < oo. 

Proof. Immediate from 14.1.6, 14.1.10 and the fact that C(^) is 
|| • || p -dense in L p {^€) whenever 1 < p < oo. 

Define (cf. Volume 1, p. 29) c 0 (^ A ) to be the set of all complex -valued 
functions g on such that, for every e > 0, the set {£ e ^ A : | g(Q \ > e} 
is finite. The next theorem is an exact analogue of the Riemann-Lebesgue 
Lemma 2.3.8. 

14.1.12. If/e V(V) then/e c 0 (^ A ). 

Proof. This follows from 14.1.11, (14.1.13), 14.1.8, (1), and the fact 
that C(^) is dense in L 1 ^). 

Convergence of the Walsh-Fourier series of a function to that function 
is, in stark contrast to the situation for T , all that could be wished for; 
see 14.1.15 and Exercise 14.23. Over T, the blame for failure of L 1 - 
convergence rests with the Dirichlet kernels refusing to form an 
approximate identity (cf. Volume 1, p. 155 and 10.3.2). On the other 
hand for ^ we have the following result. 

14.1.13. The Paley kernel forms an approximate identity in L 1 ( ( ^ 7 ) (see 
3.2.1). More specifically, 

P n = 2 2N+1 x v „ for all N e Z + ; 

P N = Xs* N for all N e Z+\ 

(Pn)n= o forms an approximate identity in L 1 ( < ^’). 



(14.1.16) 

(14.1.17) 

(14.1.18) 
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Proof. First we observe that 

P N = n (!* + /»,)• (14.1.19) 

| n | < N 

From this, (14.1.16) is evident. Next, by multiplying out the product 
appearing in (14.1.19), (14.1.17) is a restatement of the orthogonality 
relations 14.1.7. Finally to demonstrate (14.1.18) we observe that 
by (14.1.16), 

/» /* 

\P N \dX = P N dX = 1, 

J<€ J<g 

and 



lim | P N | dX = 0 for any fixed M e Z + . (14.1.20) 

N-* oo h\<€ M 



14.1.14. For every N e Z + and every / E L 1 ^), we define 

%/= I f(CK ■ (14.1.21) 

£ € S?N 

This symmetric partial sum of the Walsh-Fourier series of / could, of 
course, have been defined using convolution on . Indeed, more extensive 
analysis over ^ would (cf. Chapter 3) necessitate the definition of 
convolution over ^ : 



/ * g(co) = 



f (cD(t>)g{4>) dX((j)) 




f{w<t) x )g{(j>) dk((j)) 



(14.1.22) 



for f,ge Then, s N f = P N * / for every N e Z + and every / e 

see Exercise 14.19. 



14.1.15. (1) Iff € C(^), then \\s N f — f || — * 0 as N tends to infinity. 

(2) If / 6 L p (f ) and 1 < oo, then \\s N f — f\\ p —>0 as N tends to 

infinity. 

(3) If f € L l (^) and /(£) = 0 for all £ e then f(co) = 0 for A-almost 
all co € < W. 

The reader is invited to prove these assertions in Exercise 14.20 (cf. 
3.2.1 and 3.2.2). Regarding (1), see Volume 1, p. 155. 

There is an L 2 -theory of functions on ^ just as satisfying as that for T. 
The procedure is closely analogous to that in Chapter 8, so we relegate 
the proof of the following result to Exercise 14.2.1. 
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14.1.16. The Walsh-Fourier transform is a Hilbert-space isomorphism 
from L 2 (^) onto 1 2 (^ A ), the latter denoting the space of square- 
summable sequences on ^ A . 

14.1.17. The reader may verify that Holder’s inequality holds for 
functions on ^ just as it does for functions on T : if 1 ^ p ^ oo , / e I/(^) 
and g e I/'(^), then the pointwise product fg belongs to L 1 ( < ^ 7 ) and 

II/ 0 II 1 < WfWpWgWy (14.1.23) 

Directly from this we obtain, for all A-measurable functions /on 

11/ lip <11/ II, ifO <p<q; (14.1.24) 

\f\ p dX^\! | / | P1 dX 

whenever p t , p 2 , s x , s 2 > 0, p = PiS x + p 2 s 2 and s x 4- s 2 = 1 . 

14.1.18. We have not mentioned the probabilistic notion of 
independence , nor stressed the importance of the Rademacher characters 
in providing a model for such independence. This point of view, which 
leads to the use of probabilistic methods in harmonic analysis (and is at 
the heart of the results mentioned in 14.3.6), is vital for current 
developments; we refer the reader to the delightful introduction [Kae] 
and then to Kahane’s timely and substantial monograph [Kah 3 ]. 

14.1.19. To exemplify the analogy between Walsh-Fourier and 
(classical) Fourier series (noted in Exercise 14.17), we mention only the 
following result (see Yano [1], Theorem 7) which should be compared 
with 7.3.1: If (a n )™ = 0 is a quasi-convex sequence (see 7.1.2) and a n —>0 
then X«°=o a n^~ 1 (n) is the Walsh-Fourier series of a function / e L 1 ( ( £), 
to which the Walsh-Fourier series converges (the bijection F is defined in 
Exercise 14.17). Whilst in 7.3.1 the Fourier series is also nonnegative 
whenever (a n )™ =0 is actually convex and monotonically decreasing to zero, 
this conclusion fails for the Cantor group result (see Coury [1], § 4). 

In spite of the fact that harmonic analysis over ^ is usually simpler 
than that over T , there remain a multitude of topics yet to be studied. 
Three areas which have been studied concern : 

(1) Questions of A-almost everywhere convergence (see MR 30 # 2282; 
34 # 8075; 35 # 4667; 36 # 599; 38 # 6296; 39 # 3222; 41 # 4113; 49 

# # 983, 5691 ; 50 # # 2803, 7939, 14045, 14046; 51 # # 10990, 13578; 
52 ## 1150, 1155, 3871, 11458, 14826; 53 # # 3598, 13991, 13996, 
13997; 54 ## 3281, 5728, 5730; 55 # # 3670, 3671; 57 # 10349; 58 

# # 6893, 6895, 6898, 6899, 6900, 23330, 23331, 23332); 



1 / r dx 



(14.1.25) 
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(2) Walsh-Fourier series with well-behaved coefficients (see MR 22 # 
863; 29 # 2597; 39 # 3227; 41 # 4112; 49 # # 11132, 7685, 5671; 50 
# 2802; 51 ## 8727, 13576; 52 # 8805; 54 # 5727; 55 # # 3668, 
8676; 58 # # 6894, 6897, 12165); 

(3) Differentiability of Walsh-Fourier series (see MR 38 # 6298 ; 52 # 
11457; 53 ## 1148, 8774, 8775, 13995; 54 # 13446; 55 # # 3669, 
13149; 56 # 9176; 57 # # 7017, 7020; 58 # # 29796, 29799). 

Other papers relevant to the study of Fourier series over ^ include: 
MR 36 # 1909; 37 # 3272; 43 # 5244; 48 # 11896; 49 # 9530; 50 # # 
5369, 13578, 14046; 51 # # 3789, 6258; 52 # # 6309, 14828; 53 # # 
1149, 3589, 13994; 54 # 3280; 55 # 3667; 57 # 7016; 58 # 12177. 

14.2 Rademacher Series Convergent in L 2 (^). 

As announced at the beginning of this chapter, we study ‘ ‘ most ” series 
Ysnez ±f( n ) e n by considering series 0(QC- If is a subset of ^ A , a 

function / in L 1 (^ 7 ) is called K -spectral if and only if /(C) = 0 for all C e 
^ A \K. We denote by L£(^), C K ( %>) and T K (^) the spaces of all iT-spectral 
elements of I/(^), C(^) and T(^) respectively (cf. 15.1.1). 

The positive results that are essential for further developments in this 
book refer to some unexpected properties of functions in Lj(^). These 
results are stated as 14.2.1 and 14.2.2; although in fact 14.2.2 implies 
14.2.1 (see Exercise 14.4), the latter is used as a stepping-stone to the 
former and is best stated and proved separately. 

14.2.1. The Basic Inequalities. To every p > 0 there correspond 
positive numbers A p and B p such that for all / e i4W, 

A p \\fh< ll/ll, <5,11/112; (14.2.1) 

moreover, B p may be taken to be (k\) 1,p where 2k is the least even integer 
not less than p ; and, ifO<p<2,A p may be taken to be 2 (p-2)/2p . 

Proof. We begin by considering the right-hand inequality in (14.2.1). 
Suppose first that p = 2k is an even integer and that / e T (the latter 
restriction being easily removed by use of 14.1.11 and Fatou’s Lemma). 

Let g =f k be the &th pointwise power of /. Then g is the &-fold 
convolution of/ and so, for all C e , 

0(0=1 /(Cl) -/(Ca) ■••/(£*), (14.2.2) 

where the sum is over all k-tuples (Ci» C 2 > * * ' , Cu) i n ^ whose product 
Ci * C2 * * * Cjt equals C- But by (14.1.3), two k- tuples of elements of 01 have 
the same product if and only if one is a permutation of the other. So there 
are exactly k \ such ^-tuples (Ci, * • Ck) having a product equal to C- This, 
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together with the Cauchy -Schwarz inequality, shows that 

\g(0\ 2 ^ 



Z i 2 



I I/(Ci) 2 " * 1/(0) I 2 

■Ci. •••.& = £ 



= k\ 



Z I / (Ci) I 2 • • • 1/(0) I 2 

.ci-a=c 



Hence 



|| 2k 

II 2k : 



X I /( Ci ) I 

Ce** Ci "■Ct = C 

= k\ £ |/(Ci)l 2 

(Ci.-’-.C *)®* 1 



•• I /(CO I 2 
l/(C*)l 2 



I 1/(0 1 2 

L: s .* 



= k\ 

Lcl 



(14.2.3) 



where the penultimate step follows by the multinomial theorem, 
according to which 

(x«cT = X «Ci---«C t (14.2.4) 

for every complex -valued function £ — > domain 

For other choices of p we need only refer to (14.1.24) to deduce that the 
right-hand half of (14.2.1) holds with B p = (k \) 1/p , where 2 k is the least 
even integer not less than p. 

The left-hand inequality in (14.2.1) is trivial when p ^ 2 in view of 
14.1.16 and (14.1.24). If 0 < p < 2, we write 2 = s x p + s 2 4, where s x > 0, 
s 2 > 0 and s x + s 2 = 1. Then (14.1.25) combines with the case p = 4 of 
the right-hand half of (14.2.1) and the estimate B 4 ^ 2 1/4 to yield 



X i/(0i 2 = i/i 2 ^ 





“ 


* - 


Si 


< 




\f\ p dl 








<e 





Iff dX 



\S2 





_ _ _ 
1 f\ P dX 


Sll 









2 1/4 Z 1/(01 






1 / 2 - 



|4s2 



which in turn leads to 



\f\ p dX 



U/r 



^ 2 (P-2)/ 2 P 



Z i/(0i 



11/2 






(14.2.5) 



thereby completing the proof. 
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14.2.2. Supplement to 14.2.1. Suppose again that / e L^(^). Then for 
every real number /i, 

exp |>|/| 2 ] dk< oo. (14.2.6) 

In fact, if \n\ WfWl < 1, then 

r* 

exp|>|/[ 2 ]cM<(l- \/i\ ||/ Hi)" 1 . (14.2.7) 

Proof. The arguments are similar to those used in 13.9.2 to prove the 
inequalities (12.9.14) and (12.9.15). By (14.2.1) and the estimate B 2 k ^ 
(kl) 1/2k , 

f exp [ju | / | 2 ] dk = Z ^(*!) _1 ll/lll* 

h ke Z + 

< Z (Ia*I ll/lli)* 

keZ + 

= (i- l^lll/lll ) -1 

provided that |/i| II/II 2 < C and this establishes (14.2.7). 

For (14.2.6) we need to free \ji\ from dependence on ||/|| 2 . Whenever 
\n\ > 0 we do this by choosing N so large that £ „>n \f(P n )\ 2 * s small 
enough for (14.2.7) to apply with f — s N f in place off. It then suffices to 
observe that 

l/| 2 ^2[|/- % /| 2 + | % /| 2 ]. 



14.2.3. Pointwise Convergence Almost Everywhere. In Exercise 14.23 
the reader is invited to prove that if /eL 1 )?) then the series 
/( C)C(co) is convergent for A-almost all co e ( €. Concerning 
^-spectral functions it can be shown ([Z x ], p. 212; [Ba x ], pp. 
230-233; [Kac], pp. 31-33) that if Z«e«l/(0l 2 = 00 > then Zce« A /(0C(<») 
is A-almost everywhere nonsummable by Cesaro means (or, indeed, by 
any of the usual linear summability methods used in analysis). Thus for 
-spectral Walsh-Fourier series, 14.2.1 provides the dichotomy: if 
I /(C) I 2 < 00 then the Walsh-Fourier series of / converges A-almost 
everywhere; if l/(C )| 2 = the same series diverges (and is non- 

summable) A-almost everywhere. 



14.3. Applications to Fourier Series. 



In this section we suppose that (c„) neZ 
sequence such that 



Z \ c n\ 2 < 00 . 

neZ 



is a given two-way-infinite 



(14.3.1) 
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and get quite a lot of mileage out of considering (c n ) neZ to be either the 
Fourier coefficients of an element Ynez c n Pn of or of an element 

Y^nez c n e n of L 2 = L 2 (T). For every co E ^ and x e T we write 

L(X) = Y Pn(oy)c n e inx , (14.3.2) 

we Z 

the series being convergent in mean in L 2 ; thus f m e L 2 for every co e 
(The notation /^(x) is conventionally sloppy. What is intended is that, for 
every c is an element of L 2 such that 

A W = Pw(^) c w for all ns Z; 

for a given x e T (or R), the series on the right of (14.3.2) is purely 
formal. The sloppiness can, of course, be removed ; cf. [EG], pp. 20-23.) 
However, as we shall now proceed to show, much more than this is true 
for most values of co. 



14.3.1. Suppose that (14.3.1) holds and that f m is defined by (14.3.2). 
Then for A-almost all co e 



2n 



exp [p | fjx) | 2 ] dx< go 

T 



(14.3.3) 



for every real number ft. 

Proof. We may obviously assume that \i > 0. Moreover, it is clearly 
enough to show that, for every \i> 0, (14.3.3) holds for A-almost all 
co e <€. 

For every co e every real x and every N e Z+ , define 

s N (x,co)= X p n (ca)c„ e inx . 

W<jv 

Then (14.3.1) and 14.2.2 show that, for some real number A independent 
of N, 

exp Q* | s N | 2 ] dk ^ A for all N e Z + . 

Thus 



_1_ 

2n 




exp [p\s N (x, co) | 2 ] dk(co) 



dx ^ A. 



By Fubini’s theorem ([HS], (21.12)), this can be written 



J i v = 



r 






2 % 



exp Ifi | s N (x, co) | 2 ] dx 

T 



dk(co) ^ A. 



(14.3.4) 
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Now 



— I fjx) ~ s N (x, co)\ 2 dx = £ I c n P n i°>) I 2 

Zn Jr |n| >N 

= Z l C n| 2 . 

|n| >N 

which tends to zero as N — > oo , uniformly with respect to co e . Because 
of this, a standard argument (see, for example, [W], Theorem 4.5a) shows 
that nonnegative integers N t < N 2 < * • • may be chosen independent of 
co £ , such that for every co e ^ one has 

lim s Nk (x, co) =fjx) 

k~* oo 



for almost all x e T. This being so, if we write 

i(o) = ^ J r ex P Ip I L( x ) I 2 ] dx 

and 



I 0 (co) = lim inf — 

*- oo 



exp Duls^a:, co) | 2 ] 



two applications of Fatou’s lemma imply that 

/(co) ^ / 0 (co) 

and that 



I 0 (co) dX(co) ^ lim inf J Nk . 

Jv k-*co 

Therefore, by (14.3.4), 

J I 0 (co) dX(co) ^ A < oo, 

which entails that /(co) ^ Io(co) < oo for /-almost all co € 

Remarks. We have commenced the proof by using the s N in order 
that no trouble be experienced in appealing to Fubini’s theorem. Had f a 
been used from the start, knowledge of the measurability of f^x) in the 
pair (co, x) would have been necessary, and this property is by no means 
evident. 

Similarly, we have introduced I 0 as an intermediary simply to avoid 
the necessity of showing that / is measurable (which is not very difficult). 
Alternatively, of course, one could use versions of Fatou’s lemma in 
which measurability is not assumed (see, for example, [HS], (9.39) or 
[E], Proposition 4.5.4). 
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14.3.2. If / 6 L 2 , it is possible to choose the + signs in such a way that 

I ±f(n)e inx (14.3.5) 

n e Z 

is the Fourier series of a function g such that 

— exp tn\g(x) | 2 ] dx < co (14.3.6) 

2n J T 

for every real number p (so that, in particular, g e 1/ for every p < oo). 

Proof. It suffices to take c n =f (n) and g = f w , co e ^ being chosen so 
that (14.3.3) holds. Since the series (14.3.2) converges in mean in L 2 (T), 

g(n) =fco(n) = p n (co)c n = p„(co)f(n) = ±f(n). 

14.3.3. There exist a function g satisfying (14.3.6) for every real p, and a 
sequence of + signs, such that 



Z ±g(n)e inx 

ne Z 

is not the Fourier series of any function in (J p>2 

Proof. Apply 14.3.2, choosing fe L 2 so that ffi{J p>2 For 
example, suppose that / is bounded except in the neighbourhood of the 
origin, where it equals | x | “ 1/2 (log 1/ 1 x | ) _a , a being greater than 1/2. 

14.3.4. Remarks . (1) Various strengthenings of 14.3.3 are derivable 

with more work. It can be shown (Edwards [7], Theorem (2.8)) that a 
continuous g may be chosen which satisfies the conditions stipulated in 
14.3.3. Furthermore, g may be chosen so that 0 n~ a \g(n)f < oo for 
all a > 0 and p > 0 (see MR 53 , # 1168). 

(2) It is easy to deduce from the proof of 14.3.1 that there exists an 
absolute constant B with the following property : to every / e L 2 and 
every a > 0 corresponds a set Sf c ^ satisfying k(£f)<B/a and such that 

II/J,<«P 1/2 H/II2 

for all co G and all p such that 1 ^ p < oo ; compare 15.3.1. 

Uchiyama [2] has discussed the reverse type of inequality and has shown 
in particular that, for every / 6 L 2 and every s > 0, there exists a number 
B e f > 0 such that 

II ( S N f )a> II 1 ^ Be, f II S N f II 2 > 

for all N € Z + and all co e ^ save perhaps those belonging to a set of 
A-measure at most e. 
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14.3.5. Pointwise Convergence Almost Everywhere and Related 
Matters. More detailed arguments based upon the results stated in 14.2.3 
serve to show that, if (14.3.1) holds, then vl-almost all the series on the right of 
(14.3.2) are pointwise convergent almost everywhere. If, however, (14.3.1) is 
false, then A-almost all these series are almost everywhere pointwise 
non-summable (compare the remarks in 14.2.3). A consequence of this is the 
following assertion, due to Littlewood : 

(1) If, for every choice of the ± signs, the series ^, 6Z ±c n e wx is a 

F ourier-Lebesgue series, then £nez \ c n\ 2 < 00 • For the details, see pp. 

214-215 and/or [BaJ, pp. 234-235. 

From (1) it is possible (cf. Exercise 14.7) to deduce a little more, namely : 

(2) If, for every choice of the ± signs, the series £ neZ ±c n e mx is a 

Fourier-Stielt j es series, then £ neZ \c n \ 2 < oo. 

It is possible (cf. Exercise 14.5) to show that (2) is equivalent to 

( 2 ') tfEnezK/W I < oo for every/e C, then Z„ eZ |c„| 2 < oo. 

The theorem (2') is due to Orlicz, Paley and Sidon independently and almost 
simultaneously. See also Section 16.9 below ; Edwards [7] ; Edwards, Hewitt 
and Ritter [1]. 

A different approach to (1), (2) and (2') is due to Helgason [1], where 
multipliers (see Chapter 16 below) form part of the theme. Some of the features 
of particular cases of Helgason’s arguments, many of which refer to a fairly 
general class of Banach algebras, are sketched in Exercises 14.11-14.14. See 
also Helgason [2], [3]. 

In a somewhat similar and simpler vein is the following statement : 

(3) If, for every choice of the + signs, the series ]T ngZ + c n e mx is the Fourier 
series of a function in L 00 , then £„ eZ \c n \ < oo. 

Indeed, by 10.5.2, the hypothesis entails that 



lim I 

N-+ oo \n\^N 



1 - 



N 4- 1 



±c„f(n) 



exists finitely for every fe L 1 . The same is therefore true when c n f(n) is 
replaced by its real and imaginary parts. Hence, by suitable choice of the ± 
signs, we conclude that 



lim I 

N-*oo |n| =? N 



N + l 



|c„/M| 



exists finitely for every / e L 1 , so that (see 5.3.4) 



£ K/MI < oo 

neZ 

for every fe L 1 . Reference to Exercise 3.14 leads from this to the stated 
conclusion. 

It is known that in each of the statements (1), (2) and (3) it suffices to 
impose the respective hypothesis, not for all choices of the + signs, but merely 
for a suitable set of choices. One type of 44 suitable set” is a set of positive 
A-measure in <€ . A second type is a nonmeagre subset (in the product topology, 
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of course) of ( €. The technique for doing this is similar to that used in Edwards 

m 



14.3.6. Uniform Convergence and Related Matters. In view of 14.3.1 and 
14.3.2 it is natural to ask under what conditions on ( c n ) neZ it is possible to 
choose the ± signs in such a way that £ neZ + c n e inx is the Fourier series of a 
continuous function ; or is uniformly convergent on T. 

Let us write C a s (to indicate almost sure continuity) for the set of all f e L 2 
such that for A-almost all co e the series £ neZ p n (co) f (n)e inx is the Fourier 
series of a continuous function on T. Though it is not obvious, C a s becomes a 
Banach space when equipped with the norm 




Pn(u>)f(nV nx 



dX(co). 

00 



(It has, for instance, to be proved that ||/|| as thus defined is finite for every 

/eC a .,.) 

We mention two characterisations of C a s . Firstly, / e C a>s> if and only if 
f=Yj?=i h n*h with h„ e L 2 , k„ e and £"= i IK II 2 IK II* < G0 > wherein 
< p(u ) = u( 1 + log (1 + u}) 1/2 for nonnegative real u, and WgW# denotes the norm 
inf {fi> 0: J <p(\g\/n) < 1} in the Orlicz space L^, (see Pisier [2]). The 
appearance here of (j) is not as mysterious as it might first seem ; (f) is, up to 
equivalence of Orlicz functions, dual to the function i j/(u) = exp ( u 2 ) — 1, and 
the Orlicz space of functions for which there is some p > 0 with 
J I / \/p) < 00 has already been heralded in (14.3.3). 

Furthermore, if |||/||| denotes the infimum of ||^ n || 2 II&JI4, over all 

representations /= Y,n= 1 K * then ||| * ||| and || * || a s are equivalent norms 
on C a . s .. 

The second characterisation we mention follows either from the last one or 
from more general probabilistic arguments. It states that / € C a s if and only if 

J (log F(r)) 1/2 dr < 00, 



where, by virtue of the hypothesis fe L 2 , the definition d(u, v) = 

|| T u f — T v f || 2 gives a translation-invariant pseudo-metric, and F(r) is defined 
to be inf {n: there is an open cover A lt * • • , A n of T in which every Aj has 
d-length not larger than 2r}. Furthermore, the norm || * ||jon C a s , defined by 



11/11/ = II/II 2 + 



* 1 

(log F(r)) 112 dr , 
0 



is equivalent to || • || a s . 

Again, the appearance of the square root of the log term is to some extent 
explained by being inverse to the exponential of the square which occurs in 
(14.3.3). 

Though it has been suppressed in this summary, underpinning both these 
characterisations are results of Dudley and Fernique on characterising certain 
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Gaussian processes with continuous sample paths. For an exposition of these 
results, the reader is referred to Marcus and Pisier [1]. 

Returning to the question of uniform convergence, we write U a>s for the set 
of functions / in L 2 for which £ neZ p n (co) f (n)e mx is a uniformly convergent 
Fourier series for A-almost all co e c €. A surprisingly tight solution to the 
question as to when / e U a s was given by Salem and Zygmund [1] using 
classical methods; see also [BaJ, p. 331. Salem and Zygmund showed that, if 
the remainders 

r N = \ £ l/WI 2 } 1 ' 2 

L\n\>N J 

satisfy the condition 



„? 2 N ( log N ) 112 < °°’ 

then / e U a s . The conclusion is valid, in particular, when 

£ l/MI 2 log 1+£ |«| < 00 

n* 0 



(14.3.7) 



for some s > 0, a case discussed earlier by Paley and Zygmund and deducible 
quite rapidly from 14.2.2. (see [Z 1 ], p. 219). The condition 



£ l/MI 2 log \n\ < go 



is, however, not enough to ensure the desired result: 
applying 15.1.4 and 15.2.4 to the lacunary series 



this may be seen by 



k = 2 k \0gk‘ 



Compare also the remarks in 10.4.5 and 10.4.6. 

Ideas similar to those used to characterise C a s have enabled Pisier to 
characterise U a s . Firstly, for fe L 2 , we define a translation invariant 
pseudo-metric d on T by 



d(x, y) = a(x - y) = 






£ Pn( w )f (n)e inx - £ p„((o)f (ri)e iny 



2 

dX(co) 



1/2 



and define the nondecreasing rearrangement a of a by 

a(u) = sup {y e R: {x e T: a(x) < y) 

has invariant measure (on T) less than u). 

(This ensures that the probability distributions of <7 and a coincide.) Now we 
can state that / e U a s if and only if 

f 1 ^(s) 



lo 



s(log 4/s) 1/2 



ds < 00 . 



(14.3.8) 




224 



CHANGING SIGNS OF FOURIER COEFFICIENTS 



The reader may wonder at the appearance of a here. To allay his doubts, we 
mention that when / is real and F denotes the nonincreasing rearrangement of 
f, 25(1/N) ^ {!,„>* (F(n)) 2 } 112 for every integer N ^ 1 ; using this, we may 
compare (14.3.8) with (14.3.7). For an expansive treatment we again refer to 
Marcus and Pisier [1]. 

Incidentally, from the result mentioned above, Pisier also deduces that, if 
/ e C a .s. , then so does the function g such that g equals the nonincreasing 
rearrangement off. 

For an earlier approach to these questions, see Billard [1], [Kah 3 ] and 
Fielder, Jurkat and Korner [1]. 



14.4 Comments on the Hausdorff-Young Theorem and Its Dual 

It has been seen in 13.5.1(1) that 

2 i/wi”' < °° 

neZ 

whenever 1 ^ p ^ 2 and f e IF. We can now verify that this assertion is no 
longer true when p > 2; compare 13.5.3(2). 

Indeed, if p > 2, thenp' < 2 and a sequence ( c n ) neZ may be chosen so that 

2 Kl 2 < 00 ’ 2 ! c «l p ' = 00 • 

neZ neZ 

By 14.3.2, if p < oo, there exists f e IF such that \f(n)\ = |c n | (n e Z), 
so that 

2 i/wr = 2 i c "i p ’ = 00 • 

neZ neZ 

If, on the other hand, p = o o, the proposed extension signifies that 
2 \ f( n )\ < 00 f° r each f e L 00 . This is negatived by the results mentioned in 
14.3.6, and is otherwise clear from many simple examples (see Exercise 1.5). 

From 14.3.5(2) it can be shown that the dual result, 13.5.1(2), is also false 
when p > 2. In other words, if p > 2 there exist functions <f> e £ P (Z) such 
that the distribution ^ is not a Radon measure. A more explicit proof of this 
will appear in Section 15.4. Even stronger results are known for a general 
class of groups; see Gaudry [2], Theorem 2.5. 

14.5 A Look at Some Dual Results and Generalizations 

Inasmuch as functions on a set S and taking the values + 1 are simply and 
obviously expressible in terms of characteristic functions of subsets A of S, 
it turns out that the arguments leading to 14.3.2 will in fact establish something 
slightly stronger and expressible as follows: if <f> e £ 2 (Z) then, for “almost all” 
subsets A of Z, (y^P belongs to L p for every finite p. On the other hand, the 
results given in [Z^, p. 214, imply somewhat more than 14.3.5(1) and 14.3.5(2), 
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namely: if cf> is a tempered function on Z that does not belong to t 2 (Z), then, 
for “almost all ” subsets A of Z, the distribution (x A <f>)^ is not a Radon measure. 
(The term “almost all” is to be interpreted by reversing the passage from 
+ I -valued functions to characteristic functions and relating the former to 
as has been done hitherto in this chapter.) 

It is tempting to contemplate the duals of these results, that is, to consider 
what can be said about the transforms (% A / ) A , where / is a given integrable 
function on the group T and A denotes a variable measurable subset of that 
group. Curiously enough, little if anything appears in the classical literature 
concerning this matter. Related questions have recently been discussed for a 
category of general groups by Figa-Talamanea [1], [2] and Gaudry ([2], 
Theorems 2.6 and 2.7). Owing to the topological differences between the 
smooth compact group T and the discrete group Z, the dual results are in our 
case a little different from what one might perhaps expect on the basis of the 
results mentioned in the preceding paragraph. 

By using techniques similar to those employed in Gaudry [2] and Edwards 
[8], it can be shown that, if / e L 1 , and if to each A belonging to a nonmeager 
set of measurable subsets of T there corresponds an index p < 2 such that 
(X A f) A G / p , then / is null. (On the other hand, of course, (x A f) A E f° r 
every measurable A whenever /e L 2 .) In this statement the term 
“nonmeager” is to be interpreted in terms of the metric space whose elements 
are (equivalence classes modulo null sets of) measurable subsets A of T , the 
metric being defined by 

d(A ’ B) = 2^ jl*- 4 “ dx ‘ 

(It happens quite frequently that the meager subsets of a complete metric 
space play a role somewhat similar to that filled by the null sets of a measure 
space, especially in situations where no natural countably additive measure is 
available. Compare also the closing remarks in 14.3.5.) An alternative formula- 
tion asserts that if <f> is a function in A(Z), and if to each A belonging to a 
nonmeager set of measurable subsets of T there corresponds an index p < 2 
and a function \J/ E such that Xa 4 = then (j) = 0. 

A pointer to the existence of analogues of such results for the groups R m 
(which analogues are in fact embraced in the results obtained by Figa-Tala- 
manca and Gaudry mentioned above) seems first to have arisen in the work of 
Hormander [1] on the multiplier problem for the spaces L p (R m ). Corresponding 
problems for the circle group T are dealt with in some detail in Chapter 16. 

For extensions to compact groups, see Figa-Talamanca and Rider [2]. 



EXERCISES 

14.1. Verify (without reference to Tychonoff’s theorem) that ^ is 
compact. Show that the group (pointwise) product is a continuous 
function from ^ x ^ to <€ . 
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14.2. Suppose that g e L 2 (^) is such that 

/» 

exp lfi\g(o)\ 2 2 dX(ca) = oo 

for some real number f, i . Prove that g £ Lj(^), and deduce that 

f=9~ I 0<OC 

belongs to L 2 (^), is nonnull, and yet 

/ (<n)p n (co) dX(co) = 0 for all n e Z. 

h 

(This establishes, in particular, that the set M of Rademacher characters 
of is not a complete orthonormal set in As an alternative proof 

of this incompleteness, consider f=p n p m , where n and m are distinct 
integers.) 

14.3. Verify the claims made about annihilators in 14.1.4. 

14.4. Show that 14.2.2 implies 14.2.1, though perhaps with values of B p 
and A p differing from the given ones by a nonzero constant factor. 

14.5. (1) Using 14.3.2, show that if (c n ) neZ has the property that 

2 \ c J( n )\ < °° 

neZ 

for each / such that 

2 ^ J exp [g.\f(x ) | 2 ] dx < oo 

for all real numbers p, then 2nez | c n| 2 < 00 • 

(2) Assuming the result stated in 14.3.5(2), show that the conclusion of (1) 
is valid when the hypothesis is merely that 2nez \ c nf( n )\ < °° each / e C. 

Note: For numerous similar results, see Mahmudov [1] and MR 30 # 

5113a, b. 

14.6. (1) By using part (1) of the preceding exercise, show that if (c n ) neZ 
has the property that for some q > 1 the series 2 ne z ± inx is, for all choices 
of the ± signs, the Fourier series of a function in L Q , then 2nez K| 2 < °°* 
[Compare 14.3.5(1).] 

(2) Use part (2) of the preceding exercise to prove statement 14.3.5(2). 
Hints: If, for example, 2 ±c n e lnx is always a Fourier-Stieltjes series, the 

series 2 ± c n f(n) is Cesaro-summable for each fe C and each choice of ± 
signs. 

14.7. Give a direct proof that 14.3.5(1) implies 14.3.5(2). 

Hints: Assuming that 2 ±c n e ma: is always a Fourier-Stieltjes series, show 

that 2 ±c n /(7i)e mx is always a Fourier-Lebesgue series for fe L 1 . Apply 
14.3.5(1) and the hints to Exercise 3.14. 
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14.8. Assuming the results due to Paley and Zygmund stated in 
14.3.6, prove that if 



Y \c n \ 2 log l + e \n\ < oo 

n&0 

for some e > 0, then there exists a continuous function / such that, for some 
choice of the + signs, f(n) = ±c n (n e Z). 

14.9. Assume that 

/ = X c n Ptt ’ 

\n\^N 

where N € Z+ and C- N , • * • , c N are complex numbers. Prove that 

E i/(0i <211/11. (i) 

and conclude that 

I 1/(01 <4||/|| 2W+1 . (2) 

Ce'g’A 

Remark. Denote by A(^) the set of all continuous complex -valued 
functions / on ^ such that ]T Ce ^ A | /(C) | < oo ; cf. 10.6.1. It follows from 

(1) that C m (^) c= A(^). In the terminology introduced in 15.1.1 below, 
is thus a Sidon subset of ; cf. 15.1.4(c). 

Hints : Assume first that / is real -valued and show that there exists 

c o 0 e & such that sgn c„ = p„(cOo) f° r all n e Z such that \n \ ^ N. 

For (2) observe that /is constant on the cosets of ^ N and use (14.1.24). 

14.10. Let <f) be a complex-valued function on Z, and let 1 ^ p ^ oo. 
Consider the following statement: 

(c p ) ^ \<f>(n)f(n)\ < CO for every / 6 I/. 

neZ 

Prove that 

(1) (c x ) is true if and only if <f> e i x (Z); 

(2) if (c p ) is true, then <f> e £ 2 (Z); 

(3) if 2 ^ p ^ oo, then (c p ) is true if and only if ^ g £ 2 (Z); 

(4) if 1 < p < 2 and <f> e / P (Z), then (c p ) is true; 

(5) if 1 < p < oo and (c p ) is true, then 

2°i-iW»)i < °° 

neZ 

for every sequence (a n )£L 0 | 0 such that 

CO 

Y n p ~ 2 a n p < oo. 

n = 1 
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Hints: Recall Exercise 3.14, Subsections 7.3.5, 8.2.1, 13.5.1(1), and 
Exercise 14.5(2). 

14.11. Denote by F the set of/e L 1 such that 

11/ * g\\i < B f ||< 7|| 00 for all <7 e L 1 , (1) 

and let ||/||* denote the smallest admissible value of B f in (1). Verify that 

(a) \\fli ^ 1/ 1* for/eF, and that L 2 <= F and ||/||* < ||/|| 2 for/eL 2 ; 

(b) F is a Banach space under the norm || • ||*; 

(c) F consists precisely of those fe L 1 such that f<f> e A(Z) for each 
(f>ec 0 (Z). 

These results are due to Helgason [ 1 ]. 

Hints : For (c), observe that if / eF, / defines a linear map F :g—>f * g 

of A (Z) into L 1 ; show that it is possible to continuously extend F from 
A (Z) to c 0 (Z). For the converse, if / is as in (c), consider the linear map 
$: <j> -» (f<f>)^ from c 0 (Z) into L 1 and apply the closed graph theorem. 

14.12. The notation is as in Exercise 14.11. Prove that F = L 2 as linear 
spaces. (The result is due to Helgason [1]; actually, as is easily derived from 
the proof sketched below, the norms || • ||* and || • || 2 are equivalent.) 

Hints: In view of Exercise 14.11(a), it suffices to prove that F c L 2 ; 

and to do this it suffices to show that 

|| /|| 2 < const || /H* for all / e T. (1) 

Let /= Y,\n\**N f( n ) e n' Denote by G the product group T 2N+i and let 
t = (L^v, * * • , t N ) denote a generic element of G. By considering 

0=2 ex p(^») e „> 

\n\*N 

show that ||/ 1 * ^ I/* ^ ||i and hence that 

11/ II* > SU P 5“ f I 2 eX P (tinW^dx 

teG An J 

where I denotes the normalized invariant integral on G. Using translation- 
invariance, deduce that 

ll/ll* >I{\F\), (2) 

where F(t) = 2 | n \^ N f(n) exp (it n ). Verify that 

/(IJ'l 4 ) = 2(2 |/M | 2 } 2 - 2 l /(»)| 4 > 21/IIS, (3) 

and that 

and so derive ( 1 ) from ( 2 ), ( 3 ) and ( 4 ). 



( 4 ) 
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14.13. Let ^ be a complex- valued function on Z such that (pip e A (Z) for 
each ip e c 0 (Z). Prove that <f> e £ 2 (Z). 

Hints: Let S denote the set of <f> with the stated property. By the pre- 

ceding exercise, A(Z) n S c: £ 2 (Z). Use the closed graph theorem to show 
that 

II (Will < cons* ||01l=o 

whenever ip e c 0 (Z) and <p e S, and so deduce that S c #T$f (recall 12.3.9). 
Observe that as a consequence, if (p e S and h e L 1 , then e A(Z) n S <= £ 2 (Z), 
and apply the closed graph theorem again to deduce that ||^|| 2 ^ const \\h\h 
for A e L 1 . 

14.14. Let <p be a complex- valued function on Z such that <pa> e for 
each ± 1 -valued function w on Z. Prove that <p e £ 2 (Z). [This statement is 
equivalent to 14.3.5(2).] 

Hints: The hypothesis signifies that <px € for every x € K, where K 

denotes the set of all characteristic functions of subsets of Z. By using the 
category theorem (see I, A. 3 and Edwards [7]), show that there exists a 
number B such that 

II (<W II i < B for all x e K. (1) 

Aim at deducing that 

(pip e for all ip e i^iZ), (2) 

and then use Exercise 14.13 and the hints to Exercise 14.7. 

To prove (2), consider any real- valued ip e £°°(Z) satisfying 0 < ip < 1. 
For k, r = 1, 2, * • • , define A k%r = {h e Z : (r — 1 )/k ^ tp(n) < r/k}, B k r 
= A kfl U - • U A k%r , B kt0 = 0, and introduce the function 

k r 

•pk = 2 i 
r* 1 K 

observing that <pip k <ptp as k -> oo. Since ip k = Xfc ~ (1/4) 2r=i Xr> where 
Xr = Xb h r > (1) shows that 

IK# fc rili < 2 b. 

Use 12.3.9 to infer that (pip e JHVL 

14.15. Show that the dual group of is isomorphic to ^ (see Volume 
1, p. 20). Identify the annihilator of s/ Ni that is, identify {x € (^ A ) A : 
x(C) = 1 for all ( € es/ N }. 

14.16. (1) Prove that the function <I>: c €— > [0, 1] given by 



^_l+co(0) , 1 + 0 ( 1 ) , 1 + o(-l) , l+o(2) , 1 + o( — 2) , 



is a homeomorphism from ^ onto the Cantor ternary set (with induced 
topology), but that 4> is not a group homomorphism (with addition 
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modulo 1 taken as the group operation on [0, 1]) nor an isomorphism of 
measure spaces. (Recall that two measure spaces (X, Jt , ji) and ( Y, Jf , v) 
are isomorphic if there is a //-negligible subset E of X, a v-negligible 
subset F of Y and a bijection /: X\E—> Y\F, such that for all N e JT, 
f~ 1 (N\F) e J( and //(/ ~ l (N\F)) = v(N).) 

(2) Prove that, in contrast, the function ► [0, 1] such that 



m , , l-co(0) , l-co(l) , l-co(-l) , 1 — co(2) § 1 — g>( — 2) , 

^ + c%2 + n3 + + n5 + 



for all co € fails to be a bijection, because for every rational r e [0, 1] 
of the form r = k2~ j where k,j e Z + are such that k < 2 J and j ^ 1, there 
exist co, (j) € <€ such that co =f= (j) and *F(co) = *¥($) = r. Let us denote by 
the restriction of T to {co e ^ : co is not eventually 1}. Prove that X ¥ 1 
is a group homomorphism (with addition modulo 1 in [0, 1]), that X ¥ 1 is 
not a homeomorphism (with the usual topology on [0, 1]), but that 'F is 
an isomorphism of measure spaces (when [0, 1] is endowed with the usual 
Lebesgue structure). What is the image of under X Y 1 ? 

(3) From (2) it follows that two compact Abelian groups which are 
isomorphic as groups and measure spaces, need not be homeomorphic. 
Suppose two infinite compact Abelian groups are homeomorphic and 
isomorphic as measure spaces. Need they be isomorphic as groups ? 

(4) The (classical) Rademacher functions are defined by 

r n {t) = sign (sin (2 n + 1 nt)) 

for every n e Z + and every t e [0, 1] ; see 14.1.1 in the first edition of this 
book. Prove that, for every n e Z, 

Pn = r j(n) ° 

where j(?i) equals — n/2 if n is even and equals (1 + n)/2 if n is odd. Can 
you deduce what the classical definition of the Walsh functions is (see 
14.1.3)? 

14.17. Define F: -* Z + by 

(2 2n if n ^ 0 

-^(PJ = - f n< Q’ 

F( 1*) = 0; 

F(Y\ n go p„) = Yjn e o» F(Pn) f° r every nonvoid finite subset # of Z. 

Prove that F is a bijection, which takes s/ N onto {0, 1, • • • , 2 2N+1 — 1}. 
The ordering defined on to make F increasing is called the Paley order 
on ^ A . (Using this notation we can write a Walsh-Fourier series as 
c n F _1 (n), which highlights the similarity with Fourier series over T and 
suggests analogous results; see 14.1.19. 
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14 . 18 . Even though the (unweighted) partial sums of the 
Walsh-Fourier series of a continuous function on ^ converge uniformly to 
/, C(V) does not collapse too dramatically ; in particular C(^)\A(^) is 
nonvoid (in spite of the result in Exercise 14.9). (Recall that from the 
results of Chapter 7 follow examples of continuous functions on T whose 
Fourier series do not converge absolutely.) In the present exercise the 
reader is asked to prove in two different ways that C(^)\A(^) is nonvoid. 

(1) Let (c N )%= 1 denote a decreasing sequence of nonnegative real 
numbers such that Y,n = i c N = co. Show that the Walsh-Fourier series 

I (-lf2^ 2It -»e N (Ps-PN-i) (1) 

N= 1 

converges uniformly on ^ to a continuous function /, say, for which 

I 1/(01 = 3 i c N = co. (2) 

n= 1 

Hints : For (1), use (14.1.16) to identify P N (co) — P N - x (co) for co e ( € N 

and for co e ( & N - 1 \%> N . For (2), use (14.1.17). 

(2) Show that A(^) is a Banach space when endowed with the norm 

ll/IU = Z 1/(01- 

Ce'g’A 

Hence show that A(^) is a proper subset of C(^). 

Hints : The inclusion C(^) cz A(^) together with the closed graph 

theorem B.3.3 shows that for some K e Z+, 

II/IIa^II/IL for all / e C(^). 

Then (look ahead to the proof of 15.3.1). there exists L e Z + such that 

II 9 II 2 -£'119 ' 111 for all g e T(^), 

which inequality can be readily contradicted. 

14 . 19 . Pursue, as far as you are able and interested, the study of 
convolution of functions on ^ (see 14.1.14). For instance if M(^) is 
defined to be the Banach space of continuous linear functionals on C(^), 
can you extend convolution of functions to convolution of measures, and 
prove the properties corresponding to those over T (see §12.7) ? 

14 . 20 . Prove the claims made in 14.1.15 (1), (2) and (3). 

14 . 21 . Prove, using the method of Chapter 8, that the Walsh-Fourier 

transform is an isomorphism between the Hilbert spaces L 2 (^) and 
I 2 (^ a ); that is, /— ►/ is bijective and linear, and §<#fgdl = ^ or 

/, g e L 2 (^). 

14 . 22 . (1) Prove Holder’s inequality (14.1.23) over and its 
corollaries (14.1.24) and (14.1.25). 
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(2) Prove that the invariant integral / on ^ is invariant under the left 
shift (see 14.1.5). 

14.23. Prove that, if / e L 1 ^), then for A-almost all co e 

lim s N f(co) = f (co). 

N-*ao 

This result is in strong contrast with the analogue for T ; see 
Kolmogorov’s example mentioned in 10.3.4 and 10.3.5. In view of 14.1.14 
and (14.1.17), the result can be recast as : if / e L 1 ^) then, for ^-almost 
all co € 

lim 2 2N+i f dX = f (co), 

N-* 00 Jco^n 

which is a fundamental theorem of calculus for (As usual, <o c € N 

denotes the coset of ( $ N containing co). 

Hint : For / e L 1 ^), define the maximal function Mf by 



Mf(co) = sup {2 2iV+1 \f\dX:NeZ + } for all coe%. 

JcO&N 

Aim first to show that /— > Mf is of weak type (1, 1) (see (13.7.5)). Do this 
by showing that, if || / 1| i < t, then {co e ^ : | Mf (co) | > t} can be 
partitioned into a countable number of sets of the form E WiN = cof€ N such 
that 



t < X(E COf N ) 1 \f\dX 

JE(o,N 

and use this fact to show that X(\Mf | > t) ^ t~ l \f\ dX. The desired 
result now follows by choosing a sequence ( gk)kez+ continuous 
functions such that II/ — 9k\\i~ *0 as k — » oo and lim^^ g k (co) = f(co) for 
A-almost all co e and observing that 

I s nI — f I < I s N f - S„g k I + ~9k\ + 1 9k -/I 

< M(f -g k ) + | s N g k -g k \ + \g k -f\. 

For (g k )kez+ one may (by 14.1.15 (1)) take a suitable subsequence of 
(%/)iVez + * (For an elaboration of the partitioning argument, see the 
statement and proof of Lemma 2.2.1 in [EG].) 

14.24. (1) Prove that, for A-almost every co e 

lim (2 N + 1) _1 Yj co(j) = 0 

N-+ oo \j\^N 

(and so infer that most members of have, asymptotically, an equal 
number of ± signs). 
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(2) Prove that for almost all real numbers x between 0 and 1, if x„ 
denotes the nth digit in the binary expansion of x, then 

n 

lim n~ 1 Y x j = 2 > 

n-+ oo j = 1 

which may be interpreted as asserting that most numbers have equal 
quantities of 0’s and l’s in their binary expansion. Observe that x n is well 
defined only as long as x is not a dyadic rational (see Exercise 14.16 (2)), 
and that the set of dyadic rationals is null in [0, 1]. 

Hint : For ( 1 ) define f N on W by 

f N (co) = (2N + l)-*( X Pj(a>) 

\\j\*ZN 

and show that \\f N \h < co. For (2), use Exercise 14.16 (2) to replace 

% by [0, 1]. 

14 . 25 . Suppose that / is a function on # of the form 

f(to) = F(co( — M), ■■■ , co(M)) for all co e <€, 

where M e Z+ and F is a complex-valued function on K = m-M K i 
and Kj = { — 1 , + 1} for all j £ { — M,-", M}. 

Prove that 

/(/) = lim 2~ 2M ~ 1 X F, (!) 

M-* oo 

the sum extending over K. 

Deduce that, if in addition there are functions G- M , * • * , G M on { — 1, 

+ 1} such that 

M 

F(e_ M , • * • , e M ) = ]”| Gj(Sj) 

j= -m 

for all (s_ M , • * * , e M ) e K, then 

M 

/(/) = 2 _2m_i n (^(-i)+^*(i))* ( 2 ) 

j=-M 

More particularly still, if a_ M , • • • , a M e Z, then 

I(P-m, •••, Pm) = 1 or 0 ( 3 ) 

according as OLj is even for all j e { — M, •**, M} or not. (Cf. equation 
(14.1.5) in the first edition of this book.) 

Remark, The equation (3) can be deduced from 14.1.7 and the 
independence of M (see (14.1.3)). 
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Lacunary Fourier Series 



As the name suggests, a lacunary trigonometric series is, roughly speaking, 
a trigonometric series 2nez c n e inx in which c n = 0 for all integers n save 
perhaps those belonging to a relatively sparse subset E of Z. Examples of 
such series have appeared momentarily in Exercises 5.6 and 6.13. Indeed 
for the Cantor group the good behaviour of a lacunary Walsh -Fourier 
series 

I 

Ce 

(whose coefficients vanish outside the subset 0t of ^ A ) has already been 
noted: by Exercise 14.9, if the lacunary series belongs to C(^) then it 
belongs to A(^); and, by 14.2.1, if it belongs to L p ( <&) for some p > 0, 
then it also belongs to L € (^) for q e [p, oo). In this chapter we shall be 
mainly concerned with lacunary Fourier series on the circle group and 
will deal more systematically with some (though by no means all) aspects 
of their curious behaviour. 

The classical theory concentrated to a large extent on the case of series 
that exhibit Hadamard gaps , that is, series for which the corresponding set 
E is of the form {±n k : k = 1,2,--*}, where the n k are positive integers 
forming a Hadamard sequence: 

infill > 1; 

k n k 

see the exercises just cited and Section 8.6; [Z x ], pp. 203-212, 215, 247; 
[Z 2 ], pp. 131-132; [BaJ, pp. 178-181; [Ba 2 ], Chapter XI. Less extreme forms 
of lacunarity have also been examined (see [Z x ], pp. 222 ff.; [KS], Chapitre 
XII; Moeller and Frederickson [1]; [I], pp. 86 ff.; Izumi and Kahane [1], 
Izumi [1]) ; but we shall concentrate mainly on the phenomena that are typified 
by Hadamard gap series. 

It has become possible to disentangle from any explicit assumptions of 
lacunarity some of the characteristic properties of such series by means of 
inequalities and functional analytic statements referring to the so-called 



234 




[15.1] INTRODUCTION OF SIDON SETS 



235 



“ Sidon subsets ” of Z. (The name, coined by Kahane, is explained by the 
fact that Sidon established some of these properties for series with 
Hadamard gaps, others being due to Banach.) We shall in the main 
follow the account given by Rudin ([R], Chapter 5), which applies to 
compact Abelian groups in general. Extensions to non- Abelian compact 
groups were initiated by Hewitt and Zuckerman [1], and, for an 
exposition, the reader is referred to [HR], §37 ; see also Rudin [6], 
Figa-T alamanca [1], [DR] Chapter 5, [Kz] Chapter V, and the 
monograph devoted to Sidon sets, [LR]. 

The approach via functional analytic inequalities and theorems is fairly 
new, the first such approach appearing in print being that due to Hewitt and 
Zuckerman [1], The functional analytic background is explained briefly in 
general terms in [E], Section 8.8. Many other concepts of lacunarity have 
since been examined in this way and for general compact groups; see 
Section 15.5 and 15.8 and the references cited immediately above. 

Lacunarity for general orthogonal expansions on subintervals of R are 
discussed in [KSt], Kap VII. 

The dual aspects of the topics discussed in the main portion of this chapter 
will be mentioned briefly in Section 15.7. 

The harmonic analysis and synthesis of general continuous functions on 
R n , a topic mentioned in passing in 11.2.3(4), leads to the introduction of 
“complex” Sidon sets; for this we must refer the reader to Gilbert [1] and 
the references cited there. 

The reader may find it helpful to examine the brief survey article 
Kahane [4], the historical notes in [HR], Volume II, pp. 445-449, and 
[LR], which is a more recent and systematic account covering almost all 
the principal themes dealt with in this chapter. 



15.1 Introduction of Sidon Sets 

15.1.1. Some Definitions and Notations. Let E be a subset of Z. 

A distribution F will be said to be E-spectral if and only if P(n) = 0 for 
all n 6 Z\E ; cf. 14.2 above. 

It will be convenient when p ^ 1 to denote by h E p the set of all I£- spectral 
functions in L p ; by M E the set of all ^7- spectral measures; by C £ the set of 
^7 -spectral functions in C; by T the set of all trigonometric polynomials; and 
by T e the set of all ^7-spectral trigonometric polynomials. The reader is left 
to verify that h E p is a closed linear subspace of L p (if p ^ 1); that C E is a 
closed linear subspace of C; that M E is a closed linear subspace of M; and 
that T! e is a linear subspace of T. 
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We also denote by t v (E) (1 ^ p < oo) the set of complex-valued functions 
<j> on E such that 



M, 



'g \mn ,p 

neE 

< 

sup \<f>(n)\ 

KneE 



if p < oo 



if p = oo, 



is finite; c 0 (E) is the set of <f> e £ CC {E) such that 

lim \(j>{n)\ = 0, 

neE.lnl-* oo 

and we regard c 0 (E) as a normed subspace of £ CX3 (E). 

We write £ p and c 0 for £ P (Z) and c Q (Z), respectively. The reader will note 
that there is a natural injection of £ P (E) into £ p and of c 0 (E) into c 0 , obtained 
by extending each function on E so as to be zero on Z\E. 

If S is any set of functions on Z, S|I£ will denote the set of restrictions 
<f>\E of functions <f> e S. 

If H is a set of distributions, will denote the set of functions on Z 
that are Fourier transforms of elements of H. Notice that ^X 1 = A (Z), in 
the notation introduced in 2.3.9. One may thus write (for example) iFL 1 c= c 0 
(by 2.3.8), JHL 2 = P (by 8.3.1), and c: £ 00 (by 12.2.9 and 12.5.3(1)). 

The following result, which appears as Exercise 2.19, will be used later. 



15.1.2. Given any finite subset F of Z and any e > 0, there exists a 
trigonometric polynomial t such that 

|| £ || i < 1 + e, 0 ^ t(n) ^ 1 for all n e Z, t(n) = 1 for all n e F. 



Remarks . If {0} is a proper subset of F, we cannot in general 
arrange that t ^ 0. For suppose that {0, n Q } a F, where n 0 0, and that 
t ^ 0. Then 



( % 2it 



(2tc) 



-1 



t(x)( 1 - e~ inox ) dx = 0, 



hence 



(2 n)~ l 



*2n 

t(x)( 1 — cos n 0 x) dx = 0, 

Jo 



and so, since t ^ 0 and n 0 ^ 0, t(x) = 0 a.e. But then t( 0) = 0, a 
contradiction since 0 e F. 

However, if 0 £ F, it can be arranged that t ^ 0. In fact, define P = 
F u ( — F) and 



^ = ^+1(1- fiN{n))e H +1(1- F N (n)). 

ne P ne P 
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Then t N e T, t N ^ 0, 

t N (n) = F N (n) + (1 - F N (n)) + 0=1 for all n e P 

and 

II h 111 = t N ( 0) = F n ( 0) + 0 + X (! - **(»)) 

neP 

= i + I (i - *V)) 

ne P 

which is at most 1 + £, if N is chosen sufficiently large (depending upon P 
and e). 



15.1.3. Sidon Sets. A subset ^7 of Z is termed a set if and only if 
there exists a nonnegative number B, possibly depending on E, such that 

ll/lli < B' ll/ll oo (15.1.1) 

for every / e T E . The smallest such B, namely 

SU P { II / II i/ll / II oo : / e T e and ||/IL^0} 

is called the Sidon constant of E, usually denoted hereinafter by B E . 

The above terminology is suggested by a theorem of Sidon ([ZJ, p. 247; 
[Ba 2 ], p. 246) for series with Hadamard gaps, which corresponds closely to 
15.1.4(b) and (c) below. Parts (d) and (e) of 15.1.4 show, on the other hand, 
that all Sidon sets share certain properties which were established by Banach 
for series with Hadamard gaps (see [Z 2 ], p. 131). 



15.1.4. Fundamental Criteria. If E is a subset of Z, the following five 
statements about E are equivalent: 

(a) E is a Sidon set; 

0>) ||/|i < co for each/ 6 L b “; 

(c) l/lli < oo for each/e C £ ; 

(d) JHM [| E = t co (Ey, 

(e) <FV\E = c 0 (E). 

Proof. This is conveniently broken into parts. 

(1) Let us show that (a) implies (b), beginning with the remark that, if 
/ e L^ 00 , then a N f = F N *fe T E . So, by (a) and (15.1.1), we have 

HK/riii < b- ik/iu = b- iijwiu < b- i^iii- ii/ii . 

= £-||/IU> 




238 



LACUNARY FOURIER SERIES 



the penultimate step following from 3.1.6. Now 

- Jv (‘ - S l Tl) l/, “ )l 

2 i/( n )i> 

I n\^y t N 

whence it appears that 

2 \f(n)\ ^2B-\\f\\ w . 

i n\^y 2 N 

From this, (b) follows easily on letting N — > oo. 

(2) The implication (b) => (c) is a trivial consequence of the inclusion 
C <= L®. 

(3) It will next be shown that (c) implies (a). If (c) holds, the map f ->f 
is a 1-1 linear map of C E onto £ X (E). The inverse map is evidently continuous, 
in view of the simple inequality || / 1| ^ < II / 1| i • The open mapping theorem 
(I, B.3.2) entails that this mapping is bicontinuous, which requires that an 
inequality of the form (15.1.1) be valid for ^-spectral trigonometric poly- 
nomials /, that is, that (a) is true. 

At this stage we have established the equivalence of (a), (b), and (c). 

(4) Next on the list comes a proof that (c) implies (d). Suppose that (c) 
holds and that <j> e £™{E). The mapping 

/-* 2 /ww 

neE 

is then a continuous linear functional on C E . By the Hahn- Banach theorem 
(I, B.5.1) and 12.2.3, there exists a measure fx e M such that 

2 f(n)<f>(n) = rtf) 

neE 

for / 6 C E . If herein we take / = e n , where neE, and write A for jl (defined in 
12.6.8), then A e M and it appears that <f>{n) = 'X(n). Thus <f> e J 27 M\E , showing 
that (d) holds. 

(5) To deduce (e) from (d), we remark that the latter combines with the 
open mapping theorem (Volume 1, Appendix B.3.2) to entail the 
existence of a number B' such that to each $ e /°°(i£) corresponds a 
measure \i s M such that 

£l E = +, Hi < B’ ■ ||<£||„. (15.1.2) 

The reader will observe that an appeal to the open mapping theorem is 
justified by 12.7.1. Suppose now that ifi e c 0 (E) and ||^r|| ^ ^ 1. Let 

E k = {neE:2- k < |0(n)| < 2~ fc + 1 }, 

where 1c — 1, 2, * • • , so that E k is a finite subset of E. Let ijj k be defined to be 
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equal to 0 on E k and to be zero elsewhere on E. According to (15.1.2), we 
may choose for each k a measure yu k e M such that 

ii k \E = 4< k , < B'-2'~K (15.1.3) 

Moreover, by 15.1.2, we may choose trigonometric polynomials t k such that 



Put 



tk — 1 on E k , \\tk\\i ^ 2 . 

00 

/ = 2 ^ * /*& • 



(15.1.4) 



Since t k * fj, k is a trigonometric polynomial and since, by (15.1.3), (15.1.4), 
and 12.7.4 

Pfc * H'k II i ^ B' * 2 2 k , 

it follows that / e L 1 and 

oo 

/w = 2 ^( w )Ak(») 

*: = i 



for all n e Z. In particular, if n e i£ fc , (15.1.3) and (15.1.4) yield 

/(») = M”) = = <A(») ■ 

Since also /(n) = 0 at all points n e E at which 0(w) = 0 (that is, at all 
points of E not belonging to some E k ), it is seen that f\E = 0. Thus 
^Ti 1 !^ = e 0 and (e) is derived. 

(6) Finally, let us show that (e) implies (a), thus completing the circle. 
If (e) holds, the open mapping theorem (Volume 1, Appendix B.3.2) 
comes into play once more and shows that there exists a number B” such 
that to each 0 e e 0 (E) corresponds a function / e L 1 such that 

f\E = ^, I/!, < JB'-IMI.. (15.1.5) 

Let g be any ^-spectral trigonometric polynomial, and define to be 
\g(n)\/g(n) or 0 according as g(n) ^ 0 or g(n) = 0. Then i/jec q (E) and 
11011a, ^ 1. Choose/ as in (15.1.5). Then, since \\f\h < B ", 3.1.6 yields 

2 i$ w )i = 2 /w^( ra ) =f*9(0) 

neZ neZ 

showing that (a) holds (with B" in place of B). 

Remarks . (1) Part (3) of the preceding proof used the open mapping 

theorem to show that, if (c) holds, then there exists a number B such that 



ll/M *11/11 oo 



(15.1.6) 



for every f e C E . The reader will find it instructive to construct a proof 
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using the uniform boundedness principle (Volume 1, Appendix B.2.1) ; see 
Exercise 15.1. A similar conclusion, with L £ °° in place of C E , follows from 
(b). 

(2) If E is a Hadamard set, somewhat sharper versions of 15.1.4(b) and (c) 
are valid; see 15.2.6. 

(3) As we have seen, an inequality of the form (15.1.6) holds for /e L £ °° 
whenever E is a Sidon subset of Z. From 15.1.4(e) it is clear that no such 
inequality is valid for general trigonometric polynomials /. More 
specifically, an example of D. J. Newman [2] shows that there is an 
absolute constant c such that to every positive integer N corresponds a 
trigonometric polynomial / of degree at most N for which || / 1| ^ = 1 and 
II /Hi >jN 112 -c. 

(4) Let E be a Sidon set. It follows from 15.1.4(d) that the operator 
T : (jl -> jl\E effects a homomorphism of the convolution algebra M onto the 
algebra £™(E) with pointwise multiplication; and from 15.1.4(e) that T\ L 1 
effects a homomorphism of the convolution algebra L 1 onto the algebra 
c 0 (E) (again with pointwise multiplication). On the other hand, it can be 
shown (Edwards [12], Theorem 1) that, if E is any infinite subset of Z, there 
exists no isomorphism of any subalgebra of M onto either of £ co (E) or c 0 (E), 
or indeed onto any Banach algebra B of the type specified in Exercise 11.24. 
See also Remark (11) below. 

This fact indicates that, if E is an infinite Sidon set (see Section 15.2 for 
examples), although p\E can be specified as freely as one can expect, one 
remains largely in the dark as to how freely one can simultaneously specify 
p\Z\E. One certainly cannot simultaneously demand that jl\Z\E shall coin- 
cide with an arbitrarily given element of £™{Z\E) or of c 0 (Z\E). Can one, 
however, demand that simultaneously jl\Z\E shall belong to c 0 (Z\E)t. 
Perhaps the most important single result in the positive direction is due 
to Drury [3]. It may be stated as follows; cf. [LR], Chapter 3. Suppose 
that E is a Sidon set with Sidon constant B , that 0 < s < 1, and that 
(j) e / co ( E ) ; then there exists pe M such that p\E = (j), | fi(n) | ^ e for all 
n e Z\E, and 

11/iH < 5125V 1 . 

This seemingly innocuous extension of 15.1.4(d) incorporates a most 
important step in the study of lacunarity and will be referred to again in 
the sequel. 

Fournier has shown (see [LR], Theorem 2.20) that Drury’s result is 
best possible in the sense that, if E is an infinite Sidon set and (j) e /°°(5), 
then there is a measure p e M such that p\E = (f) and p | Z\E e c 0 (Z\E ) if 
and only if (j) € c 0 (E). 

Using Drury’s result, Hartman and Wells have independently shown 
that, if E is a Sidon set, 15.1.4(d) can be strengthened in another 
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direction. Roughly speaking, a measure is called continuous if it assigns 
zero measure to every point of T. (This is one instance where it is easier 
to regard a measure as assigning values to certain subsets of T \ see 12.2.3 
above and \_E{], 1.7.) The Hartman-Wells Theorem (see [LR], Chapter 4) 
states : if E is a Sidon set and (p e /^(E), then there is a continuous 
measure n such that jx\E = (p. 

(5) The proof of 15.1.4 could be considerably shortened by making use 
of general duality theory for Banach spaces as set out in Chapter 8 of [E] 
(for example). 

For instance, the equivalence of (a) and (e) of 15.1.4 follows from a 
general theorem ([E], Corollary 8.6.15 or [KS], p. 141) which asserts that 
if E and F are Banach spaces and U a continuous linear operator from E 
into F, then U maps E onto F if and only if the adjoint operator U' is a 
topological isomorphism of F' into E' (see I, B.1.7). On applying this 
result to the case in which E = L 1 , F = c 0 (E), and Uf = f\E, the 
equivalence of (a) and (e) appears almost immediately. 

(6) The proof of 15.1.4 actually shows that the following numbers 
coincide : 

(a) the Sidon constant of E 

(b) sup { II / II i/ll / II x : / e LJ? and || / IL * 0} 

(C) sup { || / 1| i/|| / || oo : / 6 C £ and ||/|L^= 0} 

(d) inf {sup {|| /j || x / 1| </>|| oo : fi e M and fi\E = (p): (p e 1 Q0 (^J) and 

Halloo #0} 

(e) inf {sup { || / 1| x /\\(p || * : / e L 1 and f\E = (p}: (p e c 0 (E) and 

Halloo ^ 0}- 

Sets whose Sidon constant takes on certain extreme values 
(particularly in the non-abelian setting) have been investigated in 
Cartwright, Howlett and McMullen [1]. 

(7) The space C E in 15.1.4(c) may be replaced by a range of smaller 
spaces (see Edwards, Hewitt and Ross [1]). Indeed E is Sidon whenever 
one of the following spaces is contained in A : 

(a) A p = { / e C : / e £ P (Z)}, where 1 < p < oo 

(b) A i+ = ni< P <ooA p 

(c) U = {/ e C: /—>/ uniformly as n—> oo} 

(d) A w = {/ g C : oof € / 1 (Z)j, where co is a given element of c 0 (Z). 

(8) From the equivalence of (a), (b) and (c) in 15.1.4, it follows that, for 
all subsets E of Z, if C E c A then L £ °° c C. The converse is false, 
however; see Rosenthal [3], [HR], (37.25.g) and 15.8.3 below. 

(9) Regarding 15.1.4(d), a symmetric subset E of Z is Sidon, if and 
only if every \p e 1 00 (E) satisfying ip( — n) = i p(n) for all n € E, belongs to 

| E. This results from the fact that every (p e /°°(2£) can be written 
(p = ipi + iip where \px(n) = 2 ~ 1 ((p(n) + <p( — n)) and ip 2 ( n ) = (2i )~ 1 (cp(n ) 
— (p( — n)) for all n e E. 
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Similarly, regarding 15.1.4(b) and 15.1.4(c), if E a Z is symmetric, then 
E is Sidon if and only if 

II /Hi < const, H/IL 

for every real -valued / e T E . This is so since, if g e T £ , then f t = Re g and 
f 2 = Im g both belong to T £ , are real-valued, and satisfy 

II 9 II i < II /i II i + II h II i < const, || /i IL + const. || f 2 1| „ 

< 2 const. Hgrll*. 

See also 15.1.6 below. 

(10) If E a Z is Sidon, so too is E u (-E). To see this, appeal to the 
first part of (9): if ^ e /°°(2£ u (-E) satifies i p( — n) = \j/(n) for all n e E 
u (-E), choose \x e M such that fi\E = i]/\E and define v = 2 _1 (/i + ji); 
then 

v{n) = 2 ~ 1 (ft(n) + jx( — n)) for all n e Z 
and it is easy to verify that 

v| (E u (-E)) = \j/. 

(11) The content of 15.1.4(e) is that every function belonging to c 0 (E) 
has an extension to Z of the form / for some / e L 1 . On the other hand, 
Dunkl and Ramirez [1] have shown that, if E is infinite, then (contrary 
to what one might suppose) there exists no continuous linear map V of 
c 0 (E) into L 1 such that 

(V(f)) A (n) = <j)(n) for all (j) e c 0 (E) and all n e E. 

Concerning this, see Exercise 15.23 below. 

We turn next to a refinement of criterion 15.1.4(d). 

15.1.5. Supplement to 15.1.4. Let E be a subset of Z. In order that E be 
a Sidon set, it is sufficient (and necessary, by 15.1.4) that for every 
function (j) on E taking only the values 1 and — 1 , there exists a measure 
\x € M such that 

sup { | (j)(n ) — fi(n) | : n e E) < 1. 

Proof. We will show that 15.1.4(c) is satisfied. 

Let /e C E and suppose first that / is real- valued. Define the ± 1 -valued 
function </> on E so that </>•/= |/|. By hypothesis, there exists a measure 
\i e M and a positive number b satisfying 

sup {| (j)(n ) — fi(n) | ; n e E) ^ 1 — 8. (15.1.7) 

If X = + /i*), it is easily seen that X also satisfies (15.1.7), X being just 

the real part of fi. Moreover, 

I/- * - l/l I = l/l • I* - <f>\ < (1 - 3) • |/| on E. 
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Putting g = A * f, it follows that g e C E and 

g = 8- |/| onE. (15.1.8) 

Let F be any finite subset of E and choose a trigonometric polynomial t as 
in 15.1.2, taking e = 1. Then (15.1.8) yields 

8 ' 2 l/( w )l < 2 < 2 ^ n )9( n ) 

neF neF neZ 

= t * *7(0) ^ \\t\h • ||gr|| oo ^ 2 ||/x[| x • l/ll 00 . 

The last- written term being independent of F, it follows that / e i 1 . 

If / is not real- valued, we write / = / x - f if 2 , where f x = %(/ + /*), 
/ 2 = — %^(/ — /*), so that / x and / 2 are real- valued and/ x and / 2 belong to 
Cjj. By what we have established, / x and / 2 belong to / ?1 , so that the same is 
true of / = f x + i/ 2 . This completes the proof. 

Remark. A slightly shorter proof runs as follows. Having proved 
(15.1.8), it follows that g is continuous and positive definite. Hence by 
9.2.8, gel 1 and so, since (15.1.8) implies that | / | ^ S~ x g,f el 1 and the 
proof is complete. 

15.1.6. If E is assumed to be symmetric (that is, E = — E), then we may in 
15.1.5 assume that each <j> referred to is either even or odd. 

For, assuming again that f eC E and that / is real- valued, we may write 
/ = f e + /o> where f e = y 2 (f + /) e C E is even, and f 0 = y 2 (/ - /) e € E is 
odd. The two components f e and f 0 may be treated separately and call for 
even and odd functions <£, respectively. 

15.1.7. It is evident from 15.1.4(b) or (c) that any subset of a Sidon set is a 
Sidon set; that E u F is a Sidon set whenever E is a Sidon set and F is a 
finite subset of Z that if E is a Sidon set and n e Z then the translate 
n + E is a Sidon set; and that —E is a Sidon set if (and only if) E is a 
Sidon set. 



15.2 Construction and Examples of Sidon Sets 

In this section we give some structural properties of a subset E of Z which 
ensure that E is a Sidon set, and which permit us to show in particular that 
each Hadamard set is a Sidon set. We have already met this situation in 
Chapter 14 for the Cantor group. Reference back to 14.2.1 will convince 
the reader that one crucial point in proving that Xc e 01 c c, C is the 
Walsh-Fourier series of a function in I/(^) (for each p < 00 ) whenever it 
is the Walsh-Fourier series of a function in L 1 ^) was that, apart from 
order, each element of can be written uniquely as a product of ele- 
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merits of 01. In trying the same technique in Z, it suffices to bound the 
number of representations of an integer as a sum of elements of E. 



15.2.1. Notation. We call a subset F of Z asymmetric if n £ -F\{0} 
implies —n £ F. For every subset E of Z, every positive integer s , and 
every n e Z, denote by R s (n, E) the number of asymmetric subsets F of 
E u (-E) having exactly s elements and satisfying 

(15.2.1) 

me F 

A subset E of Z is called a Rider set if there is a number B such that, for 
all n € Z, 



R s (n, E) ^ B s for all positive integers s; (15.2.2) 

the smallest such B is termed the Rider constant of E. 

A finite union of Rider sets is termed a Stechkin set ; note that if E is a 
Stechkin set then so too is E u (-E). 



15.2.2. An Arithmetical Criterion. Every symmetric Stechkin set E is a 
Sidon set. 

Proof. We may assume without loss of generality that 0 does not belong 
to E. By assumption, E is the union of finitely many Rider sets^ 1? * * *, E t 
which, again without loss of generality, we suppose are symmetric and 
pairwise disjoint. Let B denote the maximum of the Rider constants of 
E u • * • , E t . Since B ^ 1, setting b — (3 tB 2 ) -1 yields b ^ J and Bb ^ 3. Let 
< ft be an arbitrary function on E taking only the values +6. Our aim is to 
apply 15.1.5 and 15.1.6, in doing which it will suffice to deal with the case 
in which (j) is assumed to be even. 

Fix j and assume that E j is enumerated as ±%, ± %,•••, where 
0 < n x < n 2 < • • • • Define 

f k (x) = 1 + ftnje'*** + <j>(-n k )e~^ 

= 1 4- 2 (j>{n k ) cos n k x ^ 0 . 



(15.2.3) 



(If were odd, we should argue with 



Write also 



/*(*) = 1 “ i<f>(n k )e in k x - i(j>{ — n k )e in * x 
= 1 -f 2 <j>(n k ) si nn k x ^0.) 

= n M x )’ 

k= 1 



(15.2.4) 
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which is a nonnegative trigonometric polynomial. Evidently, 

hw = n i F ( r > u ) 

r = 1 u e B 

wherein B = { — 1,0, 1} and 

F(r, u) = \j/(n r )^(ex p (in r x)) u . 

At this point we make use of the formula (true for all complex-valued 
functions F on {1, • * • , A} x B) 

N N 

n z F ( r ’ u ) = z w ( r ))> 

r= 1 tteB weW r = 1 

wherein PF is the set of all functions w from {1, 2, • • * , N} into B. Thus 

N 

Z n^K) |w(r)l exp iinMr)*) 

weW r = 1 
N 

= Z rR><». r) (15.2.5) 

w e IF r = 1 

say. Defining W(s) to be the set of all w e W such that 

N 

Z I W(r) I = s, 

r= 1 

W is the disjoint union of IF(0), PF(1), PF(A). Furthermore, W( 0) 
comprises only the zero function in W, and 

N 

z 0 = 1 ; 

w e W(0) r— 1 

and PF(1) comprises only these functions in W with singleton supports, 
and 

Z Y\Dr= Z 4>(n k )e^ x + Z ^(n k )e- 1 ^. 

we W(l) r= 1 fc=l fc=l 

Thus, by (15.2.5), 

W*) = 1 + Z 4>(n k )e inx + £ Mn k )e- inkX 

k= 1 Jk=l 

+ z z rux *. r )■ 

s = 2 we W(s ) r = 1 



(15.2.6) 
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Expressing W(s) as the disjoint union of the W(s , n), where W(s, n) is the 
set of all we W(s) such that 

N 

Z w(r)n r = n, 

r= 1 

and noting that W{s, n) is nonvoid for only finitely many n, it follows 
that the fourth term on the right of (15.2.6) is 

Z c N (n)e inx , 

neZ 

where 



<*(»)= z z n</>K) iw(r)i - 

s = 2 weW(s, n) r= 1 

Accordingly, since </> assumes only the values +b, 

k»(»)l ^ Z Z b* 

s = 2 we W(s, n) 

= Z> s ’ »)), 

s = 2 

where, for every finite set A, #(A) denotes the cardinal of A. For every 
we W{s, n) define 9(w) to be the set 

{w(r)n r : re {1, 2, • • * , N} and w(r) 0}. 

It is simple (if a little tedious) to check that, for every se {1, 2, • • -,N}, 9 
is an injective map of W(s, n) into the set of all asymmetric subsets F of 
Ej having exactly s elements and satisfying 

£ m = n. 

me F 

Hence, by (15.2.2), 

#(W(s, n)) ^ R s (n, Ej) ^ B s 

for all n e Z and all s e { 1 , 2, • • * , N}. Thus, for all n e Z, 

N 

|cjv(»)| < Z b s B* ^ B 2 b 2 (l - Bby 1 ^ (6t 2 B 2 y l - (15.2.7) 

s = tt 

This shows that, in particular, 

IIMli = 1 + c N ( 0) < 1 + 

Applying 12.3.9, it is seen that a subsequence (t Np ) of (t N )^ =1 converges 
weakly to a measure This entails that lim^^ t Np (n) = jXj(n), so that 
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(15.2.5) and (15.2.7) then show that 

\{Lj(n) - <j>(n ) | s£ (WB 2 )- 1 (neEj), 

( n e e\e,) . 

If we put fi = + • • • 4- p t , (15.2.8) shows that for ns E 

1 / 2 ( 71 ) - <£( 71)1 < t * (fit 2 !! 2 )' 1 = y 2 b. 

It now remains merely to appeal to 15.1.5 and 15.1.6. 



(15.2.8) 



15.2.3. Another Arithmetical Criterion. Every asymmetric Stechkin set 
E is a Sidon set. 

Proof. This is very similar to that of 15.2.2: the set E } - is this time 
enumerated as n 1 , n 2 , • • • and f k is defined as 

f k (x) = 1 + <f>(n k )e in * x + <f>(n k )e~ in x x 

= 1 + 2<j>(n k ) cos n k x , 

from which point the argument proceeds as before. 

Remarks. (1) The proofs of 15.2.2 and 15.2.3 witness the introduction of 
trigonometric polynomials of the form 

N 

nn + a k cos n k x) 

k=l 

and corresponding infinite products 

00 

n (i + “*: c ° s %*)• 

fc= i 

Such products are termed Riesz products ; they appear in connection with 
various problems in harmonic analysis. For more about them, see [ZJ, pp. 
208-212; [Ba 2 ], pp. 246-249; [LR], Chapter [2] ; Keogh [2] ; Brown [4] ; 
and [MG], Chapter 7. 

(2) For more criteria like 15.2.3, see Rider [4], In particular, the 
conclusions of both 15.2.2 and 15.2.3 still hold when the assumption that 
E be Stechkin is weakened to E being a finite union E — Ej of sets 

Ej, each of which satisfies (15.2.2) merely when n ~ 0. The reader is asked 
for a proof of this fact in Exercise 15.24. 

15.2.4. Hadamard Sets Are Sidon Sets. Let E be a Hadamard set, 
that is, E = {±ti 15 ±ti 2 , • * •}, where 0 < n 1 < n 2 < * • * and 

q = inf^±i > 1. 
n k 
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It is then very simple to see that E can be partitioned into a finite number of 
Hadamard sets E p for each of which the corresponding value of q exceeds 3. 
But then, for any ne Z, 

R'faEj)^ 1. (15.2.9) 

Indeed, if an integer n admitted two (or more) representations (15.2.1), we 
should have a relation of the form 

a t n ri + a 2 n ri + • • • = 0, 

wherein r t > r 2 > * * * and a f is +1 or ±2. Then, however, one would 
deduce that 

n Tl ^ 2 (n r2 + n r3 + • • •) < 2 n^q' 1 + q~ 2 + ■ ■ ■) 

< 2(? - l) -1 » ri < n n , 

a contradiction. 

By (15.2.9) and 15.2.2, E is both a Stechkin and a Sidon set. 

Indeed, the same argument shows that any finite union of Hadamard sets 
is a Sidon set. 

However, there exist Sidon sets that are not finite unions of Hadamard 
sets; see Exercise 15.3. 

15.2.5. Any infinite subset A of Z contains an infinite Sidon set E. 

Proof. Choose freely any nonzero n x e A. Suppose that n x , • • • , n k have 

already been selected from H\{0}. The set S k of integers of the form 

a l n r 1 + « 2 n r 2 + ' ' ' + a s n r s > 

where 1 ^ r x < r 2 < • * • < r s ^ k and where each a t is + %, + 1, or ±2, 
and at most one is of the latter form, is finite. So one may select a 
nonzero integer 

n k+l eA\S k . 

If E = {%, n 2 , • • •}, it is clear that no n e E U {0} admits a representation in 
the form 

n = ±n kl ± n k2 ± * • • ± n ks 

with distinct k t and s > 1, so that 15.2.3 shows that E is a Sidon set. 
Evidently, E is an infinite subset of A. 

The proofs of 15.2.2 and 15.2.3 lead to a refinement of 15.1.4(b) valid for 
certain Sidon sets. 

15.2.6. Suppose that E is a Stechkin subset of Z (in particular, suppose 
that E is a finite union of Hadamard sets; see the proof of 15.2.4.). Then 
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/ € i l for any jE'-spectral / e L 1 such that each of Re / and Im / is essen- 
tially bounded above or essentially bounded below. 

Proof. The proof is based on the observation that the measure /z con- 
structed in the proof of 15.2.2 (or of 15.2.3) is positive, being the weak limit 
in M of nonnegative trigonometric polynomials. We now modify the proof of 
15.1.5 so as to make use of this additional information about /z. 

By a combination of changes from / to — / and from / to /, it is seen to be 
enough to deal with the case in which Re/ ^ m a.e. and Im / ^ m a.e. 
(Notice that —E satisfies the stated conditions whenever E does so, and that 
/ is (-i£)- spectral whenever / is i£- spectral.) In this case, we can, as in the 
proof of 15.1.5, decompose/ into a sum/ + i/ 2 , where f x and/ 2 are jSJ-spectral, 
f x and / 2 are real-valued, and moreover Re/ X ^ m a.e. and R e/ 2 ^ m a.e. 
So it will suffice to deal with the case in which Re/ ^ m a.e. and / is real- 
valued. Since alteration of / on a null set leaves / unchanged, we may as 
well assume that Re/ ^ m everywhere. 

These preliminary reductions having been made, choose the + 1 -valued 
function </> on E such that </>•/= |/|, setting (f>(n) = 1 whenever n e E and 
f(n) = 0. Choose a positive measure /z so that 

| ( p(n ) — fi(n) | < 1 — <S for all n e E. 

Multiplying through by \f(n)\ and using the definition of <£, it appears that 

Re (n) ^ d • | f (n) | for all n e E. (15.2.10) 

Consider now the function g = jlz */. Since /z is positive, 

Re g = fi * Re / ^ /z(m * 1) = m < oo. 

Therefore [see (5.1.6), (5.1.8), and (5.1.9)] 

Re (a N g) = Re (F N * g) = F N * Re g < m ! . 

In particular, evaluating at the origin and remembering that § = /!•/, 

Re 2 (l - J”j , )fi(n)f(n) ^ m ' . 

I nia \ ' A / 

By (15.2.10) and the assumption that / is i£-speetral, this implies that 

Since the right-hand term here is independent of N, it follows that / e £ l . 

At this point see also Exercise 15.12. For a still deeper analogous result, 
due to Zygmund, see [Ba 2 ], pp. 249-257. 

15.2.7. Finite unions of Sidon sets. Drury [3] has proved that the 
union of two Sidon sets is again a Sidon set. The reader will find it an 
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easy exercise to show that this is a consequence of the result due to Drury 
mentioned in 15.1.4, Remark (4). We refer to [LR], Chapter 3, for an 
exposition of Drury’s result. 



15.2.8. An Arithmetical Property of Sidon Sets. Given a subset E 
of Z and a positive integer N , we denote by a E (N) the largest integer a such 
that some arithmetic progression of N terms contains a elements of E. In 
other words, if we define a E (N , a, b) for a, b e Z and b ^ 0 to be the number 
of terms of the arithmetic progression a + b, a + 26, * * - , a + Nb which 
fall in E, then a E (N) is the supremum of a E (N, a, b) as a and b vary. 

It can be shown (see Exercise 15.8) that if E is a Sidon set, then 

a E {N)^B E \ogN for all N ^3; (15.2.11) 

and that on the other hand, if E is the Sidon set {1, 2, 2 2 , 2 3 , • • •}, then 



for N = 2 k . 



a E(N) > 



log N 
log 2 



In particular, if E is a Sidon set, the number of elements n of E satisfying 
\n\ ^ N is 0(log N) for large positive integers N . So, for example, the range 
of a nonconstant polynomial function on Z into Z is never a Sidon set. 

It can also be shown (see Exercise 15.22) that if E is a Sidon set, then E 
does not contain the sum {n + m : n e F, m e G) of two infinite sets F 
and G. For a further discussion of the arithmetical properties of Sidon 
sets, see [LR], Chapter 6. 

There are two refinements of the estimate (15.2.11) (see [LR], Chapter 
6). Each establishes that, for a certain set J( of well-behaved subsets 
of Z, 



#(E n M)^B e - log (#(Jf)) (15.2.12) 

for all M e Ji where, for every finite set F, # (F) denotes the cardinal of 
F. In both of these refinements the set M is large enough to cover the 
situation dealt with in Exercise 15.22 and to arrange for (15.2.12) to yield 
(15.2.11). 

There seems to be little hope of an arithmetic characterisation of Sidon 
subsets of Z. However for the Cantor group the situation is far better. 
There, a Sidon set is defined (naturally enough) to be a subset E of 
for which there exists a number B ^ 0 such that 



ll/lll^ll/lloo 

for all / g T £ ( ( ^ 7 ). Thus Exercise 14.9 amounts to showing that the set 01 
of Rademacher characters is a Sidon set. Now for subsets of an 
arithmetic characterisation is possible (though not easy) : a subset of 
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is a Sidon set if and only if it is a finite union of independent sub- 
sets of (see (14.1.3)). This theorem is due to Malliavin-Brameret and 
Malliavin [1]; the reader may care to read Pisier’s proof (Pisier [2]) 
which characterises Sidon sets using, instead of an arithmetic condition, 
the Orlicz spaces mentioned in 14.3.6. 



15.3 Further Inequalities Involving Sidon Sets 

We now use the properties of Rademaeher characters discussed in 
Chapter 14 to derive some fundamental functional analytic inequalities 
stemming from the definition of Sidon sets. 

15.3.1. Let E be a Sidon set, with Sidon constant B. If p e M E is an 
^-spectral measure, then p e L p for all p < oo, and 

\\fi\\ p ^ Bp 1/2 \\p\\ 2 for all p such that 2 < p < co, (15.3.1) 

M| 2 < J B2 1 ' 2 || / i|| 1 . (15.3.2) 

Proof. We start by deducing the analogous inequalities for 

Rademacher-spectral trigonometric polynomials on the Cantor group 
From 14.2.1 it follows, since m ! ^ m m whenever m e Z + , that for all 
m e Z + and for all g e T^(^), 

Il!7ll2 m <m 1 ' 2 ||!7|| 2) (15-3-3) 

Ilfi'IU ^ 2 1/2 ||gr|| 1 . (15.3.4) 

Now whenever 2 < p < oo, we may write 2m — 2 ^ p ^ m for some 
integer m satisfying 1 < m ^ p. Then, by (15.3.3), 

Wl^iy2 m <^ 2 |M 2 </ /2 MI 2 . (15.3.5) 

In (15.3.5) and (15.3.4) we have the desired analogues of (15.3.1) and 
(15.3.2). 

Suppose now that / e T £ is an i£-spectral trigonometric polynomial 
over the circle group T, and define on T x the function 

g(x, a>) = gjx) = g x (a>) = £ / (n)p„(co)e n (x) (15.3.6) 

RE Z 

where p n is the nth. Rademaeher character (see 14.1.3). Since E is a Sidon 
set, reference to 15.1.4(5) confirms that to each co e ^ corresponds a 
measure p m e M such that Wp^Wi ^ B and 



pjn) — p n (co) for all n e E. 



(15.3.7) 
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Since / and are I£-spectral trigonometric polynomials on the circle, this 
shows that / = p m * g m and therefore (see 12.7.3) that 



l/ll„< ll/UlllflUlp^[(27t)- 



| g(x, cd) \ p dx 



11/p 



(15.3.8) 



for all cd e Integrating this inequality over with respect to co and 
using (15.3.5), 



\\f\\ P <Bp 



1/2 



1/2 



Bp ll2 \\f\\ 2 . (15.3.9) 



Z I / ( n ) e n( x ) I 2 

_ne Z 

On the other hand, we also have = p w * / for all co G ^ and therefore 

(2 71 ) 1 jr ]g{X ’ (0)l ( 15 - 3 - 10 ) 

But applying (15.3.4) to g x and integrating over the circle with respect to 
x gives 



2% 


Z i/wi 2 


1/2 r 

^ 2 1/2 




_ne Z _ 


Jr 



I g(x, co) | dk(co) 



dx. 



This, the Fubini-Tonelli theorem, and (15.3.10) combine to show that 

||/|| 2 <2 1 ' 2 j B||/|| 1 . (15.3.11) 

At this stage we have, therefore, established (15.3.1) and (15.3.2) for 
i£-spectral trigonometric polynomials /. For the rest, we apply these 
special cases to the functions f N = F N * p eT E . Thus suppose first that p 
is known to belong to L 1 . Then, by 6 . 1 . 1 ., /#— » p in L 1 , on applying 
(15.3.11) and (15.3.9) to the differences f N , —f N , it is seen that (/n)n=i is 
Cauchy in 1/ for every p < o o, hence is convergent in 1/ for such p. The 
limit can only be p, so that p elf for every p < oo . Moreover on applying 
(15.3.11) and (15.3.9) to the f N and using Fatou’s Lemma, (15.3.2) and 
(15.3.1) follow. 

Finally, if we assume merely that p e M, (15.3.11) may be applied to 
the f N to yield 

|| Ml, 2 1/2 B\\F n * /ill, < 2 ll2 B\\fi\\ 1 . (15.3.12) 

At this point 12.3.10(2) comes into play and asserts that some 
subsequence of (/ n )n=i is weakly convergent in L 2 . Since f N = F N * p 
converges weakly in M to p (see Exercise 12.17), it follows that p e L 2 c= 
L 1 . The arguments of the preceding paragraph are now applicable and 
complete the proof. 
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Remarks . (1) The dependence on p of the constant appearing on the 

right-hand side of (15.3.2) renders it possible to show that indeed exp (c|/| 2 ) 
is integrable for any number c and any / e L/, E being a Sidon set; see 
Exercise 15.4 and cf. 14.2.2. 

(2) The estimate (15.3.2) is the best possible in the sense that, given any 
infinite subset E of Z and any integer k > 1 , there exists an / e T E such that 

\\f\\ k >2-^ 2 k ll2 \\f\\2-, 

see Exercises 15.14 to 15.16. This result is due to Rudin ([6], Theorem 3.4). 

(3) Prompted by 15.3.1, a subset E of Z is called a A -set (cf.15.5.3) if 
there is a constant B (independent of p) such that, for every p e (2, oo), 

II /lip < Bp ll2 \\f\\ 2 , 

for all / g T £ . Thus 15.3.1 demonstrates that every Sidon set is a A-set. 
Pisier [i] has shown that, conversely, every A-set is a Sidon set ; the 
techniques used by Pisier are related to those mentioned in 14.3.6. 

The next result shows that all Sidon sets share another property similar 
to 15.1.4(d) and (e). 

15.3.2. If E is a Sidon set, then J^C | E = £ 2 (E). 

Proof. This will be carried out in two stages, in the first of which_we 
show in particular that ^L 00 \E = £ 2 {E). 

(1) Let <f> g £ 2 (E). Regarding L^ 1 as a normed linear subspace of L 1 , 
(15.3.2) shows that the mapping 

9 -»• 2 9 (n)</>(n) 

neZ 

is a continuous linear functional on L^ 1 of norm at most 2 1/2 J5||<^|| 2 . The 
Hahn-Banach theorem (I, B.5.1) and I, C.l combine to show that as a 
consequence there exists a function / g L 00 such that WfW^ < 2 1/2 B||</>|| 2 
and 



2 9{n)4>{n) = jg(x)f(-x) dx 

for each g e L^ 1 . On taking g = e n , where ne E, this shows that f(n) = <f>(n) 
for n e E. 

(2) Next suppose that </> is as before and partition E into finite sets 
E x , E 2 , •• • such that 

[ 2 H(n)\ 2 ] 112 < ck - 2 

neEfc 

where c is independent of k. Define (j) k to be equal to (j) on E k and to be 
zero on E\E k . According to (1), there exists for each k a function f k G L 00 
such that f k \E = (j) k and ||/ fc ^ 2 1,2 Bck~ 2 . Referring to 15.1.2, choose 
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trigonometric polynomials t k so that 

II Mli ^ t k = 1 on E k . 

Then h k = t k * f k 6 C and |j/iJL < ' II AIL ^ 2 m Bck~ 2 . Therefore 

00 

Ji = ^ h k 
fc = i 

belongs to C, the series being uniformly convergent. By the latter token, 

& = 2fe = i ^/c- So, for n e E, one has 

kn) = 2 kin) = 2 hin) * f k (n) = 2 1 ' M n ) 

k^l fc = l k = 1 

= • 

Thus </> = h\E and the proof is complete. 

15.3.3. Let E be a Sidon set and suppose that 1 < p < 2. Then 

“ 11/2 

2 \f(n)\ 2 <Bp fl ' 2 -\\f\\ p 

_ne E J 

holds for each / e L p . 

Proof. Let g be any i7- spectral trigonometric polynomial: 

g(x) = 2 c n e inx , 

neE 

c n being zero for all but a finite set of neE. Applying (15.3.1) with 
p'(< oo ) in place of p, we have by 3.1.4 

l2/L)c„| = 1^ J/A)0(-*M*l < II/IIp * llsfllr- 

r 1 1 / 2 

<ll/ll P -^' 1/2 - Ikl 2 • 

_neE J 

This entails that 




as one sees on choosing c n to coincide with f(n) on larger and larger finite 
subsets of E. 

Remarks. (1) If 2 < ^ oo, the inequality in 15.3.3 is valid for 

arbitrary subsets E of Z, the factor Bp' 112 being replaced by unity. (This 
is due to the Parseval formula and the inequality ||/|| 2 ^ II /lip for 
2 < oo.) 

(2) The hypothesis p > 1 in 15.3.3 cannot be removed. More precisely, 
if E c= Z and if f\E e [j q<00 £ q (E) for every / e 1 , then E is finite. • 
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Indeed the hypothesis implies (by Appendix B.2.1 in Volume 1) that 
there exists q < oo such that 

\ llq 

X \ f( n )\ q J < const. ||/ II j for every / g L 1 . (15.3.13) 

From this and Appendix C in Volume 1 it follows that every if/ G £ q ' which 
vanishes on Z\E has the form g for some g e L 00 . If E were infinite, there 
would exist (by 15.2.5) an infinite Sidon set S a E. By 15.1.4(b), 
therefore, every ij/ g € q ' which vanishes on Z\S satisfies ij/ G Z 1 , in 
particular 

c = t x (S). (15.3.14) 

Since q f > 1 and S is infinite, the inclusion (15.3.14) is false and a 
contradiction emerges. 

15.3.4. Factorization in L p (p > 1). Throughout this subsection it is 
assumed that 1 < p ^ oo. 

It has been proved in 7.5.1 that L 1 * L 1 = L 1 ; in Section 8.4 that 
L 2 * L 2 <= A, which is evidently a proper subset of L 2 ; and in Exercise 13.20 
that L p * L p is always a proper subset of L p . Indeed, Exercise 13.20 shows 
that any / g L p satisfying 

2 i/(«)i p-/2 = °° 

neZ 

is a prime element of L p (that is, does not belong to L p * L p ); that such 
functions / exist, follows from 13.5.3(1), since p'/2 < p'. 

To this we may now add, as a corollary of 15.3.3, that any / g L p satisfying 

2 i/mi = 00 

neE 

for some Sidon set E <= Z is a prime element of L p . 

For some further results about the impossibility of factorizing a general 
element of L p , see Edwards [6]. 



15.3.5. Comment on 15.3.1. It has been seen in 15.3.1 that c: L p 
whenever E is a Sidon set and p < oo. One cannot here take p = oo. Indeed, 
it is not difficult to see that there exist no infinite subsets E of Z having the 
property that f) p<ao h E p c L 00 ; see Exercise 15.15, which leads to an 
extension of the results mentioned in Remark (2) following 15.3.1. 



15.3.6. Application to Homomorphisms. Let a be a mapping of Z into 
Z U{oo} and let us agree to set /(oo) = 0 whenever / g L 1 . Consider the homo- 
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morphism T a of the convolution algebra L 1 into the convolution algebra D 
defined by the formula 

(TJP =f oa. (15.3.15) 

It is then natural to ask for necessary and sufficient conditions on a in order 
that T a shall map 1/ into L q for given values of p and g, in which case we 
shall for brevity say that a is of class (p, q). 

The solution for maps of class (1, 1) is stated in Subsection 4.2.6, and from 
this it is clear that such maps a cannot be specified with appreciable freedom 
on any infinite subsets of Z. The same is true of maps of class (1, q) when 
1 < q ^ oo, as appears from Exercise 12.49. 

In this subsection we will apply what has been learned about Sidon sets to 
show that, on the contrary, if 1 < p ^ oo and 1 < q < oo, maps a of class 
(p, q) can be prescribed with a fair amount of freedom on certain infinite 
subsets of Z. (Compare the results in Subsection 16.4.3(1) applying to 
multipliers.) 

More precisely, suppose that 1 < p ^ oo, 1 < q < oo, that a is of class 
( p , g), that E is a subset of Z , that E n a ~ 1 (Z) = S is a Sidon subset of Z, 
and that a is a map of Z into Zu{oo} such that 

(1) a agrees on Z\E with a; 

(2) a(E) C\ Z is a Sidon set; 

(3) there exists a number B such that, for m e a '(E) n Z, E n a~ l ({m}) 
has at most B elements. 

We claim that then a' is of class (p, q). 

Proof. Let/e L p . By (2), (3) and 15.3.3, 

2 |/o«'(n)|* < B- 2 I/Ml 2 < 00 . 

neE mea'(E)nZ 

Also, since S is a Sidon set and a is of class (p, q), 15.3.3 gives 

2 i/ o «( n )l 2 = 2 K^/rwi 2 < °°- 

neE neS 

Hence 

2 1 /°“'(«) -/°“W i 2 < oo, 

neE 

so that there exists a function he L 2 such that K = (/ o a — f o a)x E - Hut 
then, by 15.3.1, h e L 9 . It is furthermore clear from (1) that 

7V/= TJ+he L«, 

and hence that a is of class (p, q). 

Remarks, (a) The other hypotheses being granted, (2) and (3) are 
satisfied whenever a'\E is a permutation of E. 
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(b) On taking a = oo (so that T a = 0) and E = Z, one infers directly that 
a map fi of Z into Zu{oo} is of class (p, q), where 1 < p < oo and 1 < q < oo, 
whenever Z n f3(Z) is a Sidon set and there exists a number B such that, for 
each me Z, /3 -1 ({m}) has at most J5 elements. 



15.4 Counterexamples Concerning the Parseval Formula and 
Hausdorff- Young Inequalities 

15.4.1. In 13.5.1 it has been shown that ^X p cz £*>' for 1 ^ p ^ 2; by 

8.3.1, this inclusion relation can be replaced by equality when p = 2. Now 
we can verify that the inclusion is proper whenever 1 < p < 2. This is 
indeed trivial if p = 1. If 1 < p < 2, choose any infinite Sidon set E\ since 
p' > 2 one may choose <f> in £ P '(E) not in i 2 (E); extend (j> to Z so that 
<f>(Z\E) = {0}. Then, by 15.3.3, <f> fails to belong to #X P . It can also be shown 
(compare 2.3.9) that, if 1 < p < 2, then ^X p is a meagre subset of £ p> . 

In case p — 1 we have, of course, &(Z) = ^L 1 <= c 0 . Here again the 
inclusion is proper. This (and more) has been proved in 2.3.9. Also, 10.1.6 
shows that ({log (2 + \n\)}~ l ) neZ E c o does not belong to ^L 1 . Again, as 
follows from the proof of 15.1.4, the relation JFL 1 = c 0 would entail that 
= £*° , which is false by 12.7.8. The same relation would also entail, via 

10.5.2, that / g i 1 whenever f e C; this too is false (see 7.2.2 and 8.3.2). 

15.4.2. As was heralded in 13.5.3(2), and proved in one way in Section 14.4, 
13.5.1(2) is false for p > 2. To see this in another way, let E be any infinite 
Sidon set and choose a complex-valued function <j> on Z which vanishes on 
Z\E and which is such that <j> e £ p and (f> $ £ 2 (Z); this is possible precisely 
because p > 2. Then 15.3.1 entails that <j> does not belong to «^M, a fortiori 
c f > does not belong to #X P '. The series 

neZ 

although convergent in D, is not even weakly convergent in M and, a fortiori 
again, not convergent in L p '. A specific example is the series 

oo 

^k~ 112 cos 2 k x. 

k = 1 

That 13.5.1(1) is also false whenp > 2 can be proved in a similar fashion, 
thus : suppose again that E is an infinite Sidon set and let r ->n r be an 
injection of {1,2,**-} into E. Define the function <f> on Z by setting 
^{n) = {r 112 log (1 + r)} -1 if n = n r (r = 1,2,-**) and <f>(n) = 0 otherwise. 
Then </> e £ 2 (Z) and <f>(Z\E ) = 0. By 15.3.1, therefore, there exists a function 
/ belonging to L p for every p < oo, such that / = However, it is evident 
that / = (f> fails to belong to £ P \Z) whenever p > 2 (in which case p ' < 2). 
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15.5 Sets of Type (p, q) and of Type A {p) 

In this section we shall touch briefly upon a milder type of lacunarity than 
that exhibited by I£- spectral functions with E a Sidon set. The new concepts 
were introduced and studied by Rudin [6] upon which this account is based. 
Figa-Talamanca and Rider [1] and Rider [4] have extended some of Rudin’s 
considerations to compact groups in general, but we have no space for an 
account of these developments; a good account appears in [LR], Chapter 
5. 

In 15.3.1 we have seen that, if E is a Sidon set, then to each exponent p 
satisfying 0 < p < oo corresponds a number B p = B P {E) ^ 0 such that 

ll/L < 5,-ll/IL 

for each ^-spectral trigonometric polynomial /. The sets E we are about to 
consider are characterized by similar, but weaker, inequalities. 

15.5.1. Sets of Type (p, q). In what follows we suppose that all exponents 
p, q , r , and s lie in the real interval (0, oo). 

If p < q } a subset E of Z is said to be of type (p, q) if and only if there exists 
a number B = B(p, q, E) ^ 0 such that 

ll/L < B ’ ll/L (15.5.1) 

for all ^-spectral trigonometric polynomials /.We observe once and for all 
that if p ^ 1 and q ^ 1, and if an inequality of this sort holds for all/e T E , 
then each I£-spectral function in L p belongs to L q and the same inequality 
continues to hold for such functions. (This is an almost immediate conse- 
quence of the fact that is everywhere dense, relative to the topology 
defined by || • || p , in L E P , provided 1 ^ p < oo; compare 2.4.4, 6.1.1, and 

6.2.1. The reader is advised to provide a proof of this assertion.) 

By way of example, 15.3.1 affirms that any Sidon set E is of type (1, q) 
whenever q > 1. 

If E is of type (p, q), so too is any subset of E. 

By using the open mapping theorem (I, B.3.2), it may be shown that E 
is of type (p, q), where 1 ^ p < g, if and only if h E p = h E Q ; see Exer- 
cise 15.5. 

Inasmuch as \\f\\ r ^ ||/|| s whenever r < s, it is evident that if p x < p 2 
< q x < q 2 , and if E is of type (p l5 q 2 ), then E is of type (p 2 , q x ). 

The next assertion is less trivial. 

15.5.2. If0<p<g<r<oo, then E is of type (p, r) if and only if it is 
of type ( q , r). 

Proof. By what has been said above, if E is of type (p, r) then it is of 
type (q, r). 
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Suppose conversely that E is of type (q, r), so that 

Uh (15.5.2) 

for some B ^ 0 and all / e T E . Now an application of Holder’s inequality 
shows that 

i/ir- p) < ii/ir' ,) - «/ir <9 - p> - (15.5.3) 

On combining these inequalities, it is found that 

i/«r- ,) ^ i/iir -9 ’. 

or 

\\fl< B'-\\f\\ p , 

and substitution from this into (15.5.2) leads to 

\\f\\r< 2*2M|/|| P 

for all fe T £ , showing that E is of type (p, r). 

15.5.3. Sets of Type A{q). Taking the cue suggested by 15.5.2, a subset 
E of Z will be said to be of type A (q), where 0 < q < oo, if and only if there 
exists an exponent p satisfying 0 < p < q such that E is of type (p, q). 
Frequently we shall write E e A (q) to signify that E is of type A (q). 

By 15.3.1, the remarks in 15.5.1, and 15.5.2, a Sidon set E is of type A (q) 
whenever 0 < q < oo. However, there exist subsets E of Z which are of 
type A(g) for all q satisfying 0 < q < oo and which are not Sidon sets; see 
Rudin [6], Theorem 4.11, and Exercise 15.7. 

It is evident that A (q 2 ) c: A(g 1 ) whenever q x < q 2 . In the other 
direction, Bachelis and Ebenstein [1] have shown that if E e A (q x ) for 
some q x such that 1 < q x < 2, then E 6 A (q 2 ) for some q 2 > q x ; the proof 
involves reflexivity of the Banach space h E 1 . 

Any subset of a set of type A(g) is again of type A (q). 

By partial analogy with each of 15.1.4, 15.3.1, 15.3.2, and 15.3.3, one has 
the following criterion (Rudin [6], Theorems 5.1 and 5.4). 

15.5.4. Criterion for Sets of Type A (p). If E is a subset of Z f and if 
1 < p < oo, then the following five statements are equivalent: 

(a) E e A(p); 

(b) M E cz L p ; 

(c) V c: L p ; 

(d) ™\E = JFI/'I.E'; 

(e) JFC| E = ,FI/'| E. 

If furthermore p > 2, these are equivalent to 

(f) &V>'\E c P(E). 

(As usual, p' is defined by 1 Ip + l/p' = 1.) 
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Proof. This will be broken into several parts. 

(1) Let us begin by showing that (a) implies (b). Assuming (a), take any 
jx e M e and apply to the trigonometric polynomials F n * p eT E the inequality 

ll/ll, < B- H/IU- 

Since || F N * /x || x < \\fx\h (by 12.7.3), it follows that the numbers || F N * /x|( x 
are bounded with respect to N. A repetition of the final phase of the proof 
of 15.3.1 leads thence to the conclusion that /x e L p . 

(2) The implication (b) => (c) is trivial. 

(3) To show that (c) implies (a), it suffices to appeal to Exercise 15.5. 

It is now certain that (a), (b), and (c) are equivalent. 

(4) Now we show that (a) implies (d). Assuming (a), take any g e L p ' 
and consider the linear functional 

(1 5.5 A) 

on T F , which we regard as a subspace of L 1 . According to (a) and the Hahn- 
Banach theorem (I, B.5.1), this linear functional has a continuous extension 
to L 1 . By I, C.l, this extension must be of the form 

( 15 . 5 . 5 ) 

where h e L 00 . Comparing (15.5.4) and (15.5.5) in the case where / = e n with 
n e E, it is seen that g\E = K\ E, and (d) is thereby established. 

(5) To show that (d) implies (e), we again take g e L p '. By 7.5.1, g = f * g x 
for suitably chosen fe L 1 and g x eL p/ . Assuming (d), there exists h x e L® 
such that h ± \E = g x \E. Put h = f * h x . Then he C and, for ne E, 

K(n) =f(n)K 1 {n) = /(w)ffi(w) = g{n), 
so that (e) is verified. 

(6) The proof that (e) implies (a) is a little more complicated. Assuming 
(e) , to each / e IF’ corresponds at least one (usually many) g e C such that 
g\E = f\E. Since g is not generally uniquely determined by/, we must use a 
quotient space (see I, B.1.8). Knowledge of / in fact determines g up to 
addition of elements of C F , where F = Z\E, and thus determines uniquely 
the element g of the quotient linear space C/C F (that is, the coset g + C F 
modulo C F corresponding to g). Now C is a Banach space, and C F is a closed 
linear subspace of C. Consequently (compare the substance of 11.4.7) the 
quotient linear space C/C F is turned into a Banach space by defining on it the 
norm 

|| £f|| = infos' + h \\ :^eC F }. (15.5.6) 

We now have a linear operator T from L p ' into C/C F defined by Tf = g, 
where g is any element of C such that g\E = f\E. It is simple to show (see 
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Exercise 15.6) that T has a closed graph. Hence (I, B.3.3) T is continuous 
from L p ' into C/C F . This signifies that there exists a number B ^ 0 such that 
to each / e L pf corresponds at least one g e C such g\E = f\E and 

This being so, if u e T E one has 

I A jufdx\ = I A jugdx] < ||m||i * lls-IU 

< IMIi * B\\f\\v’> 

and this for each / g L p \ Appeal to Exercise 3.6 permits the inference that 
INI* ^ B • \\u\h for each u e T £ , showing that (a) holds. 

This proves that (a) to (e) are equivalent. 

(7) Finally, it is evident from the Parse val formula that (e) implies (f) 
without the additional restriction p > 2. On the other hand, to show that 
(f) implies (a) when p > 2, we note that (f) and 8.3.1 combine to show that 
in this case ^L p '| E = ^FL 2 \E, and an argument exactly like that utilized 
in (6) shows that E is of type (2, p) and so that E g A(^). 

Remarks . (1) Stage 7 of the above proof may alternatively be 

accomplished as follows. Assume 15.5.4(f). Then (by the closed graph 
theorem ; see Volume 1, Appendix B.3.3) 

1 1/2 

Il/WI 2 < const. || /|| p , for ail / e I/'. 

_neE J 



Hence, for all g eT E , 



% 2n 



1(271) 1 I f(x)g(-x)dz I = £ \f(n)g{n)\ 
Jo ne E 



^ i Z i/wi : 

\ne E 



1/2 



< const. 11 / 11^112. 

So, by the converse of Holder’s inequality (Exercise 3.6), 

\\g\\p, ^ const. || (/ 1| 2 for all g 6 T £ . 

Thus E is of type (2, p). If p > 2, this entails that E is A(p). 

(2) It has been proved (Bachelis, MR 42 # 6523) that, if & e {1,2,3,...}, 

then E c= Z is of type A(2 1c), if and only if |/|e#T/ for every 

/ 6 W‘ 

See also Exercise 16.30. 




262 



LACUNARY FOURIER SERIES 



15.5.5. Properties of Sets of Type A(p). Rudin ([6], pp. 216-223) 
establishes a number of structural properties of sets of type A (p), somewhat 
analogous to the results in Section 15.2; see Exercises 15.7 to 15.11. Besides 
the results mentioned in these exercises, we quote one more such conclusion 
involving the function r s (n, E), defined to be the number of representations 
of n in the form n = n 1 + • • • + n s with n 1 , • • • , n s e E (compare the definition 
of R s (n, E) in 15.2.1), namely: if E is a subset of Z n [0, oo) and if s > 1 is 
an integer, then 

(a) if E is of type A(2s), we have 



N 

limsup N~ 1 V r s (n, E) 2 < oo; 

,T=0 

(b) if E is a finite union of sets E x , • • • , E t such that 

sup r s (n, Ej) < oo for all j such that 1 ^ j < t, 

n 

then E is of type A(2s). 

See Rudin [6], Theorem 4.5, Exercise 15.11, and [Ba 2 ], p. 258. 

It is only fair to add that there is a considerable gap between the necessary 
condition (a) and the sufficient condition (b) in order that E be of type A(2«s). 
Also, as Rudin points out, (b) cannot be weakened to the demand that 

N 

limsup A -1 V r s (n, E) < oo. (15.5.7) 

N-*co n = 0 

For, if E consists of the perfect squares and s = 2, condition (15.5.7) is 
satisfied; but (a) is not satisfied and E is therefore not of type A(4). It is 
moreover apparently unknown whether the set of all perfect squares is of 
type A (p) for any p whatsoever; see Rudin [6], p. 219. More generally, if 
k is a positive integer and p > 2k, then the set E of all kt h powers of 
positive integers is not of type A (p). In fact, by 7.3.5 (ii), if 0 < a < 1 the 
series 



00 

J] n~ a cos nx 

n= 1 

is the Fourier series of a function / e I/' whenever ocp > 1 . Since p > 2k, a 
may be chosen so that 0 < a < 1 , a^p>l and 2a k < 1 , the last clause 
implying that 

n~ 2a = Yj m~ 2ak = oo. 

n e E m= 1 



Thus, 15.5.4(f) fails and E is not of type A (p). 
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15.6 Pointwise Convergence and Related Matters 

As usual, we have neglected the study of pointwise convergence, except 
insofar as 15.1.4(b) and (c) trivially entail the absolute and uniform pointwise 
convergence of Fourier series of functions in L E °° and C E , respectively, 
whenever E is a Si don set. A further basic result of this sort, applying to 
Fourier series with Hadamard gaps, is contained in Exercise 6.13. 

Parallel to what comes about for Rademacher series (see 14.2.3) and as 
might be suggested in some measure by 15.3.1, there is a rather startling 
dichotomy concerning the pointwise convergence of a lacunary trigonometric 
series 

2 c n e inx (15.6.1) 

neZ 

in which c n = 0, except when n = ±n k for some Hadamard sequence (n k ). 
It turns out that if 

2 M 2 < 00 ’ 

neZ 

then the series (15.6.1) is pointwise convergent almost everywhere; whereas if 

2 kl 2 = w. 

neZ 

then the series (15.6.1) is pointwise divergent almost everywhere, and indeed 
fails at almost all points to be summable by any one of the usual summability 
methods. (The first assertion follows from Exercise 6.13 and 8.3.1.) 

Usually treated in connection with pointwise convergence is the circum- 
stance that the behavior on small subsets of the sum function of a lacunary 
trigonometric series largely determines its global behavior. A variant of one 
such result appears in Exercise 15.17. 

For further details concerning these and other fascinating topics, see [ZJ, 
Chapter V; [Ba 2 ], Chapter XI; [M], Chapitre VIII; Moeller [1]; Moeller and 
Frederickson [1]; Emel’janov [lj. 

15.7 Dual Aspects : Helson Sets 

The dual aspects of the problems discussed hitherto in this chapter arise 
when the groups T and Z are interchanged. They are of more recent origin, 
being in fact the outcome of work of Helson [4] on analogous problems for the 
group R of real numbers. The Sidon subsets discussed earlier are peculiar to 
discrete groups (such as Z ) : their analogues for nondiscrete groups (such as R 
and T) are termed Helson sets. Rudin’s general treatment ([R], Chapter 5) is 
designed to cover both concepts from a common point of view insofar as this is 
possible; see also [KS], Chapitre XI. (There are differences of detail that 
demand separate treatment at certain points, however.) Here we have space 
merely to indicate some of the analogies and unsolved problems. For other 
developments in the case of R, see Helson and Kahane [1]. 
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15.7.1. Restatement of 15.1.3. The definition of Sidon subsets of Z given in 
15.1.3 can be reformulated as the statement that a subset E of Z is a Sidon set 
if and only if there exists a number B = B E ^ 0 such that 

Ml * B. II^IU 

for all (f> E £ 1 {Z) satisfying supp <f> c E. 

As has been said in the Remarks following 12.13.3, £ 1 {Z) can be identified 
with the set of (bounded Radon) measures on Z. This observation paves the 
way for the appropriate definition of a Helson subset of T, which is as follows. 

15.7.2. Helson Sets Defined. A subset E of T is termed a Helson set if and 
only if there exists a number B = B E ^ 0 such that 

Ml < B. ||/x|U (15.7.1) 

for all measures p e M such that supp p c: E. (Concerning supports of 
measures, see 12.11.4.) 

For reasons stemming from the nondiscrete character of T, it is customary 
(as in [R]) to restrict attention to those Helson sets that are closed in T\ we 
have avoided imposing this restriction from the outset, solely in order to 
heighten the analogy with 15.7.1. 

Somewhat surprisingly, it is the case that E is a Helson set if and only if 
there exists a number B = B E ^ 0 such that 

||p || i ^ B . lim sup |p(n)| (15.7.2) 

\ n \ -* qo 

for all measures p such that supp p cz E; see [KS], p. 143, and compare 
McGehee [2]. 

15.7.3. Analogues of 15.1.4 and 15.1.5. There is a valid analogue of 15.1.4 
for Helson sets, the most significant portion of which asserts that a closed 
subset E of T is a Helson set if and only if each continuous complex-valued 
function on E is the restriction to E of the transform (f> of a suitably chosen 
(j) e £ >1 (Z), that is, the restriction to E of an element of A. In other words, in 
the notation of 10.6.2(8), a closed set E is a Helson set if and only if 
A (E) = C(E). (This property is used by Rudin to define closed Helson sets; see 
also Kahane [6].) The proof differs in no essential respect from that of 15.1.4. 

There is also a valid analogue of 15.1.5. 

It should be remarked at this point that general functional analytic principles 
lead to yet other equivalent formulations of the definition of Helson sets. We 
cite a few examples and mention a number of corollaries that relate Helson sets 
to other categories of sets already encountered in Subsection 12.11.5. (As the 
reader will perceive, harmonic analysis on a group G gives rise to a somewhat 
bewildering variety of classes of subsets of G. Among the major unsolved 
problems of the subject are to be found those of determining reasonably direct 
and verifiable criteria for membership of any one such class, as well as that of 
determining relationships between the various classes. Except in the trivial 
case in which G is finite, not a single one of these problems has yet received a 
satisfactory solution.) 
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If we reintroduce the notation established in 12.11.5(3), an easy application 
of the closed graph theorem (I, B.3.3) combined with 12.3.9 will show that a 
closed set E is a Helson set if and only if M (E) is closed in P (E), or (what is 
equivalent) is closed in P. (Moreover, by a result from general duality theory 
([E], Theorem 8.10.5) and 12.3.9 once more, E is a Helson set if and only if 
M (E) is weakly closed in P.) 

Again, it is not difficult to show that a closed set E is a Helson set if and 
only if M(E) = P °(E); see [KS], p. 142 and Edwards [9]. It is always the case 
that M (E) c= P °(E), F°(E) being defined as in 12.11.5(3) above. 

It follows [compare 12.11.5(3)] that a closed set E which supports no true 
pseudomeasures [so that M (E) — P(I£)] is a Helson set, and that a closed set E 
which is simultaneously a Helson set [so that M (E) = V°(E)] and a spectral 
synthesis set [so that P °(E) = P (E)] supports no true pseudomeasures. 

15.7.4. Examples of Helson Sets: Kronecker Sets. Although there is no 
difficulty in exhibiting finite Helson sets, the production of infinite Helson sets 
is a good deal more complicated. This task has been discharged through the 
intervention of the so-called Kronecker sets. 

The nomenclature, which is by now pretty firmly rooted, is due to Rudin; 
however, such sets were first introduced and constructed by Hewitt and 
Kakutani [1] and might well have been named accordingly. 

A subset K of T is termed a Kronecker set if and only if each continuous 
complex -valued function / on K such that \f(x)\ =1 (x e K) is the limit, 
uniformly on K, of characters e n (n e Z). (Here and again below we represent 
points of T in the form x, where a; is a real number and x the coset modulo 2nZ 
containing x.) 

It is known ([R], Theorem 5.2.2) that there exist Kronecker sets K in T 
which are homeomorphic with Cantor’s ternary set on the line (see Exercise 
12.44 and [HS], pp. 70-71) ; any such set K is perfect and uncountable. 

On the other hand ([R], Theorem 5.6.6), every closed Kronecker set is a 
Helson set (in T). 

15.7.5. Further Examples : Independent Sets. Another category of 
infinite Helson sets in T arises in the following way. 

A subset E of T is termed independent if, whenever x x , * • • , x k are distinct 
elements of E, the relations n x , • • • , n k e Z, n l x 1 4- * * • + n k x k = 6 entail that 
njXj = 6 for j = 1, 2, • • • , k. (cf. (14.1.3).) 

It is almost evident that any Kronecker set is independent, and that any 
element x of a Kronecker set is of infinite order (that is, nx ^ 6 for any 
integer n ^ 0). It is also true ([R], Theorem 5.1.3) that any finite independent 
set, each of whose elements is of infinite order, is a Kronecker set. 

The major point to be made is that furthermore any countable closed 
independent set is a Helson set ([R], Theorem 5.6.7; [KS], p. 148); compare 
Exercise 15.21. 

From this it follows incidentally that there exist closed independent Helson 
sets which contain elements of finite order and which are therefore not 
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Kroneeker sets: the sets {i, 77} and {i, (2 1/2 )*, 77} are trivial examples of such sets. 

It is also known ([KS], p. 148) that there exist perfect independent sets 
which are not Helson sets. 

For more examples and counter examples, see Korner [1]. 

15.7.6. Inclusion Relations. If we denote by X , «/, and X the classes 
of closed Helson, closed independent, and closed Kroneeker sets, respectively, 
we can summarize the known relations between these classes in the following 
scheme : 



Jfc/, X c X 

f X £ X, J 4: x. 

{countable} n J <z X , 

where {countable} denotes the class of countable subsets of T. In particular, 
X , J, and X are all different. 

The relation X cj: X has been amplified in the work of Wik [2] and 
Kaufman [1]; Wik produces examples of sets E which satisfy (15.7.1) with 
B = 1 , for all g e M such that supp g e E, and which are not Kroneeker sets. 
For more details of this and other results, see [LP]. 

15.7.7. Another Characterization of Helson Sets. Helson sets can be 
characterized in terms of approximation of functions. Thus it is known 
(Edwards [6]) that a closed set E in T is a Helson set if and only if the 
following statement is true : to each continuous complex-valued function f on E 
corresponds a number c = c(f) such that / is the limit, uniformly on E, of a 
sequence (f r )?L 1 of functions of the form 

N(r) 

Sr = 2 <*rj 9 9rj*Kj> 
i = 1 

where the a rj are complex numbers satisfying 

N(r) 

£|a ri l ^1 for all r£ {1,2, • • •} 

j= 1 

and the g rj and h rj are functions in L 2 satisfying 

WdrjWi < Wfrjh < c for all r € { 1 , 2, • • •} and all j e {1, 2, • • • , N(r)}. 

15.7.8. Perfect Helson Sets. It has been mentioned in 12.11.5(3) that one 
can construct nonvoid perfect sets E which support no true pseudomeasures. 
Any such set E, satisfying as it does V(E) c: M, has the property that 
P °(E) cz M and is therefore a Helson set (see 15.7.2). 

This remark, taken together with the substance of Subsections 15.7.4, 
15.7.5, 15.7.6, and Exercise 15.21, makes it abundantly clear that a charac- 
terization of Helson sets in group -theoretic and topological terms represents an 
extremely formidable undertaking. A solution does not appear to be in sight. 




[15.7] DUAL ASPECTS: HELSON SETS 



267 



15.7.9. Measures Supported by Helson Sets. What Helson originally 
proved in [4] for the case of the group R is also true for T namely : if E is a 
Helson subset of T, there exists no nonzero measure fi e M such that 
supp n E E and fi e c 0 (Z ) ; in particular, c aj(e • (E) = 0 for 0 ^ a ^ 1 (see 12.12.3 
and 12.12.7), and E is a set of uniqueness in the wide sense (as defined in 
12.12.8). 

This result, which follows immediately from the characterization of Helson 
sets contained in (15.7.2), provides some indication of the necessary sparseness 
of Helson sets. It appears as Theorem 5.6.10 in [R]. 

15.7.10. Characterization Problems. Closed Helson sets are defined in 
functional analytic terms (see 15.7.2). Other characterizations of this type 
have been mentioned in 15.7.3 and 15.7.7; see also Rosenthal [2]. It would 
plainly be of the greatest interest to characterize closed Helson sets in group - 
theoretical (or arithmetical) and topological terms, but no such characterization 
appears to be even remotely attainable at present. (Much the same is true, as 
we have seen, of the spectral synthesis sets and the Sidon sets.) 

The most that seems to be known in this direction is that Helson sets 
certainly do possess specifiable and rather specialized arithmetical properties; 
see Exercise 15.21 for indications of some such aspects. 

15.7.11. Carleson Sets. It has been recorded in 15.7.3 that a closed subset 
E of T is a Helson set if and only if each continuous complex -valued function / 
on E is the restriction to E of a function 

2 c *e in *> (ie.7.3) 

nez 

wherein the c n are complex numbers satisfying 

2k|<°o. (15.7.4) 

nez 

In 1952 Carleson [2] was led to introduce the class of closed subsets E of 
T having a similar property, the sole difference being that the sequence (c n ) is 
to satisfy the additional condition 

c n = 0 for all n e Z satisfying n < 0. (15.7.5) 

These sets came to be termed Carleson sets. 

It is trivial that any Carleson set is a Helson set. In 1960 Wik [1] established 
the entirely unexpected result that the converse is also true: Carleson sets and 
Helson sets are the same things. For an account of these matters, see [KS], 
Chapitre XI. 

15.7.12. Relations with Dirichlet Series. Bohr Sets. Over 50 years ago, 
Harald Bohr proved a result about Dirichlet series that can be formulated in 
the following way: if P denotes the set {2, 3, 5, • • •} of prime positive integers, 
there exists a number B ^ 0 such that 

2 l^wi < B ■ su p 1 2 

r>(=p teR npy.' 



(15.7.6) 
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for all complex - valued functions (f> with compact supports defined on the set 
Z' of positive integers. 

Rider [3] has attached the label Bohr set to each subset E of Z' such that 
(15.7.6) holds with E in place of P and a suitable number B = B E ^ 0. He 
exhibits an interesting connection between such Bohr sets and certain Sidon 
subsets of the character group of the product of denumerably many copies of 
T, and uses this to produce further examples of Bohr sets, and an example of 
an infinite subset of Z' containing no infinite Bohr set (compare 15.2.5). 

In connection with the definition of Bohr sets, compare Exercise 15.20. 



15.7.13 Finite unions of Helson sets. The substance of 15.2.7 above suggests 
the problem of proving that the union of two Helson sets is a Helson set. This 
problem has a relatively lengthy history ; see MR 39 # 6020; 40 # 3815; 43 
# # 7866, 7867. The first complete proof is due to Varopoulos [5]. Other 
proofs soon followed ; see Saeki [2] and Herz [4], See also McGehee’s fine 
review (MR 46 # 5939) of Herz [4]. 



15.8 Other Species of Lacunarity. 

There is an abundance of species of lacunarity now on the market (see, 
for instance, [LR], Chapters 7 to 10) ; here we mention only a few. 

Some variants of the spaces involved in 15.1.4 have been seen to lead 
back to Sidon sets (see 15.1.4, Remark (7)); naturally enough, other 
variants lead to new types of lacunarity. 

15.8.1. />- Sidon sets. Suppose p e [1, 2]. A subset E of Z is termed a 
p- Sidon set if / e C £ implies / e £ P (Z) (cf. 15.1.4(c)). Evidently every 
subset of Z is 2-Sidon and a subset of Z is 1 -Sidon if and only if it is 
Sidon. It is far from obvious that there are p-Sidon sets (with 1 < p < 2) 
which are non-Sidon ; however they do exist and were first constructed in 
Edwards and Ross [1], to which the reader is referred for the basic results 
concerning j9-Sidon sets. See also the references in [LR], 10.6. 

15.8.2. IF- Sidon Sets. If E is a subset of Z and IF is a complex- 
valued function on E then E is called a W -Sidon set if / e C E implies 

I W{n)f{n) I < 00 (cf. 15.1.4(c) again). 

This weighted version of Sidonicity is, in its theory, intermediate 
between the areas of lacunarity and multiplier theory (see Chapter 16). If 
W e€ 2 (E), every subset E isW-Sidon; and it is not obvious that there are 
IF-Sidon sets (with W $ € 2 (E)) which are not Sidon. For such examples, 
for the basic results, and for the connection with £>-Sidon sets, see Sanders 
[ 1 ]. 
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15.8.3. Rosenthal Sets. From 15.1.4 it follows that if E is a Sidon set 
then Lf 5 = C E . A subset E of Z is called a Rosenthal set if LJ? = C E . 
Rosenthal [3] has constructed Rosenthal sets which are not Sidon ; in 
fact Blei has proved that every non-Sidon set contains a Rosenthal 
set ; see [LR], 10.4. 

15.8.4. Interpolation Sets. Recall that a measure p e M is termed 
discrete (or atomic ; see Exercise 12.51) if it is expressible in the form 

CO 

H = Z c k £ a t 

k= 1 

for some choice of a sequence {a k ) k= x of distinct elements of T, and of a 
sequence (c k ) k L 1 of complex numbers satisfying \ c k\ < °°- ( s x here 

denotes the Dirac measure at x; see 12.2.3). 

A subset E of Z is called an interpolation set if, for every (j) e £™(E), 
there is a discrete measure p e M satisfying p\E = (f>. Although every 
interpolation set is Sidon, the converse is false ; we refer to the references 
in [LR], 10.10. 

15.8.5. Riesz Sets. From 15.3.1 it follows that if E is a Sidon set then 
M £ = L e . There is an old theorem due to F. and M. Riesz (see [R], 8.2.1) 
which guarantees that the set E = Z + also has this property. Meyer [2] 
has studied such sets and named them Riesz sets. Once again, see [LR], 
10.5 for further references. 

15.8.6. Fatou-Zygmund Sets. A complex-valued function 0 on a subset 
E of Z is called hermitian if, whenever n and — n both belong to E, 
cj)( — n) = <fi(n). 

A subset E of Z is called a Fatou-Zygmund set if there is a constant B 
such that, for all hermitian elements <f) of ^°°(i£), there exists a positive 
measure p e M such that p\E = (j) and ||ju|| x ^ (Recall that a 

measure p is positive if p(f) ^ 0 for every nonnegative / e C.) It is easy 
to see that every Fatou -Zy gmund set is Sidon; the rather surprising 
converse was proved by Drury (see [LR], 3.6) using a modification of the 
techniques used to prove his result quoted in Remark (4) following 15.1.4. 
For further results concerning Fatou-Zygmund sets, we refer to [LR], 
Chapter 7. 

15.8.7. Associated Sets. Suppose that K is a nonempty compact subset 
of T and that E is a subset of Z. We say that E and K are strictly 
associated if there is a constant B such that 



II /111 <-B||/;telL 
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for all / e T E (here Xk denotes the characteristic function of the set K). By 
definition, if E is a Sidon set then E and T are strictly associated. 
However Deehamps-Gondim has proved that if E is a Sidon set then E is 
strictly associated with every compact subset K of T having nonempty 
interior. See [LR], Chapters 8 and 9 for an exposition of this and related 
topics. 



EXERCISES 

15 . 1 . Use the uniform boundedness principle (I, B.2.1) to prove the fol- 
lowing statement: if V is a closed linear subspace of C, and if p is an expo- 
nent satisfying 1 < p ^ oo and such that / e £ p for each / e V, then there 
exists a number B ^ 0 such that \\f\\ p ^ B • \\f\\oo for each /e V. 

15.2. Show that if E is a finite union of Hadamard sets, and if for £ > 0 
we denote by N(g) the number of elements n of E satisfying £ < \n\ < 2|, 
then N(g) is bounded with respect to f. 

15.3. Let E consist of all numbers of the form 

g2 m + 2 g2 m +j 

where j e {0, 1, 2, • • • , 2 m-1 } and m e {0, 1, 2, • • •}. Prove that E is a 
Sidon set but is not a finite union of Hadamard sets (Hewitt and 
Zuckerman [1]). 

Hints: Use 15.2.3 and the preceding exercise. 

15.4. Show that if E is a Sidon set and / e L^ 1 ' then 

Y Jexp (c|/| 2 ) dx < co 

for any real number c. 

Hint: Use 15.3.1 and look again at the proof of 14.2.2. 

15.5. Prove that a subset E of Z is of type (p, q), where 1 ^ p < q < co, 
if and only if h E p = h E q . 

Hints: For the “if” assertion, use the open mapping (or the closed 

graph) theorem. For the “only if” statement, use the remarks in 15.5.1. 

15.6. The notations being as in the proof of 15.5.4, construct a detailed 
proof of the statement that the operator T has a graph closed in L p ' x (C/C F ). 

15.7. Suppose that E is of type A(g), where q > 2, so that \\f\\ q ^ jB g ||/|| 2 
for fe T e . Let a E (N) be the largest integer a such that some arithmetic 
progression of N terms contains a elements of E; see 15.2.8. Prove that 

a s (N) < CB q 2 N 2lq 



for all N, C being an absolute constant. (See Rudin [6], Theorem 3.5.) 
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Remarks. It is shown by Rudin [6], Theorem 4.11) that if 
lim N~ E a(N) = 0 for each e > 0, 

N-+ oo 

then there exists a set E of type A (q) for every q < oo for which a E (N) > a (N) 
for infinitely many N. In view of the next exercise, if a be chosen so that 
lim sup#-® a(A)/log N = oo, any such set E fails to be a Sidon set. 

Hints: Suppose that some A-termed arithmetic progression 

-h 6, cl -4- 26, ■ • • , a -|- A6} 

contains numbers n x , • • • , n a each lying in E. Write Q(x) = e imbx + iax F N (bx), 
where m = %A or %(A + 1) according as N is even or odd, and 



and observe that 



f(x) = 2 

k= 1 



Now use Holder’s inequality and a suitable majorant for 

15.8. Show that if E is a Sidon set, then 



a E (N) ^ B E -logN (A > 3). 



(See Rudin [6], Theorem 3.6.) 

Remark. If E is the set {2 k : k = 0, 1, 2, • • •}, then E is a Sidon set and 
yet 



*bW) > 



log N 
log 2 



for N ^ 2 k . 

Hint : Use 15.3.1 and the preceding exercise. 

15.9. Show that if E is of type A(l), then E does not contain arbitrarily 
long arithmetic progressions, and indeed that oc E (N) < N for all 
sufficiently large N. (See Rudin [6], Theorem 4.1.) 

Hints: Take p, 0 < p < 1, so that \\f\\i ^ B • \\f\\ p for/eT^. Assuming 

E to contain a + 6, a + 26, • • • , a + Nb, where 6^0, consider 



/(*) 



iV 

2 



ginbx 



15.10. Suppose that E 1 and E 2 are of type A (p) and that E = E x u E 2 . 
Prove that 

(1) if p > 2, then E is of type A (p); 

(2) if p > 1, and if E 1 -c: [0, oo), E 2 c ( — oo, 0), then again E is of type 

A {p). 
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See Rudin [6], Theorem 4.4. 

Hints: We may assume that E x and E 2 are disjoint. Suppose in case (1) 

that \\fiWp < Bi * 11/^1 2 for T Ei , i = 1,2. Decompose any f eT E into 
fi + f 2 with fi e T Ei . For (2), take s satisfying 1 < s < p, so that now 
\\fi\\ p < Bf • \\fi\\s- Proceed as for (1), using 12.10.3. 

15.11. Prove the results appearing as (a) and (b) in. 15.5.5. 

Hints: Assume E — {n k }, where 0 < % < n 2 < • • • . Consider 

/ = I e «/ £T £' 

3 = 1 

Putting r(n) = r s (n , E), check that f s is of the form 

r(0) + r( l)e ix + r(2)e 2ix + • • • 4- r(n k )e in ic x + • • • ; 
the succeeding coefficients are immaterial. Deduce that 

n k 

i/ mi < b 2s ■ ii/iii s — -® 2s ■ ^ s - 

m = 0 

Now use the result of Exercise 15.7 and the obvious fact that a E (n k + l) ^ Jc. 
This leads to (a). 

As for (b), by Exercise 15.10 it may be assumed that t = 1. Consider any 
f = Ik a(k)e nk e T e . Then 

f*( x ) = 2 6 m 

m 

where b m = «(&i) • • * a(& s ), summed over all representations 

m = n ki + • • • + n ks . 

Among these representations for a given m, choose one with indices k^m), 
say, which maximizes \a(k t ) • • • a(k s ) |. Then, if r s {n, E) ^ B, we have 
| b m | 2 ^ B 2 1 a(A: 1 (m)) • • • a(& s (ra))| 2 . So, obviously, 

2> m | 2 < ^laWI 2 ?- 

m fc 

Now use the Parse val formula for f s and for /. 

15.12. Extend 15.2.6 to ^/-spectral Radon measures /x such that 

Re fx(u) ^ m- |%| i, Im p(u) ^ m • 

for some m > 0 independent of ^ and each nonnegative weC. 

Hint: Consider the functions /x * / e Lg 1 , where / is a nonnegative 

integrable function, apply 15.2.6, and finally appeal to Exercise 3.14. 
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15.13. Using 15.3.2, show that there exists a continuous function / and 
a sequence e n | 0 such that 

2 \h n )\ 2 ~ Cn = 00 ; 

n > 0 

see the remarks in 8.3.2. 

15.14. Assume that & is a positive integer and that n l3 ••*, n k are 
distinct integers. Prove that there exists a choice of ± signs such that the 
trigonometric polynomial 

k 

/(*) = 

m = 1 

satisfies 

\\f\\ k >2- 5 i 2 !c ll2 \\f\\ 2 . 

Hints : Assume first that k = 2 N + 1 is odd and relabel n 1 , • , n k , 

n_ N , • • ■ , n N . Apply the conclusion of Exercise 14.9 to 

N 

g{a>, x) = X Pji(o)e iniX 

j=-N 

to derive 



V ±e lnmX 






(271) - 1 



” 27 1 

| g(co, x) | fc dx 
o 



dX(co) ^ 4 k k k . 



Then define / (x) = g(o) 0 , x) for a suitably chosen co 0 e 

If k = 2N + 2 is even, observe that, if / is chosen as above, then 

11/ llfc ^ 11/ II 2N + 1 • 

15.15. Let V be an infinite dimensional closed invariant subspace of L a , 
where 1 < a < oo. Show that the relation 

n (V n L p ) C L 00 (1) 

p < 00 

is false. 

Hints: Make H = p| P <oo (V n L p ) into a Freehet space (I, B.1.3). As- 
suming (1) to hold, use the closed graph theorem (I, B.3.3) to deduce that 
there exists B ^ 0 such that ||/ 1| <» ^ B|| /|| p for some p < co and all/eH. 
By Remark (ii) following 11.2.1, e n eH for infinitely many neZ. Derive 
a contradiction from 15.1.4(d) and 15.2.5. 

15.16. Suppose that ¥ and a are as in the preceding exercise. Define 

£p = su P {||/L:/eVnT, ||/|| B < 1}, 

where T denotes (as usual) the set of all trigonometric polynomials. Prove 
that 

lim B p = oo. 
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15.17. Let E be a Hadamard set, as in 15.2.4. It can be shown (see, for 
example, [Z x ], pp. 203-204) that, if $ is a measurable subset of T having 
measure m(S) > 0, and if X > 1, there exists an integer v = v(S, A, q) > 0 
such that 

||<||1 < A • m(S)" 1 • J \t(x)\ 2 dx (1) 

for all J^-spectral trigonometric polynomials t satisfying t(n) = 0 for \n\ < v. 
Assuming this, prove the following result: if F is an I£- spectral distribution, 
Q a nonvoid open subset of T, and if F coincides on Q with a function / 
which is analytic on O, then F is equal globally to an analytic function. 
(See [Z t ], p. 206 for a more refined “pointwise” analogue applying to 
^-spectral functions. Compare also Exercise 8.15.) 

Hints: First extend (1) to functions more general than ^-spectral trig- 

onometric polynomials. Then apply this extension of (1) to the functions 
F * v N , where v N is as in Exercise 12.5. Finally, use Exercise 2.8. 

15.18. Let E and Q be as in the preceding exercise. What can be said 
about the global nature of any ^-spectral distribution F which is such that 
F coincides on Q with a function in L 2 ? 

What if L 2 is here replaced by T? 

15.19. Suppose that a > 0, that b e Z and b > 1, and that (c k ) k = 1 is a 
bounded sequence. Define f a e C by 

oo 

f a (x) = 2 c k b ~ ak cos b k x . 

fc = i 

Prove that 

(1) O 00 / a (a) = 0(\a\ a ) as a — > 0, if 0 < a < 1; 

(2) if 

2 kl 2 & (1 -‘ >2 ' c = oo, 

fc = 1 

then f a is not of bounded variation. 

Remarks. Taking c k = 1 , Weierstrass showed that f a is nowhere differen- 
tiable in the pointwise sense whenever a is sufficiently small; that the same 
is true whenever 0 < a < 1 was established by Hardy. It is interesting to 
note that, although (1) is false if a = 1 and c k = 1, yet in this case it is true 
that 

sup \fi(x + a) + f x (x — a) — 2f x (x)\ = 0{\a\) as a— >0; 

X 

see [Z-J, p. 47. 

Hints: For (1), see [Z x ], p. 47. For (2), use 12.5.10 and 15.3.1. 

15.20. Do there exist any infinite subsets E of Z corresponding to which 
a number B ^ 0 exists such that 

2i/(»)i < *11/1- 

neE 




EXERCISES 



275 



for each/e T? Justify your answer. 

15.21. Let E be a subset of [0, 2 n) which is closed when regarded as a 
subset of T and which has the following property : there exist numbers 
a k > 0 and positive integers N k (k = 1, 2, • • •) such that lim*.^ N k = oo 
and {a k , 2 a k , •• • , A*. a k } c 

Prove that E (viewed as a subset of T) is not a Helson set (and 
therefore, by 15.7.3, supports true pseudomeasures) . 

Remarks. Any set E of the specified sort is, of course, highly 
nonindependent when viewed as a subset of T; see 15.7.5. 

As an example, one may take E = {0, 1, y 2 , • * •}; this provides an 

instance of a countable closed set that supports true pseudomeasures; see 
12.11.5(3). 

There are stronger results, analogous to that cited in 15.2.8 for Sidon sets; 
see [KS], p. 146, Theoreme VIII. Compare also with Exercises 15.7 to 15.9. 

Hints : By hypothesis, for any positive integer N, the set S N of numbers 

a > 0 such that {a, 2a, • • • , No} <= E is nonvoid. Define 8 N = inf aeSN sup || /x|| l5 
the supremum being taken over all measures /x of the form /x = 2f= i c j e ia 
for which ||p,|| P ^ 1. Show that 8 N -> oo as N -> oo. 

15.22. Prove that, if E is a Sidon set, then 

sup {min { # (F), # (G)} : F + G a E} < co (1) 

where, for every finite set F, # (F) denotes the cardinal of F, and where 
F + G = {n + m: n e F and m e G}. In particular, a Sidon set does not 
contain the sum of two infinite sets. 

Hints : Assume (1) fails, let neZ satisfy ^>1, and choose sets 
F, G a Z such that F + G cz E and min {#(F), #(G)} > n? . Letting 
F x c= F have exactly n elements, first choose m l e G\F x , and then show 
that it is possible to select, for each h € Z satisfying 2 ^ k < n, an ele- 
ment m k from G so that 

m k £ (F i + ( — J^i) + * ' ' > m k- i}) u ^i- 

Now, with F t = {l x , ’ • * , l n } and G x = {m x , • • • , m n }, estimate both the A 
and C norms of the trigonometric polynomial 

n 

tn= Z U Jk e lj e m 
j,k= 1 

where (u jk ) is an n x n unitary matrix satisfying | u jk | = n~ 1/2 for all j, k. 

15.23. (i) Assume that E is an infinite subset of Z. Prove that there 
exists no continuous linear map V of c 0 (E) into L 1 such that 

(V(j)) A (n) = (j)(n) for all (f) e c 0 (E) and all n e E; 
cf. Remark (11) following 15.1.4. 
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(ii) Prove that, if K is an infinite closed subset of T, then there exists 
no continuous linear map U of C(K) into A such that (Uf)\K — f for all 
feC(K). 

Hints : For (i), assume the existence of V with the stated properties. 

Obviously, V is injective. Also, since || ^ \\(V<f>) A = \\(/)\\ ^ for all 

<p € c 0 (E), V~ l is continuous. Deduce that V is a linear homeomorphism 
of c 0 (E) onto a closed linear subspace of L 1 . Using Appendix C.2 in 
Volume 1, conclude that c 0 (E) is weakly sequentially complete. Infer that 
the constant function 1 with domain E belongs to g q (E). Since E is 
infinite, this is a contradiction. 

For (ii), argue similarly, to the point where it is deducible that, for 
every a e K, the characteristic function X{ a }, k °f {«} relative to K, belongs 
to C (K). Obtain a contradiction by choosing a e K which belongs to the 
closure in K of K\{a). 

A different style of proof is given by Graham [1]. 

15.24. Verify the claim made in 15.2.3, Remark (2), namely that if E 
is a symmetric subset of Z satisfying 

i? s (0, E) ^ B s for all positive integers s, 
then E is a Rider set. 

Hint : Apply the technique, used to prove (15.2.7), to the function 

N 

u k> 

k = i 

wherein 



U k = 1 + (2 B) 1 (e_ nt + e„ k ). 




CHAPTER 16 



Multipliers 



A little less than sixty years ago, Fekete [1] discussed some generalities 
and some particular questions pertaining to what has since come to be 
known as the problem of Fourier “multiplier (or factor, or conversion) 
sequences, (or functions)”; see [Z x ], pp. 175-179, 378, where references will 
be found to other special results due to many authors, and also the remarks 
in 16.3.8, 16.3.9, and 16.7.6. 

In this chapter we aim to describe a general approach to such problems 
that places emphasis on the so-called “multiplier operators” associated with 
such functions, an approach that appears to have been vitalized by Wendel 
[1], [2] in connection with the isomorphism problem for group algebras 
(mentioned in 4.2.7). In all the most important cases, these multiplier 
operators belong to a category of operators that are very simply charac- 
terizable in algebraic and topological terms involving convolutions; see 
Section 16.2. 

The leit-motiv of this chapter is accordingly the association with each 
multiplier function ^ of a corresponding multiplier operator U 0 , followed by 
the representation of U 0 as convolution with some distribution A (from 
which <j) is easily recaptured as the Fourier transform of A), and a struggle 
to tie down the nature of A as closely as possible in a manner depending on 
the range and image spaces of U 0 . It is in this characterization of A that the 
real sting lies. This task, along with the discussion of some important special 
cases, occupies Section 16.3. The discussion of other important special cases 
continues throughout Sections 16.4 to 16.6. 

The number of particular cases of the multiplier problem that have been 
effectively solved is limited, and it will become clear to the reader of this 
chapter that there is no lack of enticing unsolved problems. A few such 
problems, as well as some extensions of the multiplier concept, are mentioned 
in Section 16.7. 

In Section 16.8 we relate multiplier problems with questions concerning 
direct-sum decompositions of standard function spaces in terms of their 
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closed invariant subspaces (compare 2.2.1). Concerning the study of 
multipliers in the general setting of Banach (and topological) algebras, see 
[La]. 



16.1 Preliminaries 

The so-called multiplier problem can be formulated in quite general terms 
as follows. 

16.1.1. Multiplier Functions and Operators. Suppose two sets, F and 
G, of distributions are given. It is required to determine necessary and 
sufficient conditions on the complex-valued function (j> on Z in order that the 
implication 

fe F =>^-/g^G (16.1.1) 

shall be valid. 

In (16.1.1), as elsewhere in this book, tFG denotes the set of transforms g 
of elements g of G. 

A function <f> satisfying (16.1.1) is termed a {Fourier) multiplier of type 
(F, G), and we shall then write <f> e (F, G). If F = L p and G = L g , where, as 
will be assumed throughout this chapter , 1 ^ p < oo and 1 ^ q ^ oo, it is 
customary to write simply (p, q) in place of (L p , L q ). 

The most interesting cases are those in which both F and G are chosen 
from the arsenal of standard function- or measure-spaces, such as C fc 
(0 ^ k ^ oo), IF (1 ^ p ^ oo), or M. However, complete solutions are not 
yet available even for all these cases. Where necessary and sufficient con- 
ditions are known, they are frequently expressed by membership of (j> to 
for some set H of distributions. As will by now be clear, the verification of 
such a relation is more often than not a most formidable task. 

The reader will by now have guessed that analogous multiplier problems 
present themselves in cases where the underlying group G is something more 
general than T. Although the methods employed in this chapter are 
frequently specializations of those applicable in the more general 
situation, we have space only to make a general reference to Brainerd and 
Edwards [1] and the research papers referred to therein, together with a 
few more specific references and comments at appropriate places. The 
case in which G = Z, the group dual to T , is in some respects simpler 
(inasmuch as measures and “ distributions ” on Z are just functions on Z) 
and in other respects more complicated, and here too there remain 
numerous unsolved problems ; we have insufficient space to deal with this 
dual problem, but see Exercise 16.29 and the references cited in 16.4.7 
and 16.4.9(3). In this connection it may be noted that the multipliers of 
£ 2 (Z) correspond exactly with the so-called doubly infinite Toeplitz 
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matrices ; these entities and their close relatives occupy a small niche in 
analysis, for an introduction to which the reader is referred to [Z x ], p. 
168 and Widom [1]. See also Hirschman [2], Widom [2]. 

Without missing any cases of current interest, much repetition will be 
avoided by making the following standing hypotheses concerning F and G: 

With the sole exception that G is sometimes chosen to he D, it will he assumed 
that each of F and G is a linear space containing C°° and contained in D; each 
is stable under the translation operators T a ; each is a Banach or a Frechet space 
(see Volume 1, Appendix B) and convergence of a sequence in F or in G 
implies its distributional convergence (see Section 12.3) ; and each operator 
of translation, or of convolution with a trigonometric polynomial, is a 
continuous endomorphism of F and of G. (D itself fails to satisfy these 
conditions only insofar as it is neither a Banach space nor a Frechet 
space.) 

We shall make frequent use of the device that associates with a multiplier 
(f> of type (F, G) the corresponding multiplier operator U 0 with domain F and 
range in G, defined in the following way. The uniqueness theorem 2.4.1 and 
12.5.4(1) shows that if <f> is a multiplier of type (F, G), then to each f e F 
corresponds precisely one g e G such that g = */; we then define U 0 f = g. 

The notation U 0 f will continue to be used, whenever fe D and <f> is a 
complex- valued function on Z such that (f> •/ is tempered, to denote that 
distribution g such that g = <f> • f [see 12.5.3(2)]. 

The examples that follow illustrate a number of features common to most 
multiplier operators which will be considered formally and in some detail in 
subsequent sections. 

16.1.2. Some Examples. (1) As a general comment, observe that if 
F x c F and G x => G, then (F l5 G ± ) => (F, G). This is evident from the defining 
property (16.1.1). 

(2) The inclusions t 1 c: (M, C) and t 2 c: (M, L Q ) for q ^ 2 are evident, in 
view of the case m = 0 of 12.5.3(1) and 8.3.1. 

(3) If <f> has the form = a ln h where (a N )^ =0 is decreasing to zero and 
convex, then </> belongs to each of (M, L 1 ), (L 00 , C), and (I/, L p ); moreover, U $ 
is expressible as convolution with an integrable function; see Exercise 16.1. 

(4) It is relatively simple (see Exercise 16.2) to show that (L 2 , L 2 ) = f 00 . 
In this connection the reader should observe that if <f) e , then there exists 
a unique pseudomeasure A such that A = cf> (see Section 12.11), and the 
associated multiplier operator U 0 is defined by convolution with A : 



UJ=A*f (16.1.2) 

for fe L 2 . 

Observe also that each multiplier operator of type (L 2 , L 2 ) is continuous 
and commutes with the translation operators T a ; this follows from (16.1.2), 
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(8.2.2), and 12.6.2. As will be seen in 16.2.1, this too is a characteristic 
feature. 

(5) From 12.7.2 and 12.7.3 one may (see Exercise 16.3) derive the following 
inclusions 



c (C, C), <= (L p 3 L p ), c : (M, M). 

It will appear in due course (see 16.3.2, 16.3.3, and Remark (2) following 
16.3.5) that indeed 

#1*1 = (C, C) = (L 00 , L 00 ) = (L 1 , L 1 ) = (M, M). 

However, as will be seen in 16.4.3(1), does not exhaust (L p , L p ) if 

1 < p < oo. 

Here again all the corresponding multiplier operators U 0 are linear, 
continuous, commute with translations, and admit a representation as 
convolution with a suitable distribution. 

16.1.3. The Determination of (C®, D). We aim to show that (C 00 , D) 
comprises just the tempered functions </> on Z, that is, the functions that 
satisfy a majorization of the form 

<f>{ri) = 0(\?i\ k ) as \n\ — > go (16.1.3) 

for some (^-dependent) integer k. It will appear that (C 00 , C°°) also comprises 
exactly the tempered functions on Z. 

It is on the one hand clear from 12.1.1 that any tempered sequence <£ 
belongs to (C 00 , C 00 ), and a fortiori to (C®, D). 

Suppose on the other hand that <f> belongs to (C°°, D). Then <j>f is tempered 
whenever / e C°°. We wish to conclude from this that </> is tempered. However, 
were this not the case, there would exist a sequence (n k ) of integers such that 
0 < \n k \ -> oo and 

\<t>{ n k)\ > \n k \ k ■ 

But then, by 12.1.1 again, 

f(x) = 2 Kl exp (in k x) 
would belong to C®, and yet 

W«Jc)Mc)| > \n k \**, 

contrary to the hypothesis that (j>f is tempered. 

The reader will observe that the associated multiplier operator U 0 is given 

fe y 

UJ=A*f, (16.1.4) 

where A is the distribution 

A = 2 <j>(n)e inx ; 

neZ 



(16.1.5) 
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see 12.5.3(2). This operator U 0 is linear, commutes with translations and 
with convolutions, and is easily seen to be continuous from C 00 into any one 
of the “natural” spaces lying between C 00 and D (such as C, L p , and M). 

As has been indicated, we shall see in Section 16.3 that virtually all 
multiplier operators are expressible in the form (16.1.4), A being a suitably 
chosen distribution. 

16.1.4. Properties of Multiplier Operators. In all the examples con- 
sidered in 16.1.2 and 16.1.3 the standing hypotheses on F and G (laid down 
in 16.1.1) are fulfilled; and in all these examples it has appeared that the 
multiplier operators U 0 concerned have the following properties: 

(1) U 0 is linear, continuous, commutes with the translation operators T a 
and with convolution with trigonometric polynomials (the last condition 
means that U 0 (t */) = U 0 t * f = t * U 0 f for each t e T and each f e F); 

(2) U 0 admits a convolution representation 



U&f = A *f, 



where A is some distribution depending upon (f > . 

In the course of the next two sections we shall see that properties (1) and 
(2) persist in all the cases of practical interest, and that indeed these properties 
come close to characterizing the multiplier operators. In particular, in 
Section 16.3 we shall establish a convolution representation formula of the 
type ( 16. 1 .4) for multipliers of various types (F, G). The approach to be adopted 
there will cover the case of (C 00 , D), but it also adapts to certain other choices 
of (F, G) in such a way as to be more directly productive of the best results. 

Although the case of (C 00 , D) provides a sort of “universal covering 
theorem,” inasmuch as virtually all multiplier operators of interest have 
restrictions to C°° which are multiplier operators of type (C°°, D), far too 
much information is thrown away by this process of restriction for the 
outcome to have any lasting interest in the discussion of multiplier operators 
of type (F, G) for numerous other natural choices of F and G. 



16.2 Operators Commuting with Translations and 
Convolutions; m-operators. 

We begin this section by summarizing in formal terms the essential 
properties of multiplier operators already encountered. 

16.2.1. Characteristic Properties of Multiplier Operators. Let <f> be 

a multiplier of type (F, G) and U 0 the associated multiplier operator map- 
ping F into G (see 16.1.1). Then 
(1) U 0 is linear; 
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(2) U 0 commutes with translations; that is, 

U 0 T a = T a U 0 

for each group element a; 

(3) U 0 commutes with convolution by trigonometric polynomials; that 
is, 

= U 0 t*f = t*UJ (16.2.1) 

for every / G F and every trigonometric polynomial t; and, more 
generally, (16.2.1) holds whenever £ e F,/ g F, and t * f e F; 

(4) U 0 is continuous from F into G. 

Note: The reader is reminded of the standing hypotheses concerning F 

and G imposed throughout this chapter. It is well to remark, however, that 
quite often not all of these hypotheses are essential for the truth of any one 
assertion made: this will usually be quite clear from a close examination of 
the proofs. 

Proof. The first three statements are almost immediate consequences of 
the definition of U 0 (namely, U 0 f = g signifies exactly that fe F, g g G, 
and g = </> * f) combined with the properties of convolution vis-a-vis the 
Fourier transformation (see especially 12.5.5 and 12.6.5) and the uniqueness 
theorem for Fourier transforms (see 2.4.1 in the case of functions, and 12.5.4 
in the case of distributions). The reader is urged to write out in full detail at 
least one of the proofs. 

The proof of (4) is a little less immediate, being based upon the closed 
graph theorem (see I, B.3.3). According to this theorem, to show that U 0 is 
continuous, it suffices to prove that: if a sequence (f n ) extracted from F 
converges in F to the limit /, and if at the same time the sequence 
{g n ) = (U 0 f n ) converges in G to the limit g, then necessarily g = U 0 f. Now, 
with the aid of the standing hypotheses, from f n ->/ in F and g n -> g in G it 
follows that f n — > f and g n -> g pointwise on Z (see the definition of distribu- 
tional convergence in 12.3.1). But, by the definition of U 0 , we have g n = (f> • f n 
for each n. Passage to the limit as n — > oo shows that therefore $ = </>•/, 
which signifies exactly that g = U 0 f and thus completes the proof. 

Remark. Although D is not a Frechet space, 16.2.1 still holds for 
multipliers of type (F, D). The only modification needed is in the proof of (4), 
the form of the closed graph theorem stated in I, B.3.3 being no longer 
applicable (though the closed graph theorem can be shown to be valid for the 
case in hand; see, for example, [E], Chapter 6 and Exercise 8.43). Often, 
a simple direct proof of the continuity of U 0 is possible; see Exercise 16.4. 

Before proceeding to a converse of 16.2.1, we shall deal with a simple 
corollary thereof. 

16.2.2. An Application of 16.2.1. It has been noted in 16.1.2(4) that 
(L 2 , L 2 ) = £™. A good deal more true is true, namely, (A, P) = (A, A) = /°°. 
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Indeed, since (A, A) c= (A, P), and since it is quite evident that c= (A, A), 
it suffices to show that (A, P) c; £°°. 

Now, if ^ e (A, P), 16.2.1(4) affirms that the associated multiplier operator 
U 0 is continuous from A into P. This signifies the existence of a number 
c ^ 0 such that 

ll^/llp^c||/|| A 

for each fe A. Taking / = e n , and noting that C7 </) e n = <f>(n)e n and ||e n | A 
= ||e n | P = 1, it follows that \<f>(n)\ ^ c for all n e Z } and so that <f> e t™ . 

We now return to the general development and establish a converse of 
16.2.1. 

16.2.3. A Converse of 16.2.1. (1) If U is a linear operator mapping F 

into D such that 

U{t*f) = t* Uf (16.2.2) 

for each trigonometric polynomial t and each / e F, then there exists a 
function </> e (F, D) such that 

Uf=UJ (fe F). (16.2.3) 

(2) If U is a linear operator mapping F into D which commutes with 
translations, then there exists a function <f> such that 

Ut = U 0 t (16.2.4) 

for each trigonometric polynomial t. 

Proof. (1) In (16.2.2) we take t = e n — / and so deduce that Ue n = <j>{n)e n , 
where (f>(n) = (Ue n )^(n). Then linearity of U shows that (Ut)'' = <j> • t for 
each trigonometric polynomial t. From (16.2.2) again, 

m*/)r = t-(u/r ; 

and, from what we have just established, we have also 

By comparison, therefore, (• (Uf)'' = <f) • t*f for all trigonometric poly- 
nomials t , which implies (16.2.3). 

(2) Let u n — Ue n . Since U commutes with translations, 

T a u n = T a Ue n = UT a e n = U(e~ ina e n ) 

= e~ ina u n , 

by linearity of U. It is easily seen (for example, by taking the Fourier 
transform of this relation) to follow that u n = <f>(n)e n for some complex- 
valued function <f> on Z , and linearity of U now leads to (16.2.4). 
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Remark. In case (2) it is not evident that the function <j> belongs to 
(F, D), there being no assurance (without further hypotheses upon U) that 
(16.2.4) continues to hold when t is replaced by an arbitrary element of F. 
However, we do have the following corollary. 

16.2.4. Another Converse of 16.2.1. Suppose that the trigonometric 
polynomials are everywhere dense in F. Suppose too that U is a linear 
operator mapping F into G such that either 

(1) U satisfies (16.2.2) for each trigonometric polynomial t and each 
/gF; or 

(2) U is continuous and commutes with translations. 

Then V = U 0 for some cf> e (F, G). 

Proof. Case (1) is already disposed of by 16.2.3(1). 

In case (2), we know that (16.2.4) holds for each trigonometric polynomial t. 
Moreover, given/ g F, there is a sequence (t k ) k = x of trigonometric polynomials 
converging in F to /. Then, by the assumed continuity of U , the sequence 
(Ut k ) = (U 0 t k ) converges in G to Uf. From this it follows that {U 0 t k )^ = <f>'t k 
converges pointwise to (f> •/, so that the limit of (U 0 t k ) k = x in G, say g, must be 
such that g = cf> •/. It follows thence that <j> e (F, G) and that U = U#. 

16.2.5. The Cases F = L 00 and F = M. Although 16.2.4 shows that in 
the majority of interesting cases there is identity between the multiplier 
operators and those continuous linear operators which commute either with 
translations or with convolutions, there are one or two interesting cases where 
the identification is as yet in doubt. In these cases the doubt persists either 
because one of the spaces F and G involved does not satisfy the standing 
hypotheses laid out in 16.1.1, or because the trigonometric polynomials are 
not everywhere dense in F. 

Two especially significant such cases are those in which F = L 00 and 
F = M, respectively. Even here, however, it is still true that any linear 
operator from F into G, which commutes with translations or with con- 
volutions with trigonometric polynomials, satisfies (16.2.4) for some function 

and all trigonometric polynomials t. If furthermore U is continuous, for 
the weak topology on L 00 (or M), in the sense that Uf k — > 17/ in G whenever 
f k ->/ weakly in L°° (or in M), then it would again follow that <f> G (F, G) 
and U = U In this connection it should be recalled (from 12.3.9 and 12.3.10) 
that f k -^f weakly in L 00 (or in M) if and only if 

^l^dx^^jfgdx (greL 1 ) 

\orfM->f(g) (?eC)]. 

The reader should also bear in mind that if /g L 00 (or f e M), then ct n /— >/ 
weakly in L°° (or weakly in M); see Exercise 16.5. 
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16.2.6. Commutativity with Translations and with Convolutions. 

In the preceding results we have had occasion to consider both continuous 
linear operators that commute with translations, and those that commute 
with convolutions. In many important instances one can show a priori that 
these two categories of operators are identical. For instance, any continuous 
linear operator U from C fc or L p (1 ^ p < oo) into C h , or L q , or M, or D 
commutes with translations if and only if it commutes with convolutions; 
see Exercise 16.6. As one might expect from 16.2.5, however, this equivalence 
is in doubt if the domain of U is L 00 or M, unless we demand continuity with 
respect to weakly convergent sequences in L 00 or in M. 

16.2.7. tn-operators. Much repetition will be saved if, guided by the 
foregoing results and discussion, we henceforth adopt the following definition. 
By an m-operator of type (F, G) is meant a continuous linear operator from 
F into G which (a) commutes with translations and (b) satisfies (16.2.2) for 
each trigonometric polynomial t and each f e F. In addition, we shall denote 
by m(F, G) the set of tn-operators of type (F, G). 

It is to be observed that 16.2.6 shows that, in case F is € k or 1/ (p ^ oo) 
and G is C\ L g , M, or D, a continuous linear operator from F into G belongs 
to tn(F, G) provided it satisfies either (a) or (b) above. 

From 16.2.1 and 16.2.3(1) it appears that U e nt(F, G) if and only if U = U $ 
for some <f> e (F, G). 

There is in general no special difficulty in verifying that, if A e D, the 
convolution operator U defined by 

Uf = A *f 

belongs to nt(F, G), provided only that it does indeed map F into G; in 
particular, U always belongs to m(C°°, C 00 ). The converse will be examined in 
16.3.1. 

It is a consequence of the preceding remark that almost all linear operators 
which arise naturally in harmonic analysis are tn-operators (even though 
they may not crop up directly from multiplier problems). Moreover, any 
linear differential operator of order k with constant coefficients is an nt- 
operator of type (C te , C). Reference to Section 6.6 will confirm that almost all 
summability processes used in connection with Fourier series are definable 
in terms of sequences of ttt-operators of type (L 1 , L 1 ). 

In 16.3.11 we shall discuss some relationships between nt-operators and 
the translation operators T a (which are themselves especially simple nt- 
operators). 

The pointwise theory of those nt-operators defined by convolutions with 
distributions that are not measures (compare 12.8.2 and the beginning of 
Section 13.9) is, in those cases where pointwise existence theorems are valid 
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at all, a part of a highly elaborate theory of singular integrals. Concerning 
this aspect of the subject, the reader is recommended to examine the survey 
article Calderon [2] and Cordes [1]. 

It may be added as an aside that, if F and G satisfy the standing 
hypotheses stipulated in 16.1.1, if T is everywhere dense in F, if U is a 
continuous linear map from F into G, and if U satisfies (a) (that is, if U 
commutes with translations), then U satisfies (b). The proof is left as an 
exercise for the reader. 

16.2.8. A Theorem of Stein about Sequences of m- operators. For use 
in Section 16.5 in connection with multipliers we propose to state here without 
proof a deep and important theorem due to E. M. Stein ([1], Theorem 1 and 
Corollary 1) about sequences of m -operators of type (L p , L p ), where 1 ^ p ^ 2. 
There is no reason at all why any reader who has persevered to the present 
stage should not tackle the original paper. 

Stein’s theorem reads as follows. Suppose that 1 ^ p ^ 2 and that U k 
(k = 1, 2, • • *) is a sequence of ttt-operators of type (L p , L p ). Assume that to 
each / e L p corresponds a (possibly /-dependent) set E of positive measure 
such that 

lim sup \ U k f(x) \ < oo for all x e E. (16.2.5) 

k-*ao 

Define 

U*f(x) = sup | U k f(x)\ (s; oo), (16.2.6) 

k> 1 

The conclusion is that the operator (7* is of weak type ( p , p ) that is (see 13.7.5), 
there exists a number c such that for each number k > 0 and each / e L p 

m({xe[ 0, 2tt) : U*f(x) > k}) ^ c/c" p ||/|| p , (16.2.7) 

where m denotes Lebesgue measure. 

In the paper cited, Stein uses this theorem to great effect in the discussion of 
diverse problems; he also shows that various extensions are possible. Unfor- 
tunately, the theorem is definitely false forp > 2 (Stein [1], p. 157). 

Some at least of the roots of Stein’s theorem are due to Calderon and appear 
in the discussion on pp. 165-166 of [Z 2 ]. A proof of Stein’s Lemma 1 ([1], 
p. 146), which makes no explicit reference to probability theory, is also to be 
found on p. 166 of [Z 2 ]. For further developments, see Coifman [1], Stein and 
Zygmund [1], Sawyer [1] and Gilbert [1]. 



16.3 Representation Theorems for m-operators 

In this section we begin the study of the representation of tit -operators in 
terms of convolution. In particular, and first of all, we shall recover the result 
established in 16.1.3 for multiplier operators of type (C°°, D). However, as 
has been heralded in 16.1.4, a different approach will be used. This method 
makes little explicit use of the Fourier transformation. As developed in this 
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section, it will lead to complete solutions of the representation problem for 
most of those cases in which a fully effective solution is known. 

Both the statements and the proofs of our first theorem are variants (for 
periodic functions and distributions) of those given first by Schwartz ([S 2 ], 
pp. 53-54; [E], pp. 332-335) for functions and distributions on R m . 



16.3.1. Multipliers from C 00 to D. (1) To each U e m(C°°, D) corresponds 
a distribution A e D such that 

Uf = A *f (16.3.1) 

for /eC°°; and, conversely, if A e D, the equation (16.3.1) defines U as a 
member of m(C co , D). 

(2) nt (C 00 , D) = itt(C°°, C 00 ). 

(3) (C°°, D) = (C 00 , C 00 ) comprises exactly all tempered functions on Z. 

(4) If U em(F, G), there exists a distribution A e D such that (16.3.1) 
holds for each / e F. 

Proof. (1) The converse portion stems from 12.6.2 and 12.6.3. The 
direct assertion can be proved by writing U = U 0 , where </> e (C 00 , D) (see 
16.2.3), using 16.1.3, and taking for A that distribution for which A = </>. 
The proof to be given here proceeds along different lines which are of interest 
in other connections, ignoring as it does any relationship between U and 
multipliers of type (C 00 , D). 

Choose an approximate identity (&*)? i l3 each k x being a member of C 00 . 
If / e C 00 , * /->/ in C°° so that continuity of U entails 

Uf = D-lim U(ki */). 

i-* co 

From 16.2.1 and 16.2.7 it appears that this may be written in the form 

Uf — D — lim A t */, (16.3.2) 

i-> oo 

where 

A t = Uk t e D. (16.3.3) 

Now (16.3.2) signifies that 

A*f*g( 0) = A t * f(g) 

converges, as i — > oo, to Uf(g), and hence is bounded with respect to i, for 
each /, g e C 00 . On the other hand, as the reader will verify easily on using 

12.1.1, each he C® is expressible as f * g with / and g suitably selected from 
C°°. Thus the numbers Afh) = A { * h(0) are bounded with respect to i for 
each he C 00 . 

At this point 12.3.7 shows that a subsequence of (A { ) may be chosen which 
converges in D to a limit A. By dropping terms, we may therefore assume 
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that A { -> A in D. This being so, 12.6.3(2) shows that 

A { * f A * f inC® (16.3.4) 

whenever /e C°°. Comparing (16.3.4) and (16.3.2), (16.3.1) is seen to follow. 

(2) The inclusion m(C°°, C®) c: m(C°°, D) being evident, it suffices to prove 
the reverse inclusion. 

But, if U e m(C°°, D), (16.3.1) and 12.6.3(1) combine to show that u 
maps C 00 continuously into C 00 (and not merely into D). 

(3) This has been established in 16.1.3. (It also follows from 16.2.1 and the 
Remark following that theorem, (1) of the present theorem, 12.5.3, and 
12.6.5.) 

(4) If U e m(F, G) the standing hypotheses on F and G ensure 1 that the 
restriction of U to C® belongs to ttt(C®, D). Hence (1) shows that (16.3.1) 
holds for some A e D and each fe C®. If /e F is given and t is any trigono- 
metric polynomial, t * / belongs to C® and so 

U(t * f) = A*t */. 

On the other hand, by 16.2.7(b), 

U(t */) = t * Uf. 

Comparison of the last two equations, valid for any trigonometric polynomial 
t , shows that Uf = A * f. (We are here using the associativity and com- 
mutativity of convolution.) 

Remarks. (1) There are restricted analogues of 16.3.1 for the case in 
which T is replaced by a more general group ; see Brainerd and Edwards 
[1], Edwards [10], [11], and Gaudry [1], [2]. See also Taibleson [2]. 

(2) The result 16.3.1, although satisfying, represents the beginning rather 
than the end of multiplier problems. The interesting questions, many of them 
still without effective solutions, are of the following nature: given the pair 
(F, G) and an m-operator (or a multiplier operator) U of type (F, G), 16.3.1 
shows that there is a distribution A such that (16.3.1) holds at any rate for 
each / g ; C® the remaining problem is to effectively determine conditions on 
the distribution A in order that A */ shall belong to G whenever/ e F. If C® 
is dense in F and if F and G are Banach spaces, this is so if and only if 

M*/|| G < const ||/|| F 

for /e C®. Among the remaining results of this section appear instances in 
which an effective answer is known. In Sections 16.4 and 16.5, however, we 
handle some cases where no complete and effective answer is forthcoming. 

The preceding representation theorem will now be used as a stepping stone 
to others of a similar nature. 



1 Since the closed graph theorem shows that the injection of C" into F is continuous. 
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16.3.2. Multipliers from C to C or L 1 to M. If TJ e m(C, C) (or tit(L 1 , M)) 
there exists a measure fie M such that 



Uf =fi* f (16.3.5) 

for/ 6 C (or for/ e L 1 ); and conversely. In particular, (C, C) = (L 1 , M) = «^M. 

Proof. If U is defined by (16.3.5), then 12.7.2 (or 12.7.3) and 12.6.5 show 
that U e m(C, C) (or U e nt(L 1 , M)). Conversely, if U belongs to either of 
these two categories, 16.3.1(4) entails that Uf = A *f for some A e D and 
all/e C (or/e L 1 ); and then 12.8.4 shows that A must be a measure. 

In the case of m(L 1 , M) the conclusion A e M may otherwise be reached by 
noting that the A { appearing in the proof of 16.3.1(1) form a norm-bounded 
sequence of measures and so, by 12.3.9, a subsequence {A ik )® = i converges 
weakly in M to a measure /a. Since it is known that A { *f->A *f for each 
f e C 00 , A and /a must coincide. 

The final assertion follows from what is already established, if appeal be 
made to 16.2.1 and 12.6.5. 

Remarks . (1) Other proofs are possible; for the case of tit(C, C), for 

example, one might argue along the lines adopted in 16.3.5. 

(2) It can be shown (see Exercise 16.20) that m(C, L 00 ) = m(C, C). 

16.3.3. ^-Multipliers. If U e m(L 1 , L 1 ) there exists a measure fi e M 
such that (16.3.5) holds for f e L 1 ; and conversely. In particular, 

(L 1 , L 1 ) = JFM. 

Proof. Once again the converse assertion ensues from 12.7.3 and 12.6.5. 
The direct assertion stems from 16.3.2, since L 1 is a subspace of M (see 
12.3.8). As before, the statement about multiplier functions is contained in 
what precedes, using 16.2.1. 

Remarks. It can also be shown that (M, M) = (C, L 00 ) = (L 00 , L°°) 
= e^M; see Exercises 16.7 and 16.8. 



16.3.4. Multipliers from L 1 to L p ( p > 1). If U e m(L\ L p ), where 

1 < p ^ oo, then there exists a function & e L p such that 



Uf=k*f 



(16.3.6) 



for each / e L 1 ; and conversely. In particular, (L 1 , L p ) = ^L p for 1 < p ^ oo. 

Proof. The converse statement is a consequence of 3.1.2, 3.1.6, and the 
associativity of convolution. 

For the direct assertion, one begins by observing that appeal to 16.3.1(4) 
shows that there exists a distribution A such that Uf = A*f for / e L 1 . 
The continuity of U then entails the existence of a number 6^0 such that 



M*/IIp< Ml/ll 



(16.3.7) 



1 
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for felt 1 . Suppose now that / is allowed to vary along an approximate 
identity (k x ), and put A x = A * k x e L p , as in the proof of 16.3.1(1). Then 
(16.3.7) shows that the numbers IA X \ P are bounded with respect to i, and 
12.3.10 affirms that some subsequence of (^4*) converges weakly in L p to a 
limit, say k. On the other hand, since (k x ) is an approximate identity, the 
sequence (A x ) converges in D to A, as follows from 12.3.2(3) and 12.6.6. It 
follows that A = k, so that (16.3.6) holds for f e L 1 . 

Finally, the last assertion stems from what is already established via 16.2.1 
and 12.6.5. 

Remarks. Without altering the essence of the preceding proof, explicit 
reference to 16.3.1 could be avoided by simply mimicking the proof of the 
latter in the present context : in other words, explicit reference to A is 
avoided, the function k being obtained directly as a weak limiting point in 
L p of the sequence ( Uk { ) = (Ai) by appealing to 12.3.10 as before. The 
reader is urged to construct such a proof in detail. 

The next two results introduce a different technique, which is frequently 
successful when discussing tit -operators of type (F, C). 



16.3.5. Multipliers from L p to C. If U e ttt(L p , C), where 1 < p < oo, 
then there exists a function h e L p ' such that 

Uf=h*f 

holds for / e L p ; and conversely. In particular, (L p , C) = J^I/' for 1 ^ p ^ oo. 

Proof. The converse assertion follows from 3.1.2, 3.1.4, and the associa- 
tivity of convolution. To prove the direct assertion, we suppose first that 
p < o o and consider the linear functional / Uf( 0) defined on L p . The 

assumed continuity of U ensures that this functional is continuous. Hence 
(I, C.l) there exists a function h e L p ' such that 

*7/(0) = A*/( 0). 

If we apply this formula with T _ x f in place of/, using 3.1.2 and the fact that 
U commutes with translations, we find that 

Uf(x) = T_ x Uf( 0 ) = UT_J{ 0 ) = h*T_ x f( 0 ) 

= T_ x (h*f)( 0 ) = h *f(x), 

which is the desired result. 

The preceding proof breaks down when p = oo (where?) and we proceed 
as follows. Take an approximate identity composed of trigonometric 

polynomials, and let h x be the trigonometric polynomial Uf { . If f e L®, Uf is 
continuous (by hypothesis), and so lim */* Uf( 0) exists finitely, being in 
fact equal to Uf( 0). By (16.2.2) this signifies that lirri i h x */( 0) exists finitely 
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for each f e L 00 . Consequently (see I, C.2), there exists a function h e L 1 
such that 

lim/j* Uf(0) = h*f( 0) 

i 

for each /eL°°, that is, 

£7/(0) = h */(0) 

for each /e L°°. From this point on, the argument proceeds exactly as before. 

The final statement is deduced in the by-now-customary fashion, using 
16.2.1 and 12.6.5. 

Remarks. (1) In a sense, 16.3.5 contains a sort of analogue of the converse 
of Holder’s inequality (given in Exercise 3.6); see Exercise 16.9. 

(2) By 16.4.1, 16.3.3, and 16.3.4, it ensues that nt(L p , L 00 ) = nt(L 1 , L p ') 
coincides with the set of operators by convolution with elements of L p ' if 
1 ^ p < oo, of with elements of M if p = oo. For 1 ^ p < oo, this conclusion 
may be deduced from 16.3.5 in the manner indicated in Exercise 16.19. 

16.3.6. Multipliers from M to C. If U e m(M, C), then there exists a 
function he C such that 

Up = h * p (16.3.8) 

for p e M; and conversely. In particular, (M, C) = J^C. 

Proof. We give a proof of the first assertion. The rest follows in the 
usual fashion and will be left for the reader to verify. 

If U e nt(M, C) then, since L 1 is a subspace of M, 16.3.5 shows that there 
exists a function he L 00 such that 

Uf=h*f (16.3.9) 

for / e L 1 . Now, if peM, then / = t * p e L 1 for each trigonometric poly- 
nomial t. Hence, using (16.3.9), (16.2.2) and the commutativity of convolu- 
tion, we obtain 

h * (t * fi) = U(t * fi) = t * Ufx, 

and thence Up = h * p. Finally, taking p — e (the Dirac measure at the 
origin; see 12.2.3), it appears at once that h = Ue e C. 

16.3.7. Bounded and Uniform Convergence Multipliers. In Section 
10.3 it has been seen that 

su p MU = co 

N 

for suitable continuous functions /. With this in mind, we pose the following 
question. Which complex -valued functions <f> on Z have the property that, 
for each continuous function /, the series 

2 <l>(n)f(n)e lnx 

neZ 



(16.3.10) 
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has uniformly bounded partial sums? An answer to this multiplier problem 
will be given in 16.3.8, for which we proceed to lay some foundations. 

By taking 

m = 2 (i + 

neZ 

it becomes evident that any function (f> possessing the stated property is 
tempered, so that (16.3.10) is certainly the Fourier series of some distribution 
g (see 12.5.3(2)). Moreover, if <f> has the stated property, it is the case that 

SU P ||*wfl r || to < 00- (16.3.11) 

N 

According to Exercise 12.22, therefore, g e L 00 . 

At this stage let us introduce the set L & °° of functions g e L” for which 
(16.3.11) holds. It follows from what precedes that our problem is precisely 
that of determining which functions </> belong to (C, L b °°). As usual, we shall 
approach this problem in terms of the associated multiplier operator U# 
from C into L b °°. 

We shall first of all wish to be sure that U 0 e m(C, L b °°). In seeking con- 
firmation of this by appeal to 16.2.1 and 16.2.7, it is sufficient to check that 
L b °° can be made into a Banach space in such a way as to satisfy the standing 
hypotheses laid out in 16.1.1. This can be achieved by taking as the norm on 
L b °° the function 

llsil = 8U P IMIU. (16.3.12) 

N 

and recalling from Exercise 12.22 the inequality 

IblU < l^il- 

Armed with this, the verification is simple (see Exercise 16.10) 
s N g = D N * g for every distribution g. 

Now we are ready to state and prove the main result. 

16.3.8. (1) The operators U e m(C, L 6 °°) are precisely those of the form 

Uf=fJL*f , (16.3.14) 

where /x e M is such that 

m = sup ||D Ar * / z|| 1 < oo. (16.3.15) 

N 

(2) A function </> has the property that, for each continuous function/, the 
series (16.3.10) has uniformly bounded partial sums, if and only if <f> = jx for 
some fj. eM satisfying (16.3.15), and in that case 

(3) the series (16.3.10) is uniformly convergent for each continuous function 
/, and 

(4) the series (16.3.10) is convergent in norm in L p whenever / e L p and 
1 ^ p < oo. 



(16.3.13) 
. Recall that 
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Proof. ( 1 ) If (16.3.14) and (16.3.15) hold, we have for f e C: 

SUp \\s N Uf \\a, = Slip \\D n * [A * / j| co 
N N 

=S sup || * /a|] ! • ll/ll co 

N 

< m * ll/IU < °°. 

as follows by use of 3.1.6. This shows that U maps C continuously into Lb®. 
The remaining properties of U called for in 16.2.7 are almost evidently attained, 
so that U e nt(C, Lb 00 ). 

Suppose conversely that U e m(C, L 5 00 ). Then 16.3.1(4) is applicable and 
shows that there exists a distribution A such that 

Uf = A*f (16.3.16) 

holds for / g C. Thanks to the continuity of U, there exists a number m for 
which, on account of (16.3.16), we have 

sup ||s n (4 */)!«, as m • 1/1 co, 

N 

that is, 

sup II D n * A * / 1 „ s; m • 1/ 1 „ 

for / 6 C. Noticing that D N * A is a trigonometric polynomial, Exercise 3.6 
yields 

sup ||D n * A\h ^ m. 

N 

From this and 12.3.9 it is easily inferred that A is in fact a measure /16 M. 
This completes the proof of (1). 

(2) This follows in the familiar manner from (1) applied to U = U 0 , provided 
the remarks in 16.3.7 are borne in mind. 

(3) Let / e C and e > 0 be given. Choose a trigonometric polynomial t 
satisfying 

1/ - t\\ n ^ (2m)~ 1 e; 

this is possible by 2.4.4* For all N we have by 3.1.6 and (16.3.15) 

!I«nO* */) - s N (fi * f) II co m- 1/ - < y 2 e. (16.3.17) 

Since p, * t is a trigonometric polynomial, s N (fju * t) = p, * t for N > N 0 , where 
N 0 depends upon t. Hence, by (16.3.17), we have 

I Mm*/) - s N .(n*f)\\ co sg e 

provided N and N' exceed N 0 , which shows that the series (16.3.10) is uniformly 
convergent. 

(4) The proof follows the same lines as that of (3); note that (by 3.1.6 again) 

IMp */) - »n(p *<)!*<»»• 1/ - <|| P , 

and that (by 2.4.4 again) t may be chosen to satisfy |(/ — £|| p ^ (2 m)~ 1 e. (If 
1 < p < 00 , the assertion is also a consequence of 12.7.3 and 12.10.1.) 
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Remarks . (1) The condition (16.3.15) is not generally satisfied when 

fie L 1 (see Exercise 10.2); it is satisfied, however, if fi e L p for some p > 1, 
or if fie L 1 and fi • log + \fi\ e L 1 (see 12.10.1 and 12.10.2). 

(2) The analogous problem of determining (F, C u ), where C u is the space 

of continuous functions with uniformly convergent Fourier series, has been 
solved in a number of cases by diverse authors, including Tonne, Karamata, 
Katayama, and Goes; see Mathematical Reviews 20 #7184 and 21 #7392. 
The conditions obtained sometimes vary from one author to the next, and 
it may well be a nontrivial task to prove that the apparently different 
conditions are indeed equivalent. For example, Karamata shows that in 
case <f>(n) = — the conditions on 

oo 

fi = 2 2 <K n ) cos nx 

n = 1 

(convergent in D) required in 16.3.8 can be expressed in the form 

2 n ~ 1 2 - + !)i < °° • 

n= 1 v»n 

In the form given here, 16.3.8 was proved in a somewhat different way by 
Karamata [1] for the case in which (j>(n) = — He also remarked that in 

this case a sufficient condition is that 

<l>(n) = (»-►«>). 2 + 1 )I A2 ^( W )I < 00 ; 

that this implies (16.3.15) follows from partial summation [compare formula 
(7.3.5)]. 

(3) For some other results bearing directly or otherwise on multipliers, 
see Goes [1], [2]. 

16.3.9. Lipschitz Multipliers. The discussion and arguments appearing 
in 16.3.7 and 16.3.8 can be modified quite easily so as to characterize those 
functions <j> such that, for each continuous function/, the series (16.3.10) is 
the Fourier series of a continuous function g satisfying a Lipschitz condition 

\\T a g - g\U = 0(«(«)), (16.3.18) 

where cu is a given nonnegative function such that co(a)/a is bounded away 
from zero for small a # 0, and such that cu(a) 0 as a -> 0. The O- constant 
in (16.3.18) may, of course, depend upon g. 

The set of continuous functions g satisfying a Lipschitz condition 
(16.3.18) may be formed into a Banach space by introducing the norm 

MU = MU + supw(a)- 1 ||2 , 0 g' — gr|| » , 

a & 0 

and A w then satisfies the standing hypotheses laid down in 16.1.1. 



(16.3.19) 
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The problem posed at the outset of this subsection is that of determining 
(C, A^) and may be approached by studying the operators U of type 
tn(C, A w ). The conclusion proves to be that these operators are precisely 
those of the form 

Uf=k*f > (16.3.20) 

wherein ke L 1 is such that 

sup co(a) -1 || T a k — kh < oo ; (16.3.21) 

a # 0 

the functions <f> of type (C, A w ) are accordingly precisely those of the form 
<f> = 1c, where k is as just described. 

In Exercise 16.11, the reader is invited to construct a detailed proof of 
these statements. 

Remarks. Zygmund [1] determines, among other things, the functions 
of type (A^, A w ) for a>(8) = 8 a , where 0 < a ^ 1. He shows that a necessary 
and sufficient condition for <f> to be of this type is that 

®(az) = ^ (i n ) ~ 1 <f>(n)e’ inx 

n# 0 

(convergent in D) be a function of class A*, that is (see [Z x ], p. 45), that 
sup a~ l \\T a <!> + T _ a <b — 20)11! < oo. 

a>0 

The function 0> is, apart from an insignificant term, the indefinite integral of 
the function k which would appear in the corresponding representation of 
the form (16.3.20) for U = U^, and it is interesting to note that the 
second difference T a <& + T_ a < I> — 20> now takes the place of the first 
difference T a k — k. 

See also MR 44 # 7208. 

16.3.10. Positive m-operators. An operator U e nt(F, G) will be said to 
be positive , if Uf > 0 whenever fe F and / ^ 0. (In this context a relation 
h ^ 0 is to be understood in the distributional sense, as described in Exercise 
12.7: if h is a continuous function, the relation signifies that h(x) > 0 for all 
x\ if h is a general integrable function, it signifies that h(x) ^ 0 for almost 
all x.) 

From 16.3.1(4) and Exercise 12.7 it follows that any positive U e m(F, G) 
is representable in the form 

^/=M*/ (/eF) (16.3.22) 

where fi is a positive measure. 

If F = G = C, L p , or M, 3.1.6 and 12.7.3 show that any jugM (positive or 
not) yields, via (16.3.22), an operator U e nt(F, F); evidently, this U is 
positive if and only if /x is positive. 
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On the other hand, if p < q, not every measure p, yields, via (16.3.22), an 
element U of vx(p, q) = ttt(L p , L q ). Effective necessary and sufficient con- 
ditions on fx in order that U shall belong to m{p, q) are apparently unknown 
(even assuming that ft is positive); but see the partial results in 16.4.4 and 
16.4.6. 

It is perhaps worth remarking that (16.3.22) can be established in most 
cases of interest without any appeal to distributional notions. By thus 
working within the domain of functions and Radon measures, the arguments 
become at once extendible to more general groups (see Brainerd and Edwards 
[1], Part I, Section 3). 

In this connection we may mention in passing the following facts and implied 
problems. Suppose that G is a (Hausdorff locally compact) group, and that k 
is a measurable function on G such that k * / exists in some sense for each 
f e C C (G) (the space of continuous functions on G with compact supports); and 
suppose further that 

||* */||, const 11/ II, 

for a given q € [1, oo] and each / e C c (Cr). What can be deduced about &? 

If G is the circle group, the case of the Hilbert distribution (see Sections 
12.8 and 12.9) shows that k *f may exist as a Cauchy principal value and 
satisfy the stated conditions for each q e (1, oo), even though k is nonintegrable. 
Much the same is true of the Hilbert transform on R or R n . 

Let us consider further the case in which G is assumed to be noncompact 
and k is given to be integrable over each compact subset of G. This ensures 
that k *f exists pointwise as an absolutely convergent integral whenever 
f e C c (G). The stated inequality is easily seen to imply that k € 17(G), if q is 1 
or oo; but this implication is generally not valid if q e (1, oo). The additional 
hypothesis that k be nonnegative permits the deduction that k e L X (G) for 
certain classes of groups G ; see Brainerd and Edwards [1], Part I, Section 3. 
Rather surprisingly, not even this much is true for general G and q e (1, oo). In 
fact, Theorem 9 of Kunze and Stein [1] shows that, if G 0 is the group of real 
2x2 unimodular matrices, then 

1* * / II 2 < const I/I 2 

whenever k e TL P (G 0 ) for some p satisfying 1 ^ p < 2 and / e L 2 (G 0 ); if one 
takes 1 < p < 2, the noncompactness of G 0 ensures that one can choose non- 
negative functions k belonging to 1L P (G Q ) but not to 17 (G 0 ). 

For further developments, see Gilbert [3] ; Cowling [1], [2] ; MR 35 # 3008; 
38 # # 269, 5997; 42 # 6522; 51 # 13594. 

16.3.11. m-operators and Translations. Reverting for a moment to 
generalities, we observe that from 16.3.1 and use of the Hahn-Banach theorem 
(much as in 11.2.2; compare also part (2) of the proof of 11.1.2) it follows 
that any U e m(F, F) leaves stable each closed (translation-) invariant sub- 
space of F; compare Subsections 3.1.8 to 3.1.10. [When 11=17$ and F is C 
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or L p (1 < p < oo ), this may also be deduced from the specification of the 
closed invariant subspaces of F obtained in 11.1.1 and 11.2.1.] An equivalent 
formulation of this property of U is as follows (compare 3.1.9): for each 
/ e F, Uf is the limit in F of linear combinations of translates of /. 

It is natural to ask whether, conversely, any endomorphism U of F (U 
may or may not be assumed a priori to be continuous) that leaves stable each 
closed invariant subspace of F is necessarily a member of m(F, F). An 
affirmative answer is given in some (but by no means all) cases in Edwards 
[11], and further results have since been given by Johnson [4]. 

On combining the results obtained in Section 1 of Edwards [11] with 
16.3.1 one obtains a type of abstract characterization of convolution operators 
on C and on L p (1 ^ p < oo), namely: any endomorphism U of C or of L p 
(continuity is not assumed) that leaves stable each closed invariant subspace 
of C or of L p is of the form Uf = A *f for some ieD; U is therefore neces- 
sarily continuous and, in the case of C, A is necessarily a measure (by 16.3.2). 
Some similar results appear in Edwards [10]. 

16.3.12. Convolution as a Bilinear Operator. We turn aside briefly in 
order to justify some remarks made in Subsection 3.1.10. 

Let B denote a continuous bilinear mapping from C 00 x C 00 into D with the 
property that 

B(T a f, g) = T a B(f, g) = B(f, T a g) (16.3.23) 

for/, g 6 C® and a e R/27rZ. Observe that continuity follows from bilinearity 
whenever B is positive in the sense that B(f, g) ^ 0 for all nonnegative 
functions / and g in C 00 ; compare the hints to Exercise 12.9. 

It will be shown that 

(1) there exists a distribution A such that 

B(f, g) = A *f * g (16.3.24) 

for/, ge C 00 ; 

(2) if B is positive, then A is a positive measure; 

(3) if B is positive, and if furthermore 

supp B(f, g) c supp / 4- supp g, (16.3.25) 

whenever f,ge C 00 , then 

B(f, g) = const / * g (16.3.26) 

for/, ge C 00 . 

Proof. Fix g e C 00 and consider the mapping U g : f B(f, g) from C°° into 
D. It is evident that U g is linear, continuous, and [by (16.3.23)] commutes 
with translations. By 16.3.1, therefore, there exists A g e D, which is evidently 
uniquely determined by g , such that 

B(f,g) = A g *f (f,ge C-). (16.3.27) 

It is also evident that, if B is positive, then A g is positive and hence (Exercise 
12.7) is a positive measure. 
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The map U: g — » A g is clearly linear from C 00 into D, and, by (16.3.23) once 
more, U commutes with translations. A little thought will show that U is also 
continuous from C°° into D (remember that C°° * C 00 fills out C 00 ). A second 
appeal to 16.3.1 shows that there exists A e D such that 

A g = A * g (g e C 00 ) . (16.3.28) 

Once again, if B is positive, A must be a positive measure (Exercise 12.7 once 
more). In any case, (16.3.24) follows on combining (16.3.27) and (16.3.28). 

Finally, on assuming that (16.3.25) obtains, it follows that supp A c {0} 
(take / = g = v nf as in Exercise 12.5, and consider what happens as n — > oo). 
Then, by Exercise 12.33, positivity of B entails that A = const e, and (16.3.26) 
follows from (16.3.24). 

Remark . If the bilinear operator B maps C x C continuously into P and 
satisfies (16.3.23) and (16.3.25) for/, ^ e C 00 , then (16.3.26) holds for /, g e C. 
(In this case, there is no need to assume positivity.) 

In fact, (16.3.24) holds for/, geC m . The continuity of B on C x C then 
shows that A must be such that A *f * g belongs to P and coincides with 
B(f, g) whenever f,geC ; in particular, continuity shows that A itself belongs 
to P. In addition, (16.3.25) shows that supp A a {0}, and the stated conclusion 
follows once again from Exercise 12.33. 



16.4 Multipliers of Type (L p , L q ) 

This and the two following sections will be devoted to a brief study of the 
problem of multipliers of type (L p , L q ) and of the associated multiplier 
operators. For pairs (p, q) of the special forms (2, 2) and (1, q), solutions 
have already been obtained; see 16.1.2, 16.3.3, and 16.3.4. As will appear in 
16.4.1, the solution for a pair ( q ' , oo) can be derived from that for (1, q). 
Apart from these special cases, there is as yet no complete and effective 
solution, and we are able here to give only a few conditions, some sufficient 
and others necessary, in order that a given complex-valued function <f> on Z 
shall be a multiplier of type (I/, L 9 ). 

Except where other ranges of the parameters p and q are specified, it is 
hereafter supposed that 1 ^ p, q ^ oo; the conjugate exponents p f and q' 
then satisfy the same inequalities. 

For brevity we shall write ( p , q) in place of (L p , L Q ) and 111 ( 79 , q) in place of 
nt(L p , L Q ). 

From 16.3.1 it appears that m(p, q) is in a one-to-one correspondence with 
a certain set of distributions in such a way that U e nt (p, q) is associated 
with that distribution A for which 

Uf = A *f (16.4.1) 

for f e L p ; the distribution A must be such that 

\\A */!!, s: const ||/|| p 



(16.4.2) 
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for / g L p . On the other hand, if 1 ^ ^ < oo, a simple continuity argument 
shows that if (16.4.2) holds for/eC 00 then it and (16.4.1) hold for each 
/ g L p , ^4 * / being then of necessity (the distribution generated by) an element 
of L q whenever / g L p . We shall frequently discuss multiplier operators U in 
terms of the associated distributions A. 

The smallest permissible value of the constant appearing on the right-hand 
side of (16.4.2) will be denoted by \\A || PtQ or by || U\\ PtQ . The latter is just the 
(p, g)-norm of U, as defined in 13.2.1. On occasions we shall also write 
\\<f>\\ Ptq — ll^llp.q f° r $ G ( V » <l) and speak loosely of U # as a multiplier. 

In view of the alias just explained, it is natural and convenient to use the 
symbol nt (p, q) to denote also the set of distributions A which satisfy an 
inequality of the form (16.4.2). With the usual conventions, together with 
those explained in 13.1.2 and 13.2.1, one may say that m( p, q) comprises 
those distributions A for which ||^4|| p , a < oo. In view of 16.2.7, one may 
accordingly write (p, q) = ^m(p, q ), the set of sequences (functions on Z) 
of the form A obtained when A ranges over m(p, q). 

From 12.7.3(1), 12.11.1, and the arguments used in 16.2.2 it follows that 

M c m(p,p) c= p. (16.4.3) 

Further, and trivially, 

m (Pi> <h) => *n(^ 2 , £ 2 ) whenever p x ^ p 2 , q 1 ^ q 2 . (16.4.4) 

As we shall see forthwith, the dependence of tti (p, q) and (p, q) on the param- 
eters p and q can be further clarified by the use of simple general arguments 
from duality theory in conjunction with the Riesz-Thorin convexity theorem 

13.4.1. [A general discussion of duality theory will be found in Chapter 8 of 
[E]; see also 16.7.5(2).] 

16.4.1. The relation nt (p, q) = m (q',p'). Since (p')' —p and (q')' = q, 
the stated equality will follow as soon as it is established that 

m(p,q) c: m(q', p ') . 

The proof will proceed in three stages. 

(1) Suppose first that p ^ 00 and that A e tn(p, q), so that (16.4.2) holds 
(with const = ||-4|| p g ) for /g L p . Holder’s inequality then shows that 

I A *f*g( 0)| = |L J(4 *f)-gdx | 

< MlLJ/IWIflik' 

for any g e L q '. So, by the Hahn-Banach theorem (see I, B.5.1) and the 
results in I, C.l, to any such g corresponds a unique g' G I/' such that 

A*f*g( 0) =f*g f ( 0) (16.4.5) 
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for all / e L p and 

II ^ Up' ^ \\A\\ P , q \\g\\ q ' • 

From (16.4.5) it follows that g' = A * g, and the last- written inequality thus 
signifies that A e ttt(g',p') and that ||^4|| g%p , ^ IMIIp.q- This completes the 
proof in case p ^ oo. 

(2) Next consider the case in which p = oo and q ^ 1 . The same type of 
argument as was used in (1), but making appeal to 12.2.9 in place of I, C.l, 
shows that any A e nt(oo, q) belongs to tit(L 9 ', M). However, since q' =/ oo, 
Exercise 12.23 can be applied to show that A maps L 9 ' into L 1 (and not 
merely into M). Thus tn(oo, q) <= m(q f , 1), and again ||^4|| g , #p , ^ IMIIp.q- 

(3) Finally, if p = oo and q = 1, there is nothing to prove, because 
q' = p = oo and p' = q = 1. Thus all cases are covered and the proof is 
complete. 

It is worth noting that the inequality ||.4||^ >p , ^ ||^4|| p>q , known to be 
true in all cases, yields also 



\\ A IIp,<z — IMII<P')',<a')' ^ \\ A IIq'.p' > 

and therefore 

\\ A \Uw = MIL.,- (16-4.6) 

The reader will also observe that, as a corollary, one obtains the relation 
(p, 9.) = ($'> P') an d the equality resulting from (16.4.6) after replacement of 
A by a function $ e (p,q). 



16.4.2. A Convexity Theorem. Suppose that A e t n(p j9 q,) for j = 0, 1 
and that 

1 _ 1 - t t_ 1 _ 1 - t t_ 

P~~ Po Pi q~ Vo <h 

for some t satisfying 0 < t < 1. Then A e tn (p, q) and 

IMIU < IMl!p<rio M!I pi.qi- 

(The reader is left to formulate the analogous statement concerning multi- 
plier functions <f > .) 

Proof. The result is an immediate consequence of applying 13.4.1 to the 
operator T with domain L 00 defined by Tf = A */. To say that A e itt(p, q) 
means exactly that T is of type (p, q) in the sense in which the term “type” 
is defined in 13.2.1. The details may be left to the reader’s care; see Exercise 
16.12. 

Remark. We see that, in particular, if <f> is a given complex-valued 
function on Z , the set of exponents p for which <j> e (p, p) is always either an 
open interval (a, a') or a closed interval [a, a'], where 1 ^ a ^ 2. 
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16.4.3. Some Proper Inclusion Relations. We revert to the relations 

(16.4.3) and show that, except in those cases in which we know already [see 
16.3.3 and Remark (2) following 16.3.5] that equality obtains, the inclusions 
are strict. Indeed, we shall prove somewhat more than this. 

(1) if i < p ^ oo and 1 ^ q < oo, then tn(p, q) contains distributions 
that are not measures; in particular, if 1 < p < oo, 

M ^ nt(p, p ) , ^ M ^ (p,p) (16.4.7) 

Proof. Take any infinite Sidon subset E of Z (see 15.2.4 or 15.2.5) and 
choose any bounded complex-valued function <f> on Z that vanishes on Z\E 
and which does not belong to £ 2 {Z). Since p > 1, 15.3.3 shows that 

2 i/( w )i 2 < 00 

neE 

for each / e L p . So, since <f> is bounded and vanishes on Z\E, 8.3.1 entails that 

9 = 2 ^( w )/( w ) e * e L2 • 

neZ 

Evidently, g vanishes on Z\E , so that 15.3.1 ensures that g e L Q for any 
finite q. It thus appears that cj> e (p, q) and XJ $ e nt (p, q). Yet,- since <f> $ £ 2 (Z ), 
15.3.1 shows that <f> $ jFM. 

For the case q ^ p, an alternative proof is provided by the substance of 
16.4.8. 

(2) If 1 ^ p ^ oo and p ^ 2, then 

MP,P) % P, (P,P) § (16.4.8) 

Proof. The relations (16.4.8) are true if p = 1 or p = oo (see 16.3.3, 
Exercise 16.7, and either Example 12.7.8 or Exercise 12.37). So, by 16.4.1, 
we may assume that 2 < p < oo. In this case, take g e L 2 , g $ L p . By 14.3.2, 
there exists a ± 1 -valued function <f> on Z such that </> * g is the Fourier 
transform of some / e L p . Since then g = <j> • f and g $ L p , <f> cannot belong 
to (p, p) in spite of the fact that <f> e £™{Z) = #T. 

Remarks . (1) If we use Remark 14.3.4(2) in place of 14.3.2, the proof of 

16.4.3(2) will yield the following assertion. If a is a mapping of Z into 
Z + ={0, 1,2, •••} such that sup meZ+ #a _1 ({ra}) < oo (see 11.3.4 for the 
notation), and if 1 ^ p ^ oo, p ^ 2, there is a ± 1 -valued function w on 
Z + such that </> = w o a $ (p, p). 

(2) On making use of 14.3.5(1), it can be seen that (16.4.8) remains valid 
if therein m (p, p) and (p, p) are replaced by nt (p, q) and (p, q), respectively, 
provided the relations q ^ 2 < p are not fulfilled. (If q ^ 2 ^ p, it is evident 
that nt (p f q) = P and ( p , q) = £™(Z).) 

The next three subsections are concerned with some rather crude con- 
ditions, some necessary and others sufficient, in order that a given complex- 
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valued function <f> on Z shall belong to (p, q), or that a given distribution A 
shall belong to ttt(p, q). 

16.4.4. Some Necessary Conditions. Suppose that <f> e (p, q). Then 

(1) if 1 ^ p ^ oo, 1 < q < 2, 

2 (1 + \n\)- q ' lp '- e \<l>(n)\' t ' < oo (16.4.9) 

neZ 

for each e > 0; 

(2) if 2 ^ p < oo, 1 < q < oo, 

2 (1 + |n|)- J,, ' ! - £ |<£(w)| p < oo (16.4.10) 

neZ 

for each e > 0. 

Proof. Since (2) derives from (1) on the basis of 16.4.1, it suffices to 
prove (1). 

By Exercise 7.8, if 8 > 0, there exists feh p such that f(n) = \n\~ llp '~ 6 
for n # 0. Since 1 < q < 2, and since <f>f e ^"L Q by hypothesis, 13.5.1(1) 
shows that <f>f e £ 9 ' . This conclusion is evidently equivalent to (16.4.9). 

16.4.5, Remarks. (1) If p = 1 a stronger result is implied by 16.3.4 
and 13.5.1(1). If q ^ p (that is, q' ^ p') the conclusions are obviously trivial 
(since <f> is necessarily bounded); thus the only interesting conclusions are 
those in which either 1 <p<q^2or2^p<q<oo. 

(2) If p < 2 < q , the results in 16.4.4 do not apply directly. However, if 
< ft e ( p , g), then <f> e (p, 2) and </> e (2, q); to each of these two relations 16.4.4 
can be applied. It thus results that, if r = max (p f , q), then 

2 (! + M)- 2,r - £ |<A(»)| 2 < oo 

neZ 

for each e > 0. 

(3) The results stated in 16.4.4 can be slightly strengthened by appealing 
to 7.3.4 and 7.3.5 to show that if p ^ 1 and (a n )®= i is such that a n ^ 0 and 

00 

2 n p ~ 2 a n p < oo, 

n = 1 

then there exists an fe L p such that f(n) = a jn! or sgn n • a, n) for neZ , 
n =£ 0. Taking a n to be of the form n“ 1/p (log n)~ c for n ^ 2, where c > l/p, 
it will be seen that the factor (1 + M)” e could be replaced by 

{log (2 + \n\)}- 9 'i p ~* 

in (16.4.9), and by {log (2 + \n\)}- pl9 '~ E in (16.4.10). 

Naturally, further refinements of the same nature can be made, but there 
is no indication of anything definitive being forthcoming in this fashion. 
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16.4.6. Some Sufficient Conditions. Suppose that 1 ^ p ^ q ^ oo and 
that positive numbers r and 5 are defined by the relations 



1 _ 1 _ 1 111 

r p q s p q 

Then (1) L r c: m{p, q) and \\A\\ PtQ ^ \\A\\ r for A eL r ; 

(2) if 5 < 2, then £ S (Z) c (p, q) and ||^|| p , g ^ \\<f>\\ s for (f> e £ S (Z); 

(3) if 1 < p ^ 2 ^ q < oo, and if ^ is a complex- valued function on Z 
such that 

M = sup (1 + \n\) lls \<f>(n)\ < oo, 

neZ 

then <j> e (p, q) and \\</>\\ Ptq ^ A p A q >M, where A t is defined for 1 < t ^ 2 as 
in Exercise 13.9(1). (Cf. Hormander [1], Theorem 1.11, p. 106.) 

Proof. Statement (1) is an immediate deduction from 13.6.1. Statement 
(2) follows from (1) combined with the Hausdorff - Young theorem 13.5.1(2), 
according to which any </> e £ S (Z) can be written in the form A for some 
A e 1/ satisfying |4|| s - ^ \\<f>\\ s . 

As for (3), for any f e L p the case r — 2 of Exercise 13.9(1) shows that 

{ 2(1 + M )-^|/( n )| 2 } 1 ' 2 

neZ 



where a = Ijp — Writing jS = l/q — %, we have therefore 

2 Ki + m )-**(»)/(») i a < 2 + i w i)“ 2 ^ 2,s i/wi 2 

neZ neZ 

= 2 a + \n\r 2a \f(n)\ 2 

neZ 



M 2 A 2 1| 



11 2 
lb * 



The case s = 2 of Exercise 13.9(2) now shows that <f>f = g for some g elA 
satisfying 

lb||, < A q . • MA„\\f\\ p . 

Thus <f> g (p, q) and \\</>\\ Ptq ^ A p A q >M, as alleged. 



16.4.7. Some Results of Hirschman. We propose to consider two 
interesting results concerning (p, p) given by Hirschman ([1], pp. 231-236). 
Throughout this subsection (f> denotes a complex-valued function on Z. 
For p > 0 Hirschman defines (compare 8.7.2). 

VM) = su p{ 2 l < M w k+i) - < H n k)\ 

fc = 1 
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the supremum (which may be oo) being taken over all strictly increasing 
sequences (n k ) k = 0 of integers. The results are as follows: 

(1) if 

<f>(n) = 0(\n\ 6 ) as \n\ — > oo 

for some 8 > 0 and 

Vb(<I>) < °o 

for some p > 2, then <f> e (p, p) whenever 

28 28 
jT2 <p< r^- 

(If the condition ft > 2 is here replaced by 1 ^ p < 2, 8.7.3 and 3.1.6 show 
at once that <f> e (p, p) for all p satisfying 1 ^ p < oo.) 

(2) If 

<f>(n ) = 0(\n\~ a ) as \n\ ->oo, 
where 0 < a < then <f> e (p, p) whenever 

1 + 2a < P < 1 - 2a 

Of these, (2) follows from (1), because the hypotheses of (2) entail that 

VM) < 00 

for p > 1/a. Befora giving the fairly elaborate proof of (1), it is worth noting 
that both Hirschman (loc. cit., p. 235) and Zygmund ([ZjJ, pp. 200-202) 
give results bearing upon the membership to (p , p) for various values of p 
of certain functions (f) of the form 

#/ v (n~ b exp (icn a ) (n > 0) 

^ = \0 (» < 0), 

where a, b , and c are positive real numbers. (Zygmund’s results, which are 
in a sense complementary to those of Hirschman, take the form of estimates 
of the behavior of the sum function 

CO 

<j>(x) = 2 n ~ b ex p {icn a )e inx 

71= 1 

near its only possible singularity at the origin.) 

Hirschman also obtains somewhat similar results for the case in which the 
underlying group is Z or R m . In this connection see also 16.4.9(3) and de 
Leeuw [1]. 



Proof of (1). 



In view of 16.4.1, it suffices to deal with the case in which 



P__ 

P + 2 



(16.4.11) 



< p ^ 2. 
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Furthermore, we may suppose that <f> is real-valued, that <f>( 0) = 0, and that 
8 < 1. We therefore write 

-!»■• 

so that 



\<(>{n)\ ^ K( 1 + |n|)~ 2,a . (16.4.12) 

The idea of the proof is to approximate tf> by functions <f> m (m = 0, 1, 2, • ■ • ), 
in the sense that 

<f> = lim </> m (16.4.13) 

m~* o o 

pointwise on Z, where the (f> m are to be chosen rather carefully. The proof is 
presented in several stages. 

(a) Construction of the (f> m . We begin by interpolating <j> linearly between 
the integers, thus obtaining a real-valued function defined on R; this new 
function will be denoted by (f> again. 

Let m be any nonnegative integer. 

If \</>(x)\ < 2~ m for all x > 0, define x x = 0; otherwise, let x x be the largest 
x > 0 such that <f>(x) = ± 2~ m . If there exist numbers x satisfying 0 < x < x x 
and <f>{x) = (frix^ ± 2 _m , let x 2 be the largest; otherwise, let x 2 = 0. This 
procedure will terminate after a finite number of steps with a number x Ni so 
that 0 = x N < x N _!<••*< x x . 

The numbers x_ 1 < x„ 2 <*••< x„ M = 0 are defined in an exactly 
analogous fashion. 

Define <f> m by the relations 

{ 0 if n — 0, or n > x l9 or n < x„ x 

<f>(x k ) if x k + 1 <n^x k , 

<f>(x- k ) if x_ k ^ n < x_ fc _ l5 1 ^ k ^ M — 1. 

It is almost evident that (16.4.13) holds; in fact, \<f> m (n) — <j>(n ) | ^ 2" m , so 
that (16.4.13) holds uniformly. Also, (16.4.12) and a careful study of the 
definition of <f> m will show that 

^ K x ( 1 + |n|)“ 2/a ; (16.4.14) 

the reader may find some use for a rough figure at this point. 

(b) The next step is to verify that, if 0 < e < 1, 

V 2 -e(<l>m) 2 - e ^ 2 < ' 0 ~ 2 + E)m V 0 (<j>) 0 . (16.4.15) 

To begin with, an argument like that appearing in the last paragraph on 
p. 227 of Hirschman [1] will show that any sum 

2 \4>m( n i + l) ~ <f>m(nj) | 2 “S 

j = 0 

in which n 0 < n 1 < • • • < n s are integers, is majorized by 

2 l^ft+i) - <f>(Xh)\ 2 ~ £ - 

h 
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Next, since \<f>(x h + 1 ) — <f>(x h )\ is either 0 or a positive integer multiple of 2 m , 
this last- written sum is majorized by 

2«-2 + «,»2 |#** + 1 ) _ <j,(x h )\e. 

h 

Finally, since <f> is linear between successive integers, the remaining sum does 
not exceed Vp(<f>) 0 , whence (16.4.15). 

(c) We now define i/j 0 = <f> Q and ijj m = (f> m — <j> m -i for m = 1, 2, • • •, so that 

"Am = 5 "A* 

u = 0 

and therefore 

HJp.p < 2 UAv.v (16.4.16) 

m = 0 

From (16.4.14) and (16.4.15) it follows immediately that 

\4>m( n )\ *5 K 2 (l + |n|)- 2 '“ (16.4.17) 

and 

V 2 ~ e (^m) 2 ~ s < 4-2< fl - 2 + «’"F /j (^)?. (16.4.18) 

At this point we apply 8.7.3 to >ft m and use (16.4.17) and (16.4.18) to derive 
the inequality 

1 1,1 ^ A a%n%t 2«/»-2 + e)(a-2)/2(a-2 + e»m # (16.4.19) 

In addition, since \<f> — (f> m \ ^ 2" m , we have 

Wmh.2 = IIWU *= 2.2“» (16.4.20) 

By (16.4.11),, 

1 _ 1 - t t 
p ~ T~ + 2 

where 

B - 2 

t > ^j~. (16.4.21) 

So, using 16.4.2, (16.4.19), and (16.4.20), we see that 

1 I (An. !!p. p < «), (16.4.22) 

m — Q 



provided 

(j8 - 2 + e)(a - 2)(1 - t) . , n 
2 (« - 2 + e) < ’ 

which, in view of (16.4.21), is true for sufficiently small e > 0. 

(d) From (16.4.16) and (16.4.22) it appears that 

SU P ll'Amllp.p < 00 • 

m 

This relation, together with (16.4.13), entails that <f> e ( p , p ); see Exercise 16.21. 
The proof is therefore complete. 
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16.4.8. The Hilbert Distribution as a Multiplier. Let H denote the 
Hilbert distribution, as defined in Section 12.8. The distribution H is a 
pseudomeasure but (as was seen in 12.8.1) not a measure. By Marcel Riesz’s 
theorem 12.9.1, He m(p, p) whenever 1 < p < oo. It follows immediately 
that H * p, e m(p, p) whenever 1 < p < oo and p, e M. On the other hand, by 
12.8.4(1) and the fact that H is not a measure, H * \x e M is true for but a 
meager set of/ieM (compare 16.4.3(1)). See also [EG], Section 6.7. 

16.4.9. Further Results. (1) Hormander [1] makes a detailed study of multi- 
pliers for the case in which the group T is replaced by a group R m . He 
obtains analogues of 16.4.6 in the shape of his Theorems 1.11 and 2.4 and 
his Corollary 1.2. Hormander’s work also includes similar results ([1], 
Theorem 2.5) which are more complicated and which, as far as the author 
is aware, have no published analogues for the group T ; further results of 
the same nature have been obtained by Littman [1]. Still for the case 
G = R m , Schwartz [3] discussed multipliers that are direct analogues of 
the conjugate function operator studied in Sections 12.8, 12.9, and 13.9; 
Kree [1] has continued work on this theme. See also Calderon [3]. 

Calderon [2] provides a survey of these and many other related questions. 
(We may point out here that both Hormander and Calderon speak of 
“translation invariant operators” when the operators in question in fact 
commute with translations.) See also Cordes [1] and Peetre [1], [2], [3]. 

Concerning multipliers on more general groups, see in addition Gaudry [1], 
[2], [3] and Figa-Talamanea [3]. 

(2) For a discussion of some of the properties of functions a : Z — > Z such 
that exp o (ia) e (p, p ), see Edwards [13]. 

(3) Hahn [1] gives some interesting extensions of the results discussed in 
16.4.7, together with a proof of the inclusion 

£ P (Z) * £ P '(Z) C (r, r) if 1 < p ^ 2, r p < r ^ r p , (16.4.23) 

where r p = 2p/(3p — 2). Hahn’s proof of (16.4.23) is fairly simple and ties 
up with the general developments mentioned in 13.4.2(2). It may be briefly 
described in the following fashion. 

Denote by <f> and tft complex-valued functions on Z having finite supports and 

by / and g functions in L 00 . Define 

9) = 2 ^ * 'M™)/ («•)!?(») • 

neZ 

By 3.1.6, the Cauchy -Schwarz inequality, and (8.2.2), 
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Similarly, 

\Q(<t>, 0,/, s0| = |(0 * 0P */* 0(O)| = |(&2) */ * 0(0)1 

< WMhWf * g\\*> < II^Lll'/'lUII/ilills'lU 

= HhUhlfWibU- (16.4.25) 

Since Q is quadrilinear (that is, linear in each of its four arguments when the 
other three remain fixed), an appropriate convexity theorem ([Z 2 ], p. 106) 
leads from (16.4.24) and (16.4.25) to the inequality 



whenever 



I < II0IUI0IUI/II rlkl| s 



/i i i i 

\p r q s 



/II 11 
\T oo* 2* 2 




/I 1 1 1 \ 

% 2 * r s) 



for some t e [0, 1]. In other words, 

IW,0,/,!?)| < 10 Up II 'A Up- 11/ II rig'll r- 

provided 1 ^ p ^ 2 and r = r p = 2p/(3p — 2). In view of the definition of Q 
and the converse of Holder’s inequality, it follows from this that 

Il0*0llr., < MpMp- (16.4.26) 

for 1 ^ p ^ 2 and r = r v . Appeal to Exercise 16.21 will now show that (16.4.26) 
holds whenever <f> e f p (Z), i/j e t p '(Z) and r = r p . By 16.4.2, (16.4.26) holds also 
for the same <f> and i/j, provided r lies in the interval [r p , r']. This establishes 
(16.4.23). 

(4) The area of harmonic analysis known as Littlewood-Paley theory has 
close connections with multiplier theory. For an account of some aspects of 
this, see [EG]. 

(At this point it is perhaps fair to comment on the bizarre so-called review of 
[EG] appearing in Bull . Amer. Math. Soc. 84 (1978), pp. 242-250. This 
so-called review is a splendid survey of the complex variable aspects of 
Littlewood-Paley theory, which aspects are merely mentioned and deliberately 
left aside in [EG]; see the fourth complete paragraph on p. 3 of [EG]. Only a 
tiny fraction of the said review is devoted to [EG] itself. It would therefore be 
a good plan to consult other reviews; for example, that appearing in Austral. 
Math. Soc. Gazette 5(3) (1978), 100-108 and/or that to appear in Mathematical 
Reviews. 

(5) For other aspects see Okikiolu [1]; Pigno [1], [2]; Price [1], [2]; 
Figa-Talamanca and Gaudry [2], [3], [4]; Gaudry [1], [2], [6]; Saeki [1]; 
Figa-Talamanca and Price [1] ; Riviere and Sagher [1] ; Cowling [3] ; Goes [4] ; 
Littman, McCarthy and Riviere [1], [2]; Doss [1]; Laneonelli [1]; Kree [1]; 
Edwards and Price [1]. 



16.5 A Theorem of Kaczmarz-Stein 

The theorem of Kaezmarz [1] and Stein [1], Theorem 9 gives a 
condition that comes close to being necessary and sufficient in order that 
a bounded complex -valued function (j) on Z shall belong to (p, p ) ; see also 
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Goes [4]. A slightly modified account of the theorem will be given in this 
section. Its proof depends on the Marcinkiewicz interpolation theorem 
13.8.1 and the theorem of Stein quoted in 16.2.8. 

The first two subsections deal with some preliminaries. 

16.5.1. The Function Space V p . If 1 < p ^ oo, V p will denote the set 
of functions $eL p such that 

SU P II 2 “ r a fc ( I ) )||p < 00. (16.5.1) 

fc = 1 

the supremum being taken with respect to all finite sequences ([a k , b k ]) r k = l 
of nonoverlapping subintervals of [0, 2 t r] (or of any other interval of length 
2t r). 

Although the case p = op will be of little direct concern to us in this 
section, it is interesting in connection with 16.3.3 and 16.3.5 to note that 
comprises exactly those functions OeL 00 that are equal almost 
everywhere to functions of bounded variation (that is, for which DO e M; 
see 12.5.10). The proof of this is not completely trivial; see Exercise 
16.15. 

It is quite evident that V p is a linear subspace of I/, and that V q V p 
if p < q. 

16.5.2. From this point onward in this section, cj> will denote a bounded 
complex-valued function on Z. We introduce the function O defined by 

$>(*) = 2 {in)- 1 <j>{n)e inx , (16.5.2) 

n * 0 

the series converging in L 2 (for example). 

It is to be observed that, if <f> e (p, p), and if we denote by ft the function 

p(x) = 2 (in)- l e inx , (16.5.3) 

n# 0 ^ 

then Exercise 1.5 shows that |3 gL® c L p ' and 16.4.1 then entails that 
<1> = U 0 I3 e L p \ (It is true, of course, that in this case <1> e L p , too.) Moreover, 
in this case 

uj= MO) + DO}*/, (16.5.4) 

which shows by way of interest that U 0 corresponds to the distribution 
A = <f>{ 0) + DO. 

We can now st^te and prove the Kunze-Stein theorem. 

16.5.3. (Kaczmarz-Stein) Suppose that 1 < p ^ 2 and that the nota- 
tion is as in 16.5.1 and 16.5.2. Then: 

(1) if <f> e (p, p), then O e V p >; 

(2) if O e V p /, then (j> e (r, r) for all exponents r satisfying p < r < p'. 
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Proof. We may and will assume throughout that <f>(0) = 0. 

(1) We know already from 16.5.2 that <D e L p/ , and it thus remains to show 
that <D satisfies (16.5.1) with p' in place of p. 

Let / e L p and consider the function g defined by 

g(x) =J o uj(y) dy. 

Using the notation of 16.5.1, we then have 

li { g(-b k ) — £?( — ctfc)}| < 2 f “ \U J(y)\ dy 

k = 1 k=l J ~ b k 

< M U »fh < M UJ\\ P (16.5.5) 

On the other hand, by 6.2.8, 

g{-b) - g(-a) = 2 ii n ) ~ 1< A ( n )/( n )( e ~ irtb - e ~ ino ) > 

n* 0 

which, by 10.5.4 and the fact that €> e L p/ (see 16.5.2), is none other than 
$*/(-&) _ <1 >*/(-a) = ( T b ® - T a Q>)*f( 0), 
the last step relying on 3.1.2. Thus (16.5.5) entails that 

|{ 2 (Z*® - ^®)} */(«) I < 27r||^||p,p||/||p. 

k = 1 

which combines with the converse of Holder’s inequality (Exercise 3.6) to 
show that 

ii 2 (v - T ak <s »\ | p . < 

k = l 

Thus OeV p < and this portion of the proof is complete. 

(2) Let / e L p and write i/j = <!>*/ and, for m = 1, 2, • * • , 

</>„(*) = + i) - ifi(x)} = m{T ( _ 1(m) 0 - 4>} *f(x). 

Since by hypothesis <I> e L p/ c= L 1 , 

is an m -operator of type (L p , L p ) (see 3.1.6 and 16.2.7). 

The function i p is of bounded variation since, by Holder’s inequality, 

1 2 W 6 *) - 0(°fc)}| < II 2 - *) - - *)}||p - • II/IIp 

k=l k= 1 

12 r_ ot ®)|| p -|/|| p 

k = 1 

for all finite sequences {[a k , 6 k ])J = x of nonoverlapping subintervals of [0, 27 r], 
and since O 6 V p , by hypothesis. (This yields an independent proof that U m is 
an m-operator of type (L p , BY).) 
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By standard results ([W], Theorem 5.2e and Lemma 6.4b), 
lim U m f{x) = ip'(x) 

m-» co 

exists finitely for almost all x. (Note that we write ip' and not Dip: it is the 
pointwise, not the distributional, derivative of ip that is here involved.) 

Stein’s theorem 16.2.8 now applies to show that the operator f—>ip' is of 
weak type {p, p). 

Also, if / is absolutely continuous, the same is true of ip (by 3.1.5), and we 
may then identify ip' and Dip. In this case, (16.5.4) shows that ip' = U 0 f (recall 
the assumption that <p( 0) = 0). Accordingly, reference to 13.7.2 and 13.7.5 
shows that there exists a number A such that 

Dv, f (t) < ( 16 . 5 . 6 ) 

for all absolutely continuous / and all t > 0. 

The fact that U 0 is of type (2, 2) can now be used to show that (16.5„6) 
continues to hold for any / e L 2 , any such function / being approximate in L 2 
(and therefore in L p ) by a sequence of absolutely continuous functions f n ; see 
Exercise 13.18. Knowing this, we may affirm that U 0 , with domain L 2 , is of 
weak type (p, p) and of type (2,2). This, together with the Marcinkiewicz 
interpolation theorem 13.8.1, shows that U 0 is of type (r, r) for each r satisfying 
p < r ^ 2. Thus <p e ( r , r) for any such r. That the same is true for 2 ^ r < p' 
follows at once from 16.4.1, and the proof is complete. As was pointed out to 
me by Professor G. Goes, Kaczmarz [1] actually proves that, for every p such 
that 1 < p < oo, (p E {p, 1 ) if and only if <I> e V p , . 



16.6 Banach Algebras Applied to Multipliers 

s 

It is very simple to verify that (p, p) is a complex commutative Banach 
algebra with identity (the constant function 1 ) relative to pointwise algebraic 
operations and the norm || * \\ PtP . For all p one has 

(1, 1) = c= (p, p ) cz (2, 2) = (16.6.1) 

For <p e (p,p), 

Moo « U\\p,v’ (16.6.2) 

and for [xeM, 

IIALp^IHIi- (16.6.3) 

The determination of all the continuous complex homomorphisms of (p, p) 
meets with difficulties that are presumably of the same order of magnitude 
as are encountered in the case of the algebra M of measures (see 12.7.4). 
To each n e Z corresponds the homomorphism n -> (p(n ), but there are others. 
(The reader should provide a proof of the last statement.) 

In view of this, we look at a subalgebra of (p, p) which is more tractable 
and still of some interest, namely, the closure ttt p in (p, p) of JTL 1 . From 
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(16.6.2) and 2.3.8 it appears that m p c: e 0 (Z); as a consequence, m p has no 
identity element. 

The introduction of m p is suggested by the step taken by Hormander 
([1], pp. 111-113) in his study of multipliers for groups R m . 

Reference to 4.1.3 leads to the conclusion that the evaluation maps 
0— > <f)(n) (n € Z) exhaust the nontrivial continuous complex 

homomorphisms of the algebra m p . 

(Actually, 4.1.3 is to be applied to E = L 1 with the norm induced by 
that of m(p, p). Conditions (a)-(d) in 4.1.3 are satisfied. Hence one 
concludes that every nontrivial continuous complex homomorphism of E 
is of the form/-* f(n) for some n e Z. The same is therefore true of the 
nontrivial continuous complex homomorphisms of the closure in m (p, p) 
of E, as alleged.) 

Knowing this, one can apply 11.4.15 to the algebra obtained by adjoining 
a formal identity to nt p (see 11.4.1 and an analogous procedure in 11.4.16). 
The outcome is the following assertion. 

16.6.1. Functions of Multipliers. Suppose that cf> em p and that the 
function <I> is defined and analytic on some open subset of the complex plane 
containing <j>{Z) U {0} and satisfies <I>(0) = 0. Then Oo^e ttt p . 

This is the analogue, for the group T, of Hormander’s Theorem 1.18. 
Still following Hormander ([1], pp. 111-113, Theorem 1.16), we can 
obtain a useful inclusion relation. 

16.6.2. If 1 < p, q < oo, and if 



1 1 


< 


1 1 


q~ 2 




p 2 



then 

(p,p) n c 0 (Z) e nt a . 

Proof. In view of 16.4.1 and (16.6.4), we may assume that 

1 _ t_ 1 - t 
q~ p + 2 

for some t satisfying 0 < f < 1. 

Let <f> e (p f p) n c 0 (Z) and define <f> N = Then it is trivial to assert 
that (f> N e^L 1 . Moreover (see Exercise 16.16), 

WULp < < IWIp.p. 

so that 

U - Mv., < 2||0|| p . p (16.6.5) 

Since <f>ec 0 (Z), 

U - UU .2 = 11^ - ^11. ->0 as iV — oo . (16.6.6) 
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Now we appeal to 16.4.2, which shows that 

II ^ “ ^nWq^ ^ || ^ “ &N ||p,p 1 ^ ~ $^2,2 ' 

By (16.6.5) and (16.6.6), the right-hand member of this inequality tends to 
zero as N -> oo (remember that 0 ^ t < 1). Thus <f> e m q and the proof is 
complete. 

16.6.3. Remarks. It is natural to ask whether the relation 

(p,p)nc 0 (Z) c nt p (16.6.7) 

is true. The answer is affirmative when p = 2. The answer is negative when 
p = 1 or oo: this is due to the existence of measures p for which p e c 0 (Z). 
The existence of such measures in turn hinges on the existence of sets of 
multiplicity in the strict sense and having zero measure (see 12.12.8); 
although the question is a fairly delicate one, it is known that such sets exist 
in abundance (see [Z x ], pp. 348-349; [Z 2 ], pp. 147-152; [KS], Chapitres V 
and VJ). 

For 1 < p < 2, (16.6.7) has been shown to be false by Gaudry and 
Figa-Talamanea [2]. 

It follows from 12.7.4 that the characters of T generate only a scant 
subset of all continuous complex homomorphisms of the Banach algebra 
(1, 1) = 3F M ; in particular the so-called Wiener-Pitt phenomenon asserts 
the existence of a measure peM such that p is real-valued on Z = T A but 
is not real-valued on the whole Gelfand space T(M) (the notation is as in 
11.4.9). Zafran [1] has shown that this phenomenon persists for, amongst 
others, the multiplier algebras (p, p) n e 0 (Z) when 1 < p < 2. See also 
Brown [3]. 

On page 178 of Volume 1, the functions which operate on A (T) and 
A (Z) are identified. Igari [2], [3] has shown that only entire functions 
operate on the Banach algebra (p,p ) when 1 < p < 2 ; that is, if F:[ — 1, 1] 
— ► 0 and F ° (p e (p, p) for every cp e (p, p) such that (p: T((p, p))—> 
[—1, 1], then there exists s > 0 such that F agrees on ( — a, e) with some 
entire function. For p = 1 Varopoulos [4] and for 1 < p < 2 Zafran [2], 
[3] have shown that the same conclusion holds with (p, p) replaced 
throughout by the smaller algebra (p, p) n c 0 (Z). 

16.7 Further Developments 

This section consists of brief comments on further results associated with 
multipliers and with extensions of the concept. 1 References are given to 
assist those readers who may wish to pursue the matters mentioned. 

1 For the majority of such developments, multipliers appear more naturally in their 
guise as operators (rather than as functions on some dual object); compare the opening 
paragraphs of Section 16.4 
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16.7.1. Multipliers and Isomorphism Problems. We have in 4.2.7 
referred to the interest that attaches itself to the study of multipliers on 
account of their relationship with isomorphism problems. The reader should 
by now be in a better position to appreciate the details and the difficulties. 

The question proves to be largely one of seeking to characterize in a 
sufficiently effective manner the multipliers U e m(F, F), where F is (say) L p , 
C, or M, which map F in a one-to-one manner onto itself and which have 
certain additional properties (such as being bipositive or isometric). 

It may be helpful to begin by looking at the problem in reverse, so to 
speak. Suppose that n e Z, and that £ is an automorphism of the (topological) 
group T. It is then easy to verify that the operator S : /— ► e n (/ ° £) is an 
automorphism of each of the convolution algebras L p and C which is 

(1) isometric in any case, 

(2) bipositive (that is, is such that Sf^ 0 if and only if / ^ 0) provided 
n = 0. 

Moreover, if a e T, the corresponding multiplier U a = S~ 1 T a S (see 4.2.7) 
is given by U a / = e n ( — a) * T^ a) f, and is thus a scalar multiple of a 
translation operator. The knowledge of U a determines £(a) uniquely. 

More generally, if S is any automorphism of the convolution algebra 1/ 
or C which satisfies (1) [or (2)], it is still visibly the case that U a is an 
isometric (or bipositive) multiplier of 1/ or C. The question is : does this 
imply that U a is a multiple of a translation operator ? 

One is thus led to pose this same question in respect of isometric or bi- 
positive multipliers U of various other group algebras F. An answer to this 
question provides an answer to the corresponding isomorphism problem for F. 

For F = L 1 the problem was solved affirmatively by Kawada [1] in the 
bipositive case and by Wendel [1], [2] for the isometric case; for F = M and 
the isometric case by Johnson [1]; for F = L 00 and the isometric case by 
Gaudry ([3], Theorem 5.2.1); and for F = L p (1 ^ p ^ oo, p ^ 2) and the 
isometric case by Strickartz [1] and Parrott [1]. Some other cases are dis- 
cussed in Edwards [10] and Gaudry [4]. For a connected account of some of 
these results, see Gaudry [3], Chapter 5. See also Greenleaf [1], [3]. 

The results mentioned apply to groups more general than T. On the 
other hand, the problem of isomorphisms that are neither isometric nor 
bipositive would appear to remain largely open. 

Related problems are discussed by Forelli [1], Rudin [7] and 
Rigelhof [1]. 

16.7.2. Compact and Weakly Compact Multipliers. It is customary 
to apply the adjective compact to a linear operator U from a Banach 
space E into a Banach space F, if U transforms the closed unit ball of E into 
a relatively compact subset of F; see, for example, [E], Section 9.2. 
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Gaudry ([3], Theorems 4.2.2 and 4.2.3) has given characterizations of 
multipliers U e x n(p, q) that are compact in the above sense, the characteriza- 
tions being in terms of the possibility of approximating U in a certain way 
by multipliers defined by convolution with functions. He gives also ([3], 
Theorem 4.2.5) a characterization of those multipliers U e m(l, 1) that are 
weakly compact, that is (see [E], Section 9.2), which transform the closed 
unit ball of L 1 into a weakly relatively compact subset of L 1 : while (as we 
know) every multiplier of type tn(l, 1) is represented by convolution with a 
measure, the weakly compact multipliers of type nt(l , 1) are precisely those 
representable as convolution with a function in L 1 . These results apply to 
groups more general than T. See Exercise 16.25 and Akeman [1]. 

16.7.3. Approximation of Multipliers. Having decided (see 16.4.3(1)) 
that, if p is different from I and go, not every multiplier U e nt(2>, p) is 
representable as convolution with a measure, it is natural to ask whether 
and in what sense any such multiplier U can be approximated by multipliers 
U M of the form 

uj = M*/> 

where p, e M. This problem has been tackled with success for general groups 
by Figa-Talamanca [1], [2] and by Figa-Talamanca and Gaudry [1]. For the 
case of the group T , some results of this sort are very easily obtainable ; 
see Exercise 16.18. 

This discussion has at the same time led to a characterization of tn( p, p) 
in terms of the dual of a suitable space of continuous functions on the 
underlying group. See also Rieffel [1]. 

16.7.4. Generalized Multipliers. If B denotes a Banach, or even a more 
general type of topological, algebra, it is natural to define a left (respectively, 
right) multiplier or centralizer of B to be a continuous linear space endomorphism 
U of B such that 

U(xy) = ( Ux)y (respectively, U(xy ) = x(Uy )) 

for x, y G B. 

We have in this book no space to spare for this extended concept; the 
interested reader should consult Helgason [1]; Wang [1]; Birtel [1], [2], [3]; 
Johnson [2], [3] ; Mate [1], [2], [3] ; [La]. 



16.7.5. Two Variants of the Multiplier Problem. We mention briefly 
two interesting and largely unsolved variants of the multiplier problems 
considered earlier in this chapter. 

(1) Multipliers of quotient spaces. Suppose that F and G are as in 16.1.1, 
that 8 is a subset of Z, and that ^ is a complex-valued function on S. The 
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problem is to determine necessary and sufficient conditions on <f> in order 
that to each / e F shall correspond at least one g e G such that 

g(n) = (f>(n) * / (n) for all n e 8. (16.7.1) 

A function <f> possessing this property may conveniently be said to be of 
type (F, G ;S). 

Plainly, the original multiplier problem corresponds exactly to the case in 
which S = Z. 

Equally plainly, if <f> is the restriction to $ of a multiplier of type (F, G), 
then <f> is of type (F, G; 8). The nontrivial part of the problem thus remains 
in deciding whether, conversely, each <f> of type (F, G; S) is the restriction to 
8 of some multiplier of type (F, G). The answer may, a priori at any rate, 
depend upon the choice of F, of G, and of 8. 

An affirmative answer has been established for the case F = G = L 1 by 
Wells [1] and, independently, by Brainerd and Edwards [1], Part II, Theorem 
3.3. In other words (see 16.3.3), a function <j> is of type (L 1 , L 1 ; S) if and only 
if there exists a measure jneM such that <f>(n) = jl(n) for all n eS. The 
arguments used in the latter reference could be adopted to deal with (L 1 , M; 8) 
and (L 1 , L p ; 8). 

The answer is also affirmative when F = G = L 2 , as follows readily from 
the results of Chapter 8. 

As far as the writer is aware, the problem is unsolved for all other choices 
of the pair (F, G) of the form (L p , L Q ) and for the choice F = G = C. 

It is a simple matter to formulate the problem in terms of associated 
multiplier operators commuting with translations. Indeed, if we denote by 
I = I(G, 8) the set of g e G such that g(8) = 0, the problem is virtually the 
same as that which asks for a representation theorem for those linear 
operators U from F into the quotient space G/I that commute with trans- 
lations. (Translation has a natural meaning in G/I, T a (g + I) being by 
definition the same as T a g + I.) In most cases of interest, F and G/I will be 
such that the relevant operators U are continuous (compare with 16.2.1). 
The operator U 0 associated with a function <f> of type (F, G;$) will be 
defined so that U # f is the unique element g + I of G/I defined by any g e G 
satisfying (16.7.1). 



(2) Multipliers of invariant subspaces. Viewed from the standpoint of 
multiplier operators in general, the problems discussed in (1) are closely 
related to those of multipliers of closed (translation-) invariant subspaces. 
The basis of the connection between the two types of problem lies in duality 
theory for topological linear spaces and especially the concept of adjoint 
operator (see [E], Chapter 8). We illustrate in the case of closed invariant 
subspaces (that is, closed ideals) I in L p , assuming that 1 < p < oo. 
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Let U be a multiplier operator of I that is, a continuous endomorphism of I 
which commutes with translations. We introduce the closed ideal J in L p ' 
defined by 

i = {g e L p ' : / * g = 0 for all /el} 

and form the quotient space L p /J. The adjoint operator U' is the endo- 
morphism of L p '/J defined in the following fashion: if ge L p ', the linear 
functional on I defined by 

/-* Uf*9(0) 

is continuous and depends only on the coset g + J. From I, C.l it follows 
that there exists a unique coset g' + J = U'(g + J) such that 

Uf*g( 0) =/*<7'(0) (/el). (16.7.2) 

There is no difficulty in verifying that U' is a multiplier of L p '/J, continuity 
of U' being interpreted relative to the quotient norm on L p '/J (see I, B.1.8). 

The recovery of U from U' presents no trouble. If, for example, U f has 
been shown to be expressible in the form 

U'(g + J) = A*<jr + J (g g L p ') 

for some A e D, then (16.7.2) shows that 

Uf = A *f (/el). 

A somewhat similar procedure allows one to pass from problems of type (2) 
back to problems of type (1). 

Although the connections thus elicited between multipliers of invariant 
subspaces and multipliers of quotient spaces are theoretically satisfying and 
potentially useful, no solved cases of (1) are useful in studying type (2) 
problems. 

For other aspects of this type of problem, see Wells [2] ; Wada [1] ; 
Meyer [1] ; Glicksberg and Wik [1]. 

16.7.6. Transformations of Fourier Coefficients. It has become 
apparent that multiplier problems can be regarded as a study of subsets of 
the set of all continuous linear operators from C® into D which commute with 
translations. One may ask how the picture changes if the condition of com- 
mutativity with translations is dropped. 

It is quite simple to show that the continuous linear operators U from C® 
into D are precisely those definable by a system of equations 

( Uf) A (n)= Yj$( n ’ m )f( m ) for all / e C 00 and all n G Z, (16.7.3) 

m e Z 

where </> is a complex -valued function on Z x Z determined by, and deter- 
mining, U and subject to a majorization 

| <j)(n , m) | ^ c(l + | n | ) k (l + | m | f for all n, me Z, (16.7.4) 
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c and k being 17-dependent numbers. In other words, such operators U may be 
regarded as linear transformations of Fourier coefficients defined by infinite 
matrices </>. 

In this latter guise, such operators were discussed long ago by Hardy in 
special cases; more recent and more general studies are due to Bellman [1], 
Young [1], and Konyushkov [1]. In all cases, the principal aim has been to 
determine conditions on ^ in order that U shall map L p into itself. 

16.8 Direct Sum Decompositions and Idempotent Multipliers 

As an adjunct to this chapter, we return to the question (first broached in 
2.2.1) of direct sum decompositions of the standard function spaces C and L p 
in terms of their closed (translation-) invariant subspaces. Here we shall 
relate such decompositions to certain families of idempotent multipliers of 
C or L p , as the case may be; compare the remarks in 3.1.1. 

The first two subsections are occupied by precise definitions of the decom- 
positions and families involved. 

Failing any special indication to the contrary E will, throughout this 
section, denote one of C or L p (1 ^ p < oo). 

16.8.1. Direct Sum Decompositions. By a direct sum decomposition of 
E we shall mean a family (V,)^ of closed (translation-) invariant subspaces 
Yi of E satisfying the following conditions: 

(1) V t n V j = {0} for all i, j e I such that i =f= j; 

(2) the index set / is expressed in a definite way as the union of an 
increasing sequence (I r ) x of finite subsets I r of /; 

(3) to each / e E corresponds at least one family (/*)*<=/ such that 

fi e V t for all i € I, (16.8.1) 

/ = lim V/i inE. (16.8.2) 

r -°° iel r 

Although it is tempting to write in place of (16.8.2) the relation 

/ = 2 /*• 

iel 

some caution is required whenever / is infinite because there is no assurance 
whatsoever that the series will be unconditionally convergent; the specifica- 
tion of the sequence (/ r ), which governs the grouping of terms, is one way of 
taking precautionary measures. Despite this, we shall frequently speak 
loosely of “a decomposition (V*).” 

It will appear in the course of the proof of 16.8.3 that the family (/*) 
referred to in (3) is uniquely determined by/, (Y t ) and (/ r ). 
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16.8.2. Idempotent Decompositions of e. Our aim will be to relate any 
direct sum decomposition of E of the type described in 16.8.1 with a family 
(° r i)ie/ °f idempotent pseudomeasures (see Section 12.11) such that 

<j i e m(E, E), a i * Oj = 0 for all i, j e I such that i =/= j, (16.8.3) 
SU P II 2 ^lU.E < 00 , (16.8.4) 

r M, 

and 

lim V cff — s . (16.8.5) 

itf r 

The convergence referred to in (16.8.5) will be understood a priori to be weak 
convergence in P (the dual of A: see Section 12.11 and I, B.1.7); however, as 
will appear in stage (g) of the proof of 16.8.3, (16.8.4) ensures that (16.8.5) 
remains true with a stronger sense of convergence. 

Idempotence of o t means, of course, that u { * o { = or, what is equivalent, 
that Of is the characteristic function of some subset of Z. 

The first clause of (16.8.3) signifies that e M if E = C or L 1 (see 16.3.2) 
and u i e vx{p, p) if E = L p (see the beginning of the present section). More- 
over, || • || E>E means || • 1^ or || • \\ PtP according as E is C or L p , respectively. 
The second clause of (16.8.3) signifies that 8 t n Sj = 0 whenever i,j e I and 
i 7^ j, where denotes the support of a*. 

We shall speak of the family (<Ti) ieI as an idempotent decomposition of e in 
ttt(E, E). 

We can now state and prove the principal result. 

16.8.3. Decomposition Theorem. Let (V^igj form a direct sum decom- 
position of E, as described in 16.8.1. Then there exists an idempotent de- 
composition (cr^igj of e in m(E, E), as described in 16.8.2, such that: 

(1) V, = {/g E : <r f */ = /} = {/e E :/(Z\S f ) <= {0}} where 8 t is the 
support of o t ; 

(2) the decomposition of f e E specified in 16.8.1(3) is unique and is given 
by 

/. = a. * / for all i g /. (16.8.6) 

Conversely, given an idempotent decomposition ( Oi) ieI of e in «t(E, E), let 
S t be the support of Then the V t defined as in (1) immediately above form 
a direct sum decomposition of E in which (16.8.6) holds for each/G E. 

Proof. We begin with the direct assertion, the proof of which proceeds in 
a number of easy stages. 

(a) By 11.1.2 and 11.2.1, to each i e I corresponds a subset S { of Z such that 
V t is the closed linear subspace of E generated by the e n with n e S t (Si = 0 if 
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and only if V* = {0}); equivalently, V* is the set of / e E such that f(Z\Si) <= {0}. 
Conditions (1) and (3) of 16.8.1 entail that 

S t n Sj = 0 for all i, j e / such that i ^ j (16.8.7) 

and 

Z=\JS t . (16.8.8) 

ie I 

(b) Given /e E, the decomposition referred to in 16.8.1(3) is unique. 

To see this it is enough to show that the only family (/ t ) such that e V t 
for each i and 

lim T /i = 0 (16.8.9) 

r ~* 00 ief r 

is that for which / t = 0 for each i. But choose and fix any j e I. If V y = {0}, 
then fj = 0. If V y {0}, then Sj ^ 0. If neS jf (a) shows that //n) =0 
whenever i Accordingly, (16.8.9) entails that 

lim 2 /f( M ) = °> 

ie/ r 

which reduces to fj(n) = 0. Thus fj(Sj) c= {0} and fj(Z\Sj) {0}, and 2.4.1 
shows that/y = 0. 

(c) From (b) it follows that to each i corresponds a map of E 

into V { ; that P, is linear; that P { 2 = P f (so that P t actually maps E onto V,); 
and that P t commutes with translations (since each V { is translation -in variant). 

(d) Let us next show that each P x is a continuous endomorphism of E, in 
doing which we shall use the closed graph theorem (I, B.3.3). 

Take any sequence {f k )k = i extracted from E such that f k — > 0 in E and 
PJ k — > g in E: we must show that g — 0. 

We may, by (16.8.2) and (a), write 

f k = PJ k + h k9 

where h k vanishes at all points of S i9 so that 

f k = (Ptf k r on S t . 

On letting k — > oo, it follows that y = lim fc _ Q0 / fe = 0 on S { . Since V* is closed 
in E, g E V*; since it has a Fourier transform vanishing on S if it follows 
that Qi must be 0, as required. 

(e) By (c) and (d), P t is a multiplier of E, so that there exists a pseudo- 
measure &i s tlt(E, E) such that 

P i f=a i *f (16.8.10) 

for eaeh/e E. Since P t is idempotent (see (c)), the same must be true of cr*. 
Therefore & x is the characteristic function of a subset of Z which, since P { 
maps E onto V f , must be S t : 

&i = xsr (16.8.11) 

(f) The relation (16.8.2) can now be written 

lim o’!} */ = / 

*•-*« ie/r 



in E 



( 16 . 8 . 12 ) 
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for each / e E. From this (16.8.4) follows by appeal to the uniform boundedness 
principle (I, B.2.2), while (16.8.5) is an immediate consequence of (16.8.12), 
(16.8.4) and the remark that a sequence (A r )® = x of pseudomeasures converges 
weakly in P to a pseudomeasure A if and only if lim r ^ Q0 % = X boundedly 
on Z. 

On collecting together the results (a) to (f), it is easily seen that the direct 
assertion is now completely proved. 

(g) As for the converse, all that requires proof is the assertion that (16.8.4) 
and (16.8.5) together entail (16.8.12). Define A r e ttt(E, E) to be 

ie/ r 

so that (16.8.4) signifies that the A r are equicontinuous endomorphisms of E. 

Now (16.8.5) ensures that (16.8.12) is true for each trigonometric polynomial 
/. Since the trigonometric polynomials are dense in E (see 2.4.4), equicontinuity 
of the A r shows that (16.8.12) does indeed persist for a general / e E. 

To verify this final point (which is a perfectly general principle), observe 
that the equicontinuity of the A r means that 

m ~ sup ||A r ||e.e < 

r 

so that 

II A r */ — /||e ^ (m + l)\\fh (16.8.13) 

for every / e E. Given S > 0 and / € E, choose a trigonometric polynomial / 0 
such that 

11/ - /o||e < ( TO + 

An application of (16.8.13), with / — / 0 written in place of /, shows that 

|| A r * / — / 1 E ^ \\K *fo — fo II E + 8 . 

So, since lim^oo A r * /o = fo in E, 

II A r */ -/||e ^ 2S 

if r ^ r 0 (S), and the convergence of (A r * /),°° = i follows. 



16.8.4. Remarks and Special Cases. (1) The summand f t in (16.8.2) 
has now been identified with * /, that is, with 

2 /M e " > 

neSi 



if S t is infinite, this infinite sum is interpretable (since cq is known to define 
a continuous endomorphism of E) as the limit in E, as N -> oo, of 



2 

neSi,\n\^N \ xv >r x/ 



When E = L p , where 1 < p < oo, the summation factors may be omitted. 
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Accordingly, 16.8.3 verifies in detail what might have been anticipated on 
heuristic grounds, namely, that a direct sum decomposition of E corresponds 
to a mode of bracketing of the terms of the Fourier series of a general f e E 
in such a way that the resulting series is convergent in E. (A bracket may 
contain infinitely many terms of the original series.) 

(2) The Cases E = C or L 1 . When E = C or L 1 , each is a measure; and, 
by Helson’s theorem [cited in 12.7.4(3)], S t differs by a finite set from a 
periodic subset of Z. It is quite simple to verify that this means that a t is of 
the form 



where a { e Z, a t > 0; 



Oi = Ui- fi at + , 

tt{ - i 

Pat e (2nkfat)i 

k = 0 



(16.8.14) 



which is the invariant measure of the cyclic subgroup of T of order a { ; u t 
is a trigonometric polynomial of the form 

aj — i 

u i ~ 2 Ci >* e k> 

k = 0 



each c ifk being 0 or 1 ; and v { is a trigonometric polynomial. 
The measures 



which are likewise idempotent, must have the same general form (16.8.14). 

From the preceding remarks, it is easily seen how to construct direct sum 
decompositions of E of the type specified in 16.8.1 in which I is finite and 
each Si is infinite. 

On the other hand, there exist no decompositions in which each is finite 
(that is, in which each V* is of finite dimension). Indeed, in any such decom- 
position the equicontinuity of the endomorphisms A r (see part (g) of the 
proof of 16.8.3) would in this case mean that 



However, 



where 



sup ||A r || x < 00 . 

r 

K = 2 e ”> 

neT r 

Tr= IM 

iel r 



(16.8.15) 



and the result cited in 12.7.4(4)(ii) shows that 



|| k r || x > const log k r 
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where k r is the number of elements of T r . Since k r -> oo with r, this would 
contradict (16.8.15). 

(3) The Case E = L p (1 < p < oo). Except when p = 2, there is no 
known explicit description of the idempotent elements a of tn(E, E) = tn(p, p) 
analogous to (16.8.14) and therefore no complete classification of all possible 
decompositions of E of the type described in 16.8.1. (When p = 2, all idem- 
potent pseudomeasures are acceptable and all possible bracketings lead to 
decompositions. ) 

Theorem 12.10.1 guarantees the decomposition in which I = {0, 1, 2, • * •}, 
I r = {0, 1, • • • , r — 1} for r = 1,2,---, and 8 ( = {±i} for i e /. Other decom- 
positions may be derived from this one by arbitrary finite bracketing. 

Yet other decompositions result from the use of the idempotent measures 
of the type (16.8.14). 

(4) For further study and results, see [Ro] ; Rosenthal [1] ; Rudin [8] ; 
Price [3], Chapter 4. See also Exercise 16.30. 

16.9 Absolute Multipliers 

16.9.1. Definition. Given a set of distributions F (as in 16.1.1) and a 
complex-valued function (p on Z, ip is said to be an absolute multiplier of 
F, if and only if (pfe £ 1 {Z) for every / e F. This signifies that (p is a 
multiplier function of type (F, A), in the sense of 16.1.1 ; or, equivalently, 
that the operator U ^ maps F into A. 

16.9.2. Examples, (i) It follows from Exercise 3.14 that the absolute 
multipliers of L 1 are precisely the elements of £ 1 (Z). 

(ii) By 14.3.5(2'), (p is an absolute multiplier of C, if and only if (p e 
€ 2 {Z). Alternative proofs of this and various analogous results appear in 
Edwards, Hewitt and Ritter [1], Hewitt and Ritter [1] and Edwards and 
Helson [1] ; cf. also Brown [1], [2]. 

(iii) Paley [1] proved in effect that (p is an absolute multiplier of 

®z + = {/e C: supp/£ Z+}, 

where Z+ denotes the set of nonnegative integers (cf. the spaces H p 
defined in Exercise 3.9 and the space A + mentioned in the Remark 
attached to Exercise 11.15), if and only if (p\Z+ (the restriction of cp to 
Z + ) belongs to € 2 {Z+). 

A generalisation of this theorem to a general class of compact Abelian 
groups appears in [R], Section 8.7.8; see the next subsection. See also 
Fournier [3], and Helson [7]. 

Sometimes C z+ is denoted by (the suffix “A” indicating “analytic 
type ” or “ power series type ”) ; we shall here avoid this notation because 
of the obvious conflict with that employed in Chapter 15. 
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16.9.3. Paley’s theorem and its proof. To reiterate, the theorem asserts 
that a complex -valued function cp on Z is an absolute multiplier of C z+ , if 
and only if (p | Z+ e t f 2 (Z + ). 

The “if” part is close to trivial. 

The proof of “only if” to follow is based upon that appearing in [R], 
Section 8.7.8. To lighten the notation we shall, throughout the proof to 
follow, write E in place of C z+ . 

To begin with, it follows from (12.9.9) (proved in 13.9.2) that, for every 
p e (0, 1), there exists a number k p ^ 0, independent of h, such that 

£ h(n)e n (16.9.1) 

n e Z+ p 

for all trigonometric polynomials h . 

Assume that cp is an absolute multiplier of E. An appeal to either the 
Boundedness Principle or the Closed Graph Theorem (Volume 1, 
Appendix B.2.1(l) or B.3.3) shows that there exists a number k > 0 such 
that, for all / e E, 

£ \<p(n)f(n)\ <*11/11,. (16.9.2) 

n e Z + 

Let F be a finite subset of Z+, expressed as the range of an injective 



sequence (%)!<*<#• By Exercise 2.19, there exists 
polynomial P such that 


a trigonometric 


ll^lli <2 

and 


(16.9.3) 


P(n) = 1 for all n e F. 


(16.9.4) 


Define, for all co e <€ and all real x, 




N 

gjx) = £ Pj{03)(p{n } ) exp (injx). 
i=i 


(16.9.5) 


By (16.9.2) and the Hahn-Banach theorem (Volume 1, Appendix B.5.1), 
combined with 12.2.3, 12.2.9 and 12.3.8, for every co e <6 there exists a 
measure fi w such that, for all co € ^ and all / e E, 


ll/OI i k 


(16.9.6) 



and 



N 

£ Pj( a> ) ( p( n j)f( n j) = pjf)- 

j = i 

From (16.9.7) it follows in particular that, for all co e ( €, 

frjfij) = <p(nj)Pj(co ) for all j e {1, • • • , iV} 



(16.9.7) 
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fi a (n) = 0 for all n e Z + \{«!, • • • , w w }. 

Hence, for all co e # and all n e Z + , 

(-P * /O a («) = gJn). 

Therefore, by (16.9.1), (16.9.3) and (16.9.6), 

( J\.(*)l 1/2 = II0.II1/2 < k ll2 \\P * /iJi 

<* 1/2 Ill’ll illli.lli (see 12.7.3) 

^ 2& 1/2 k = k' for all co e *€. (16.9.8) 

Integrating with respect to co over ^ and interchanging the order of 
integrations, (16.9.8) implies that 



\g w (x)\ 112 dX(co ) ) dx ^ k! 



whence follows the existence of x 0 e R such that 



\gjx o)l 1/2 dk((o) «£ k’ 112 . 



Defining, for all co €%>, 



h(co) = E pj((Q)<p(rij) exp (injx 0 ) 

j= i 

h is a Rademacher polynomial; and, by (16.9.9), 



(16.9.9) 



1 1 h(co) | 1/2 dk(oj) k' m . (16.9.10) 



On the other hand, by (14.2.1), there exists a number k 2 ^0 such that 



\h(co)\ 2 dX(co) < k 2 [\ \h{co)\ 112 dk(co) . (16.9.11) 



By (16.9.10) and (16.9.11), 



| h(co) | 2 dX{co ) ) < k 2 k'. 



This, together with (16.9.5) and 14.1.7 or 14.1.16, implies that 



E \<p( n )\ 2 = E \<p(nj)\ 2 <k 2 k' 2 . 

neF j = 1 



(16.9.12) 
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Since k 2 and k' are independent of F, it follows from (16.9.12) that 

Z \(p(n)\ 2 <co, 

n e Z + 

which completes the proof. 



16.9.4. Remarks. (1) It is clear that Paley’s theorem holds, with C z+ 
replaced by 

c s = {/£ C: supp/c: S}, 

whenever S is a subset of Z having the property that there exists p > 0 
and k ^ 0 such that 



Z MnK 

neS 






for all he T. 



(16.9. T) 



No systematic study of the class of such sets S seems to have been 
published. A few properties of this class are discussed in Exercise 16.31. 

(2) The appearance of C z+ in Paley’s theorem naturally suggests the 
systematic consideration of multipliers of the Hardy spaces H p defined in 
Exercise 3.19. 

A good deal of work has been done on this topic, but space forbids an 
attempt at any account in this book. Any interested reader should 
consult, for example, Meyer [1] ; Gaudry [5] ; Hedland [1] ; Yamaguchi 
[1] ; and the references listed in these papers. 



16. 10 Multipliers of weak type (p, p) 

A multiplier (j) of type (p, p ), as described in 16.1.1, defines and is 
defined by a linear operator U $ from 1/ into itself having the property 
that (£7*/) A =<£•/ for every /el/. As is proved in 16.21, U $ is 
necessarily continuous. In view of the terminology introduced in 13.2.1, 
such a multiplier (j) might for emphasis be said to be of strong type (p, p). 

Zafran [4] has studied multipliers 0 which he describes as being of 
“weak type (p, p) ”, a description which is suggested by the terminology 
introduced in 13.7.5 above. If confusion is to be avoided, a little care is 
needed in approaching this new concept because, in spite of what might 
be read into the description “ of weak type (p , p) ”, such a multiplier does 
not in general map 1/ into itself, but rather into a bigger space I/’ 00 to be 
defined in 16.10.1. This in turn raises the possibility that (j) may fail to be 
of strong type (p , p). It is, on the other hand, by no means obvious that 
this possibility is actually realised, a proof of which is Zafran ’s 
achievement. 

Although Zafran ’s work applies to certain other familiar groups, we 
shall concentrate on the case of the circle group T. 

Throughout this section , it will he assumed that 1 ^ p < oo. 




[ 16 . 10 ] MULTIPLIERS OF WEAK TYPE (p, p) 



327 



16.10.1. The space I/’ 00 . The space I/’ 00 = I/’ 00 (T) is defined to be the 
complex linear space of all complex-valued measurable functions f on T 
such that 



II / II* oo = sup {t(D f (t)) 1/p : t real and t > 0} < oo, (16.10.1) 

Dj being defined as in 13.7.2. (As with the spaces I/, the elements of I/’ 00 
are, in many contexts, to be thought of as equivalence classes, modulo 
equality almost everywhere, of functions / satisfying (16.10.1).) For 
further details about I/’ 00 (which is one amongst a class of so-called 
Lorentz spaces), see [StW], Chapter V, §3 where I/’ 00 is denoted by 
L (p, oo). 

It is evident that I/’ 00 is translation invariant. From Exercise 13.16 it 
follows that I/’ 00 is a subset of L q for every q satisfying 0 < q < p. It can 
also be proved that 1/ is a proper subset of I/’ 00 ; see Exercise 16.32. 

The function/—* ||/||* ^ defined by (16.10.1) is not subadditive and 
hence not a norm, but there is (see [StW], p. 204) a norm || * || p ^ on I/’ 00 
which, if 1 < p < oo, makes L p ’ 00 into a Banach space and which is such 
that 

for every / e I/’ 00 . 



16.10.2 Multipliers of weak type (p, p). By definition, a complex- 
valued function <£ on Z (and/or the associated operator U^) is said to be 
of weak type (p, p), if and only if it is a multiplier of type (L p , I/’ 00 ) in the 
sense described in 16.1.1. This is the case, if and only if there exists a 
number K ^ 0 such that, for every / 6 L p , the function g = U^f satisfies 

D g (t) ^ K • ||/|| p • t~ p for every real t > 0; (16.10.2) 

cf. 13.7.5. 

To make things a little more explicit, (j) is of weak type (p, p), if and 
only if (16.10.2) holds for all / eT, g — U ^ j being in this case the 
trigonometric polynomial 

Z 0( W )/( W K- 

neZ 

The extension of to 1/ is then obtained as follows : given / € I/, choose 
a T-valued sequence (/„) converging in 1/ to/; then, by Exercise 13.19 
and (16.10.2) applied for trigonometric polynomials, the sequence (g n ) = 
(U^fn) converges in measure to a function g, the equivalence class of g 
being independent of the sequence (/„); then U^f is, by definition, the 
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equivalence class of g\ and (16.10.2) continues to hold for every / e I/; in 
particular, U# f e L Pf 00 for every / e L p . 

Evidently, every multiplier (f> of (strong) type (p, p) is also of weak 
type (p, p). Regarding the converse, see the next subsection. 

16.10.3 Zafran’s theorem. The substance of 16.10.1 and 16.10.2 makes 
it evident that every multiplier of weak type (p, p) is a multiplier of 
strong type (p, q) for every q <p. On the other hand, the substance of 

12.8.1, 12.8.4, 12.9.1 and 13.9.1, shows that the functions (j) 0 , such that 
(j) 0 (n) is 1 or 0 according as n e Z satisfies n ^ 0 or n < 0 respectively, is a 
multiplier of weak type (1, 1), is not of strong type (1, 1), and is of strong 
type (q, q) for all q such that 0 < q < 1 . 

Zafran’s achievement in [4] is to prove (among other things) that part 
of this phenomenon is reproduced for every p satisfying 1 < p < 2. More 
precisely: for every p satisfying 1 < p < 2, there exists a multiplier (j) of 
weak type (p, p) which is not of strong type (p, p). The proof is quite 
elaborate and will not be presented here. 

It is to be noted that, if <f) is of weak type (2, 2), then (trivially) (j) is 
bounded and hence (by 16.1.2(4)) of strong type (2, 2); thus, Zafran’s 
result breaks down in the excluded case p = 2. 



EXERCISES 

16 . 1 . Verify the statement made in 16.1.2(3). What is the representation 
of the corresponding operator U # in terms of convolution? 

16 . 2 . Prove that (L 2 , L 2 ) = 

16 . 3 . Verify the inclusion relations stated in 16.1.2(5). 

16 . 4 . Suppose that (j> e (F, D) and that lim k ^ ao f k = 0 in F implies that 
lim k ^ 00 \\f k \\ = 0. Without using the closed graph theorem, prove that U $ is 
continuous from F into D (compare the Remark following 16.2.1). 

16 . 5 . Verify that v N f->f weakly in L 00 whenever / e L 00 , and that 
a N fi -> /x weakly in M whenever /x e M. (See 16.2.5.) 

16 . 6 . Let U be a continuous linear operator from F = C fe or L p (1 < p < oo) 
into G = C\ L q (1 < q < oo), M or D. Prove that U commutes with trans- 
lations if and only if 

U(t * f) = t * Uf 

whenever ^ is a trigonometric polynomial and/e F; and that in this case 

U(k */) = k * Uf 



whenever ke L 1 and / e F. 
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16.7. Using 16.3.2, show that every U e m(C, L°°) can be expressed in 
the form 



Uf=n*f for all / g C 

for some pi e M, and that the analogous statement is true for every 
V e m(L°°, L 00 ). 

Deduce that (C, L 00 ) = (L 00 , L 00 ) = ^M. 

16.8. Prove that (M, M) = &h/L. 

16.9. Suppose that A e D has the property that A * f e C for every 
/ e h p , where 1 < p ^ oo. Prove that A e L p '. 

16.10. Using the notation of 16.3.7, verify that L^ 00 is a Banach space 
which satisfies the standing hypotheses listed in 16.1.1. 

16.11. Construct detailed proofs of the results stated in 16.3.9. (You will 
need to call upon the result stated in Exercise 12.23.) 

16.12. Write out a detailed proof of 16.4.2. 

16.13. Show that U e m(A, A) (where A is as in Section 10.6) if and only 
if U is expressible in the form 

Uf = S * /, for all / e A, 
where S is a pseudomeasure. 

16.14. Show how to use Stein’s theorem cited in 16.2.8 and Lebesgue’s 
theorem cited in 6.4.2 to prove that the Hardy- Little wood maximal operators 
defined in Example 13.7.6(2) are of weak type (1, 1) on L 1 . 

16.15. Verify the statement made in 16.5.1 concerning the nature of the 
elements of V a . 

Hint: If 0 e V*,, consider the functions <t> N = F N * <I>; these are trigo- 

nometric polynomials which are of uniformly bounded variation. Show that 
a subsequence of ($> N ) may be selected which converges point wise to a 
function of bounded variation. 

16.16. Verify that (x <j> e (p, p) and 






p,p 



whenever p e M and <j> e (p,p). (The notation is as in Section 16.6.) 

16.17. Exhibit a sequence (f n )n = i of nonnull trigonometric polynomials 
such that 



lim 

n-* oo 



11/nL.p 

ll/nllx 



= 0 



for every p satisfying 1 < p < oo, where 



UWp.p = su P{||/*?IIp ||gr|| p < 1}. 



16.18. Suppose that U e nt (p, q), where 1 ^ p < oo and 1 ^ q ^ oo. 
Show that there exists a sequence (h^fL ± of trigonometric polynomials such 
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that 

Uf = lim h t *f in U, 

i-» oo 

uniformly with respect to / e Q whenever Q is a relatively compact subset 
of L p , and 

II WL < II^IUI/L 

for all i and all / e L p . 

16.19. Suppose that U e m(L p , L 00 ), where 1 < p < oo. Show that, if 
one agrees to identify any two functions that agree almost everywhere, then 
U 6 tn(L p , C). 

Hint: See Exercise 3.5. 

16.20. Show that, with the convention mentioned in Exercise 16.19, 
nt(C, L 00 ) = itt(C, C) = M. 

Hint: This is as for Exercise 16.19, together with a reference to 16.3.2. 

16.21. Suppose that 1 ^ p < oo, 1 ^ q ^ oo, <f> k e (p, q) (k = 1, 2, • • • ), 
that 



<f> = lim <f> k pointwise on Z , 

k-* oo 

and that 

i = lim ll^llp., < QO. 

k~* oo 

Prove that <f> e (p, q), that 

Wlp.a ^ ^ 

and that lim^*, U 0k f = U^f in L q for each fe L p . 

What can you prove of a similar nature in case p = oo? 

16.22. Suppose that U e nt(l,p), where 1 < p ^ oo. Show that there 
exist positive integers n such that U n e nt(L 1 , C) and make an estimate of the 
smallest positive integer n with this property. 

Is anything of a similar nature true for operators U e nt (p, q), where 
1 < p < q ^ col 

16.23. Suppose that A e D and that A ~ ^O) and the range of A are finite. 
Show that A e m(p, q) is false whenever 1 ^ p < q ^ 00 . 

16.24. Suppose that 1 ^ p < 2 and that F is a complex- valued function 
on Z. Prove that Fw e ( p , p) for every + 1 -valued function w on Z if and 
only if F e (p, 2). 

What is the appropriate version of this result when 2 < p ^ 00 ? 

16.25. Let U be a compact multiplier of type (p, q), where 1 < p, 
q ^ 00 , represented by convolution with a pseudomeasure a. Show that 

<7 6 C 0 (Z). 

State and prove a converse for the case in which p ^ 2 ^ q. 

Remark. Stronger results are known; see the references cited in 16.7.2. 
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16.26. Let E and F each denote one of the spaces C fc (k e Z, k > 0), 
L p (1 ^ p ^ oo), or M. For meZ, m ) 0, let W E (m) denote the set of f e E 
such that D r f e E for r e Z, 0 < r ^ m. (Regarding this notation, see [So], 
p. 45 and [L 2 ], p. 50.) 

Show that (W E (m) , W F (m) ) = (E, F). 

16.27. Let AC denote the space of absolutely continuous functions 
endowed with the norm 

I/ll = |/(0) | + 1-D/lli . 

Show that tn(AC, L 00 ) = tn(AC, C) consists precisely of those distributions 
of the form const + D<f>, where </> e L 00 [compare 12.8.5(3)]. 

16.28. Let each of E and F denote one of C, L p (1 ^ p ^ oo), or M, and 
let A e nt(E, F). Consider the equation 

A*f=g. (1) 

Prove the following statements. 

(a) If (1) is soluble for f e E whenever g e F, then 

inf \A{n)\ >0, (2) 

neZ 

and therefore (1) is uniquely soluble for/e E whenever g e F. 

(b) If (1) is soluble for/e E whenever g e F, then there exists B e m(F, E) 
such that 

A * B = e. (3) 

(c) If A has the form 8 + h, where 8 is a discrete measure (see Exercise 
12.51) and h eh 1 , and if (2) is satisfied, then (1) has a unique solution / e E 
whenever g e E. 

16.29. Discuss analogues, for the case in which T and Z interchange 
their roles, of the results in 16.3.2 to 16.3.6 and 16.4.1 to 16.4.6. 

16.30. Suppose that E is a subset of Z and that % E denotes the 
characteristic function of E relative to Z. Discuss connections between 
assertions of the type E e A(p) and those of the type %e e (<b r )• 

As an instance, prove that if p > 2 and E e A(p), then Xe e 
(p',p). 

16.31. Refer to 16.9.4. Denote by © the set of all subsets S of Z 
for each of which there exist p > 0 and k > 0 such that 

Y, h(n)e n for all h e T. 

neS p 

Prove the following (in which Xs denotes the characteristic function of 8 
relative to Z) : 

(a) If S e <P, then Z\S e ©. 

(b) If Xs 6 then S e ©. 

(c) If S e © and 8 is A(l), then Xs e and hence (see 12.7.4(3) and 
Exercise 15.9) S is finite. 
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(d) If 8 e ^3 and S is g-Sidon for some q < 2 (see 15.8.1 above), then S 
is finite. 

(e) If the operator 

h-> £ Mn)u„ 

n e S 

is of weak type (1, 1), then S e 

16 . 32 . Assume that l^pcoo. Exhibit a function / such that 
/el/ ,a0 and / ^ L p . 
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L E P , 235 
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L b °°, 292 
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r = e p (Z), 24, 29 

€ P (E), 236 
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X, 210 
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A* 1 , 295 
M, 53 
M„, 12.51 
M(#), 14.19 
M(E), 112 
M e , 235 
m(F, G), 285 
m (p, q), 298 
m p , 311 
P, 108 

P(#), P 0 ^), 112 
iV211 
P.V., 59, 92 
(p, q), 259, 298 
% 16.31 
R, 15 
M, 208 
RftnZ, 15 
R(x), 21 
r(9l), 11 
p{x), 21 
P*f, 99 



Pa > 207 
S(<if), 210 
s*f, 165 
s N f, 3.1, 78 
supp, 11.18, 109 
o*f, 97 
o(x), 21 
1,42 
T^.1.7 
T e ,235 
T(<£), 211 
1 k (<£), 215 
T a ,16 
T m , 209 
%/, 102 
U a ,.,223 
Vf, 33 

Vp , 141, 303 
V f ,17, 2 
V, 00 , 113 

V/, 117 
V p , 309 
W E (m) , 16.26 
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Z+ , 206, 323 

l x , 206 
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II -II?. co, II -lip. 00 , 327 




Index 



Numerals in italic type refer to Volume 1. Numerals in bold- 
face type refer to the exercises, the exercise labeled x.y 
appearing in Volume 1 if and only if 1 ^ x ^ 10. 



Abel (-Poisson) kernel, 103 
Abel means, 103 
Abel summability, 103 , 6.16 
Absolute multiplier, 323 if. 

Absolutely continuous functions, 32 , 
33 , 127 , 7.10, 7.11, 136 , 63, 64 
Absolutely convergent Fourier series, 
173 ff., 33, '34, 11.18-11.20, 
108 ff., 12.53, 155 
Abstract Tauberian theorem, 36 
Adjoint, self-, 11.24 
Affine map, 4.9 
Algebra, 

Banach, 52 , 56 , 72 , 119 , 165 , 10.16, 
19 ff. 

Beurling, 11.15 

closed sub-, 1 1 ff. 

convolution, 52 , 56 , 57 , 77, 81 

division, 26 

group, 62 ff., 82 

quotient, 24 

Segal, 39 

Algebraic (Hamel) base, 165 
Almost periodic function, 45 
a-capacity, 116 
a-energy, 115 
a-potential, 12.40 
Annihilator, 209 

Approximate identity, 60 ff., 212 
Approximation by trigonometric poly- 
nomials, 42 , 99 ff., 6.5-6.10, 
6.17, 131 

Associated set, 269 

Atomic (discrete) measure, 12.57, 269 



Banach algebra, 52 , 57 , 72 , 124 , 126 , 
173, 178 , 10.16, 19 ff. 

Banach space, 192 



Banach-Steinhaus theorem, 195 
Base, algebraic (Hamel), 165 
Base, topological, 165 
Bases of trigonometric polynomials, 
165 , 166 

Bernstein polynomials, 91 
Bernstein’s inequality, 1 . 9 , 102 
Berstein’s theorem, 91 
Beurling algebra, 11.15 
Beurling’s problem, 10, 117, 118 
Bipositive multiplier, 314 
Bochner’s theorem, 157 , 121, 12.34 
Bohr set, 267 

Bosanquet^-Kestelman lemma, 3.14 
Bounded set, 
in D, 60 
in D m , 61 
in I/, 60, 62 
in M, 60, 61 

in topological linear space, 193 
Bounded variation, 33 , 111 
function of, 33 , 8.13, 156, 158, 162, 
171, 12.44 
sequence of, 111 

Cantor (Walsh) group, 155 , 206 ff. 
Cantor-Lebesgue theorem, 2.14 
Cantor ternary set, 12.44, 207, 14.16 
Capacitable set, 120 
Capacitary dimension, 116 
Capacity, 
a-, 116 
exterior, 119 
interior, 119 
logarithmic, 118, 119 
Newtonian, 115, 120 
and trigonometric series, 171 , 119, 
120 ff. 
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Carleson set, 267 
Carleson’s theorems, 169, 170 
Category, first (meagre), 187 
Category, second (nonmeagre), 187 
Category theorem, 187 
Cesaro means, 8, 79, 82, 87 
Cesaro summability, 82 ff., S.6-5.8, 
87$. 

in mean, 87 
pointwise, 94 ff. 

Change of variable relative to A, 179 
Character, 18, 3.19 

(dual) group, 20, 2.3, 207 ff. 
principal, 19 
Rademacher, 208 
Characteristic function 
of set, 143 

of probability distribution, 12.34 
Circle group, 15 

Class (p, q), mapping of, 144 ff., 256, 
298 ff. 

Closed graph, 195 

Closed graph theorem, 197 

Closed ideal, 53, 3.4, 2, 3, 24 ff., 36 ff., 

11.4, 11.17, 11.21, 11.23, 12.27, 
12.45, 12.53, 317 

Closed invariant subspace, 2, 11.22, 
11.23, 316, 317 
Closed linear operator, 195 
Closed subalgebra, 1 1 ff. 

Closure of translations theorem, 6 ff., 
10, 11, 117, 118 
Comeagre, 187 

Compacity principles, 197, 60 ff. 
Compact operator, 314 
Compact multiplier, 315 
Complete measure space, 141 
Complex homomorphism, 69 ff., 4.1, 
4.7, 26 ff., 82, 83, 12.26, 12.51, 
311 

Conjugate Dirichlet kernel, 110 
Conjugate exponent, 28 
Conjugate function, 91 ff., 177 ff. 
Conjugate function operator, 140, 147, 
177 ff. 

Conjugate series, 109, 110, 90 ff. 
Continuity, modulus of, 36, 99, 135 
Convergence, 
in D, 57 ff. 
in M, 61 

in mean, 29, 131 



in measure, 6, 13.18, 13.19 
weak (in dual space), 193 
weak in I/, 62 
weak in M, 62 

Convergence of Fourier series, 

in mean, 119-121, 131, 106 ff., 213 
pointwise, 41, 42, 114 , 117, 120, 151, 
155 ff., 213, 217, 221,14.23 
Convex sequence, 111 
Convexity theorem, Riesz-Thorin, 149 
for multipliers, 300 

Convolution algebra, 52, 56, 57, 74, 
78 ff. 

Convolution, 50 ff., 73 ff. 
characterisation of, 58, 281, 282, 297 
of distributions, 76 ff. 
of functions, 50 ff. 
of measures, 80 

of measures with functions, 79 ff. 
of sequences, 64, 3.15, 78, 109, 12.32, 
16.29 

truncated, 11.12, 11.13 
Coset (equivalence class), 
modulo an ideal, 24 
modulo a subspace, 193 
of functions, 27, 141, 210 
of reals modulo 2n, 15 
Cosine series, 114 ff., 117 ff., 119, 123 
Counting measure, 142 



Decomposition, 
direct sum, 17, 318 ff. 
idempotent, 319 ff. 

Defining family of seminorms, 191 ff. 
Dense, everywhere, 187 
Dense, nowhere, 187 
Density theorems, 42, 90, 91, 210, 212 
Derivative, 
distributional, 63 
pointwise, 7, 30, 33, 63, 64 
symmetric, 6.16 

Diagonal subsequence, 3.5, 140, 197 
Dini’s test, 159 
Dirac ^-function, 62, 53, 54 
Dirac measure, 53, 54 
Direct sum dexomposition, 17, 318 ff. 
Dirichlet kernel, 1.1, 79 
conjugate, 110 
modified, 110 

Discrete (atomic measure), 12.51, 269 
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Distribution (generalized function), 
48 ff. 

conjugate, 91 ff. 
generated by function, 52 
Hilbert’s periodic, 91 ff., 99, 13.27, 
307 

order of, 55 
positive, 12.7 
positive definite, 12.35 
principal value, 59, 93 
support of, 104, 12.27, 12.29 
Distributional convergence, 57 
Distributional derivative, 63 
Distributions, 

convergence of, 57 
convolution of, 73 ff. 
differentiation of, 63 ff. 

Fourier coefficients of, 67 
Fourier series of, 67 
product of, 59, 60 
Distribution function, 160 
Divergence of Fourier series, 160 ff. 

Fejer’s example, 164 
Division algebra, 26 
Dual, 

of c 0 , 8.12 
of C, 56 
of C m , 56 
of C 00 , 52 
of I/, 201 
oi£ p , 118, 12.32 

Dual (character) group, 20, 2.3, 207 ff. 
Dual space, 193 
Duality, 20, 207 

Duality law (Ponryagin), 20, 2.3 
Duality theory, 316 
Dunford-Schwartz operator, 177 



Eberlein’s theorem, 12.50 
Elementary solution, 72 
Energy, 

a-, 115, 116, 12.38-12.42 

Newtonian, 115, 120 
Equidistributed sequence, 2.15 
Equilibrium measure, 12.38, 12.41 
Equivalence class (coset), 
modulo an ideal, 24 
modulo a subspace, 193 
of functions, 27, 141, 210 
of reals modulo 2n, 15 



Ergodic theorem, 176, 177 
^-spectral, 217, 235 
Everywhere dense, 187 
Extended real number system, 159 
Extended real -valued function, 159 
Exterior capacity, 119 



Factorisation problems, 53, 124, 134, 
38, 13.20, 255 

F. and M. Riesz theorem, 99, 12.19 
Fatou’s theorem, 6.12 
Fatou-Zygmund set, 269 
Fejer kernel, 79 
Fejer’s example, 161 
Fejer’s lemma, 2.16 
Filter base, 8 

First category (meagre), 187 
Formal identity element, 20 
Fourier coefficients, 1, 30 ff., 67 ff. 
Fourier-Lebesgue coefficients, 67 
Fourier-Lebesgue series, 30, 67, 87 ff. 
Fourier series, 2 
Fourier-Schwartz series, 48, 67 
Fourier-Stieltjes series, 67, 84-86 
Fourier-Stieltjes transform, 49, 67, 
12.36, 12.37 

Fourier transform, 30,50, 67 
F. Riesz’ theorem, 11.4 
M. Riesz’ theorem, 100, 106 
Frechet space, 191, 51 
Function, 

absolutely continuous, 32, 33, 127, 
7.10, 7.11, 36, 63, 64 
almost periodic, 45 
of bounded variation, 33, 8.13, 156, 
158, 171, 72, 73, 12.44 
characteristic (of set), 143 
characteristic (of probability distri- 
bution), 12.34 
conjugate, 91 ff., 177 ff. 
as distribution, 52 
distribution, 160 ff. 
extended real -valued, 159 
generalised (distribution), 48, 52 
integrable, 22, 27, 159, 160, 210 
Lebesgue’s singular, 12.44 
lower semicontinuous, 188 
mean periodic, 8 
measurable, 27, 141, 210 
periodic, 15,27 
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positive definite, 149 ff., 121 IF. 
quasianalytic, 2.8 
Rademaeher, 14.16 
simple, 142 
support of, 11.18 
vector-valued, 33, 39, 11.11 
Walsh, 208 

Weierstrass’ nondifFeren tiable , 15.19 



Gaps, Hadamard, 234 
Gelfand-Mazur theorem, 26 
Gelfand (representation) space, 27, 35 
Gelfand theory, 19 IF. 

Gelfand topology, 35 
Gelfand transform, 27, 34 
Generalised function (distribution), 48, 
52 

Generalised multiplier, 315 
Generalised (topological) nilpotent, 

3.12. 35 

Gibbs phenomenon, 10.8 

Graph, 195 

Group, 

Cantor (Walsh), 155 , 206 IF. 
character (dual), 20 , 2.3, 207, 14.15 
circle, 15 
of integers, 15 

locally compact Abelian, 15 , 206 
quotient, 15 , 209, 14.3 
of real numbers, 15 
topological, 15 , 207 
Group algebra, 62 IF., 82 



Haar (invariant) integral, 21 IF., 24 , 
209 fF. 

Hadamard gaps, 234 
Hadamard sequence, 138 , 234 
Hadamard set, 247 
Hahn-Banach theorem, 199 
Hamel (algebraic) base, 165 
Hardy inequality (generalised), 84 
Hardy spaces, 3.9, 8.15, 11.10, 108, 326 
Hardy’s theorem, 84 , 5.8, 123, 169 
Hardy-Little wood maximal operator, 
164, 13.17 

Hardy-Littlewood theorem (inequal- 
ity), 193 

dual version of, 195 
Harmonic (spectral) analysis, 19 



Harmonic (spectral) synthesis, 19 , 
113 IF., 12.53 

Harmonic (spectral) synthesis set, 7, 
109 IF., 12.53 

HausdorIF- Y oung theorem (inequal- 
ity), 153, 224, 257 
Helson set, 177 , 263 IF. 

Helson’s theorems, 83, 12.46-12.48 
Hilbert space, 130 
Hilbert transform, 189 
Hilbert’s (periodic) distribution, 91 IF., 
99, 13.27, 307 

Holder (Lipsehitz) condition, 100 
Holder’s inequality, 28 , 30 , 214 
converse of, 3.6, 143 
Homogeneous Banach space, 87 , 39 
Homomorphism, 72 IF., 4. 2-4. 5, 4.8, 
4.9, 8.1, 179 , 12.49, 255 
complex, 69 IF., 4.7, 26 IF., 82 IF., 
12.26, 12.51, 312 
problem, 72 ff. 

Hull, 12.53 

Ideal, 54 , 3.4, 2, 3, 23 IF., 11.19, 
closed, 54 , 3.4, 2, 3, 24, 36 IF., 11.4, 
11.17, 11.22, 11.23, 12.27, 12.45, 
12.53 

maximal, 4.1, 23 IF. 
modular (regular), 4.1, 35, 11.26, 
11.27 

primary, 37 
proper, 23 

Idempotent, 53 , 12, 83, 12.46, 12.47, 
283 

decomposition, 319 ff. 
multiplier, 319 IF. 

Independence, 214 
Independent set, 208, 265 
Inequality, 

Bernstein’s, 1.9, 102 
Hardy (Generalised), 84 
Hardy-Littlewood, 193 
Hardy-Littlewood, dual version of, 
195 

Hausdorff-Young, 153, 224, 257 
Holder’s, 28 , 30 , 214 
Holder’s, converse of, 3.6, 143 
Little wood (Generalised), 84 
Marcinkiewicz-Zygmund, 195 
Minkowski’s, 27 , 30 
Young’s, 157 
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Integral, 

Haar (invariant), 21 ff. 24, 209 ff. 
Lebesgue, 22, 26 
Lebesgue-Stieltjes, 52 
relatively invariant, 2.4 
Riemann, 22, 26 

Riemann-Stieltjes, 34, 53, 72, 73 
singular, 192 
Interior capacity, 119 
Interior measure, 3.16 
Interpolation set, 269 
Interpolation theorem, Marcinkiewicz, 
165 

Interpolation (convexity) theorem, 
Riesz-Thorin, 149 

Invariant (Haar) integral, 21 ff., 24, 
209 ff. 

Invariant subspace, 17, 2, 11.22, 316, 
318 

closed, 2, 11.22, 11.23, 316, 317, 318 
multiplier of, 316, 317 
Inversible element, 21, 26, 27 
Inversion formula, 103, 134 
Isometric multiplier, 314 
Isomorphism problem, 75, 76, 314 
Isoperimetric problem, 8.16 



Jackson polynomial, 102 
Jordan’s test, 155 



Kaczmarz-Stein theorem, 309 
Kahane’s theorems, 14 
Kernel, 
a-, 115 

Abel (-Poisson), 103 
conjugate Dirichlet, 110 
Dirichlet, 1.1, 79 
Fejer, 1.1, 79 
logarithmic, 119 
modified Dirichlet, 110 
Newtonian, 115, 120 
of subset of r(B), 12.53 
Paley, 212 

Kolmogorov’s theorem, 138, 16.21 
Kolmogorov-Seliverstov-Plessner 
theorem, 169, 171 
Kronecker set, 265 
Kunze-Stein theorem, 296 



Lacunary series, 5.6, 6.13, 234 ff. 
Lebesgue integral, 22, 26 
Lebesgue point, 96 
Lebesgue set, 96 

Lebesgue’s singular function, 12.44 
Lebesgue-Stieltjes integral, 52 
Left shift, 209 

Lemma, Bosanquet-Kestelman, 3.14 
Lemma, Fejer’s, 2.16 
Lemma, Riemann-Lebesgue , 36, 212 
Lemma, Steckin’s, 1.8 
Levy’s continuity theorem, 12.34 
Levy’s theorem, 178, 34 
Lipschitz (Holder) condition, 100 
Lipschitz multiplier, 294 
Little wood’s conjecture, 84 
Localisation principle, 81 ff. 

Locally compact Abelian group, 15, 
206 

Locally convex space, 195 
Logarithmic capacity, 118, 119 
Logarithmic kernel, 119 
Lower semicontinuous function, 118 
Lusin-Denjoy theorem, 2.13 
Lusin-Privalov theorem, 95 



Majorant (maximal) operator, 163, 
164, 190, 191, 13.26, 13,27, 
14.23 

for s N f, 165, 164 
for a N f, 97, 163, 190 
Mapping of class (p, q), 255, 256 
Marcinkiewicz interpolation theorem, 
165 

Marcinkiewicz-Zygmund theorem (in- 
equality), 195 
Maximal ideal, 4.1, 23 ff. 

Maximal (majorant) operator, 163, 
164, 190, 191, 13.26, 13.27, 
14.23 

Maximal subalgebra, 17 ff. 

Meagre (first category), 187 
Mean convergence, 29 
of Fourier series in L 2 , 131 
of Fourier series in L p , 106 ff. 

Mean periodic function, 8 
Measure, 

algebra, 72, 73, 75, 81 ff. 
counting, 142 

discrete (atomic), 12.51, 269 
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equilibrium, 12.38, 12.41 
interior, 3.16 

positive, 60, 122, 12.34, 295 
probability, 12.34 
Radon, 52 ff., 122, 12.34 
Measure space, 140 ff. 
complete, 141 

Mikusinski operational calculus, 11.13 
Minimal positive definite function, 9.5 
Minkowski’s inequality, 27, 30 
Modified Dirichlet kernel, 110 
Modular (regular) ideal, 41, 35, 11.26, 
11.27 

Module, 57, 3.2, 3 

Modulus of continuity, 36, 100, 135 
m-operator, 285 

Multiplier (function, sequence), 278 
absolute, 323 ff. 

Multiplier (operator), 76, 279 
bipositive, 314 
bounded convergence, 291 ff. 
compact, 315 
isometric, 314 
positive, 295 

uniform convergence, 291 ff. 
weakly compact, 315 
of invariant subspace, 316 
of quotient space, 315 
of weak type (p, p), 326 ff. 
of type 

(A, A), 16.13 

(AC, C), (AC, L 00 ), 16.27 

(C, C), 289 

(C 00 , C 00 ), 287 

(C 00 , D), 280, 287 

(C, L 00 ), 289, 16.7 

(F, CJ, 294 

(I/, C), 290 

(L 1 , L 1 ), 289 

(L 1 , 1/), 289 

(L 1 , M), 289 

(L 2 , L 2 ), 279 

(I/, L«), 298 ff. 

(L 00 , L 00 ), 289, 16.7, 16.8 
(M, C), 291 
(M, M), 289, 16.8 
(W E (m) , W F (m) ), 16.26 
weakly compact, 315 
Multipliers, convexity theorem for, 300 
Multipliers and isomorphism problems, 
76, 314 



Newtonian kernel, 15, 120 
Nilpotent, generalised (topological), 
3.12, 35 

Nonmeagre (second category), 187 
Norm, 191 
A-, 173, 33 
dual, 193 
I/-, 27 
/ p ~, 29 
M-, 61 
P , 109 

quotient-, 194, 24 
strong (p, q)-, 145 
weak {p, q)-, 163 
Nowhere dense, 187 



Open linear operator, 195 
Open mapping theorem, 196 
Operational calculus (Mikusinski), 
11.13 
Operator, 

commuting with convolution, 281 ff. 
commuting with translations, 281 ff. 
compact, 314 
Dunford-Schartz, 177 
m-, 281 

majorant (maximal), 163, 164, 190, 
191, 13.26, 13.27, 14.23 
multiplier, 76, 279 
of restricted weak type, 173 
of type {p, q), 144 ff., 256, 298 ff. 
of weak type (p, q), 162 
weakly compact, 315 
Order of distribution, 55 
Order of magnitude, 
of s N f, 166 ff., 10.2 
of <r N f, 97 ff., 6.18 

Orthogonality relations, 3, 25, 26, 211 
Orthonormal base, 130 



Paley kernel, 212 
Paley polynomial, 211 
Parseval formula, 1 . 7 , 131 ff., 8 . 17 , 
152, 171 ff., 69 
Partial summation, 111 
Periodic function,. 15 
Poisson (Abel-Poisson) kernel, 103 
Poisson (Abel-Poisson) summability, 
103, 6.16 
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Poisson’s summation formula, 10.9- 

10.11 

Pointwise convergence of Fourier 

series, 33, 41, 42, 6.12, 6.13, 114, 
117, 120, 151, 155 ff., 213, 217, 
221, 14.23 

Pointwise derivative, 7, 30, 33, 63 
Pointwise summability of Fourier 
series, 87 ff., 103, 16.14, 16.16 
Polynomial, 

Berstein, 91 
Jackson, 102 
Paley, 211 

Rademacher-spectral trigonometric , 
251 

trigonometric, 1.7, 42, 211, 251 
Pontryagin duality law, 20 
Positive definite distribution, 12.35 
Positive definite function, 149 ff., 
121 ff. 

minimal, 9.5 

Positive distribution, 12.7 
Positive measure, 60, 122, 12.34, 295 
Positive multiplier, 295 
Potential 

a , 12.40 

Newtonian, 115, 120 
strong, 145 
weak, 163 
( p , g)-norm, 163 
Primary ideal, 37 
Principal character, 19, 208 
Principal value, 59, 93 
Principle, uniform boundedness, 194 
Principle, weak compacity, 197, 60 ff. 
Problem, Steinhaus-Littlewood, 87 
Product (of distribution or measure by 
function), 59, 60, 109, 12.9 
Projection of 1/ onto W, 108 
Projection principle, 8.14, 12.39 
Proper ideal, 23 
Pseudomeasure, 108 ff. 
p-Sidon set, 268 



Quasianalytic function, 2.8 
Quasiconvex sequence, 111 
Quasilinear operator, 162 
Quotient algebra, 24 
Quotient group, 15, 209, 14.3 
Quotient map, 194, 24 ff. 



Quotient norm, 194, 24 
Quotient seminorm, 194 
Quotient space, 19 3 
multiplier of, 280, 281 
Quotient topology, 15, 193 



Rademacher character, 208 
Rademacher function, 14.16 
Rademacher-spectral trigonometric 
polynomial, 251 
Rademacher series, 206 
Regular (modular) ideal, 4.1, 35, 11.26, 
11.27 

Relatively invariant integral, 2.4 
Representation by trigonometric series, 
Jff. 

Representation (Gelfand) space, 27, 35 
Resolvent set, 21 

Restricted weak type, operator of, 173 
Riemann integral, 22, 26 
Riemann-Lebesgue lemma, 36, 212 
Riemann-Stieltjes integral, 34, 53, 72, 
73 

Riemann summability, 6.14 
Riesz-Fiseher theorem, 133 
Riesz-Markov-Kakutani theorem, 53, 

12.36 

Riesz product, 247 

Riesz representation theorem, 53, 72 

Riesz set, 269 

Riesz-Thorin convexity (interpolation) 
theorem, 149 
Rosenthal set, 269 
Rudin class, 1 1 
Runge’s theorem, 205 



Saks’ theorem, 10.20 
Saturated sequence, 6.10 
Self-adjoint, 11.24 
Second category (comeagre), 187 
Seminorm, 191 
quotient, 194 
Semisimple, 35 
Sequence, 

Hadamard, 138, 234 
multiplier, 278 
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